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ON THE DIRICHLET PROBLEM
FOR NONLINEAR DEGENERATE ELLIPTIC EQUATIONS
AND APPLICATIONS TO OPTIMAL CONTROL

Abstract.

We construct a generalized viscosity solution of the Dirichlet problem fot fully
nonlinear degenerate elliptic equations in general domains by the Perron-Wiener-
Brelot method. The result is designed for the Hamilton-Jacobi-Bellman-Isaacs
equations of time-optimal stochastic control and differential games with discon-
tinuous value function, We study several properties of the generalized solution, in
particular its approximation via vanishing viscosity and regularization of the do-

" main. The connection with optimal control is proved for a deterministic minimum-
time problem and for the problem of maximizing the expected escape time of a
- degenerate diffusion process from an open set.

Introduction

The theory of viscosity solutions provides a general framework for studying the pérlial differ-
ential equations arising in the Dynamic Programming approach to deterministic and stochastic
optimal control prohlems and differential games. This theory is dest gned for scalar fully nonlin-
ear PDEs

(1) F(x, u(x), Du(x), D*u(x)) = 0 in Q,
where €2 is a general open subset of RY, with the monotonici ty property

Fx,rnp. X) < Fix,s.p. V)
ifr <sand X — Y is positive semidefinite,

(2)

50 it includes 1st order Harmlton Jacobi equations and 2nd order PDEs that are degcnualc
elliptic or parabolic in a very general sense [18, 5].

The Hamilton-Jacobi-Bellman (briefly, HIB) equations in the theory of optimal controf of
ditfusion processes are of the form

(3) - sup L% =0,
: xeA

~ *Partially supported by M.UR.S.T, projects “Problemi nonlineari nell’analisi ¢ nelle applicazioni
fisiche, chimiche e biologiche” and “Analisi e controllo di equazioni di evoluzione deterministiche ¢ sto-
castiche”, and by the European Community, TMR Network “Viscosity solutions and their applications”.
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where « is the control variable and, for each ¢, £* is a linear nondivergence form operator

a2u o O
dx;dxj Lax

€y L% = -af} + %y — fY,

where f and ¢ are the running cost and the discount rate in the cost functional, & is the drift of
the system, a = %aar and ¢ is the variance of the noise affecting the system (see Section 3.2).
These equations satisfy (2) if and only if : '

&) ' : a:-}(x)é',-_sj >0andc®(x) >0, foralix e Q, a e 4, ¢ GRN.

and these conditions are automatically satisfied by operators coming from control theory. In the
case of deterministic systems we have af} = 0 and the PDE is of 1s¢ order. In the theory of
two-person zero-sum-deterministic and stochastic differential games the Isaacs’ equation has the
form '

(6) ' S sup inf £L%Pu =0,

acABEB

where 8 is the control of the second player and £%8 are linear operators of the form (4) and '
satisfying assumptions such as (5). '

For many different problems it was proved that the value function is the unique continugus
viscosity solution satisfying appropriate boundary conditions, see the books [22, 8, 4, 5] and the
references therein. This has a number of useful consequences, because we have PDE methods
available to tackle seéveral problems, such as the numerical calculation of ‘the value function,

‘the synthesis of approximate optimal feedback controls, asymptotic problems (vanishing noise,
penalization, risk-sensitive control, ergodic_problems, singular perturbations . . . ). However, the
theory is considerably less general for problems with discontinuoys value function, because it
is restricted to deterministic systems with a single controlier, where the HIB equation is of first’
order with-convex Hamiltonian in the p variables. The pioneering papers on this issue are due
to Barles and Perthame [10] and Barron and Jensen-[11], who use different definitions of non-
continuous viscosity solutions, see also [27, 28, 7, 39, 14], the surveys and comparisons of the
different approaches in the books [8, 4, 5], and the references therein.

For cost functionals involving the exit time of the state from the set €, the value function
is discontinuous if the noise vanishes near some part of the boundary and there is not enough
controllability of the drift; other possible sources of discontinuities are the lack of smoothness -
of 32, even for nondegenerate noise, and the discontinuity or incompatibility of the boundary
data, even if the drift is controllable (see {8, 4, 5] for examples). For these functionals the value
should be the solution of the Dirichlet problem

F(x, i, Du, D2u)=0 inQ,

D u=g " ondse,

where g(x) is the cost of exiting & at x and we assume g € C(3Q), For 2nd order equations, or
1s¢ order equations with nonconvex Hamiltonian, there are no local definitions of weak solution
and weak boundary conditions that ensure existence and uniqueness of a possibly discontinuous
solution. However a global definition of generalized solution of (7) can be given by the following -
variant of the classical Perron-Wiener-Brelot method in potential theory. We define

S = {we BUSC(S) subsolution of (1), w < g on 08}
Z = (W € BLSC() supersolution of (1), W > g on 3R},
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where BUSC(S2) (respectively, BLSC()) denote the sets of bounded upper (respectively,

lower) semicontinuous functions on £, and we say that & : €@ — R is a generalized solution of

N if : :

&) u(x) = wsz;‘:is wix) = u':'gz Wix).

With respect to the classical Wiener’s definition of generalized solution of the Dirichlet problem

for the Lapalce equation in general nonsmooth domains {45] (see also [16, 26]), we only replace

sub- and superharmonic functions with viscosity sub- and supersolutions. In the classical theory

the inequality sup, s w < infy - z W comes from the maximum principle, here it comes from

the Comparison Principle for viscosity sub- and supersolutions; this important result holds under

some additional assumptions that are very reasonable for the HIB equations of control theory,

- see Section 1.1; for this topic we refer to Jensen [29] and Crandall, Ishii and Lions [18]. The

main difference with the classical theory is that the PWB solution for the Laplace equation is
harmonic in © and can be discontinuous only at boundary points where 382 is very irregular,
whereas here u can be discontinuous also in the interior and even if the boundary is smooth: this
" js because the very degenerate ellipticity (2) neither implies regularizing effects, nor it guarantees
that the boundary data are attained continuously. Note that, if a continuous viscosity solution of
(7) exists, then it coincides with « and both the sup and the inf in (8) are attained.

Perron’s method was extended to viscosity solutions by Ishii {27] (see Theorem 1), who
used it to prove general existence results of continuous solutions, The PWB generalized solution
of (7) of the form (8) was studied independently by the authors and Capuzzo-Dolcetta {4, 1] and
by M. Ramaswamy and S. Ramaswamy [38] for some special cases of equations of the form (1),
(2). In [4] this notion is called envelope solution and several properties are studied, in particular
the equivalence with the generalized minimax solution of Subbotin [41, 42] and the connection -
with deterministic optimal control. The connection with pursuit-evasion games can be found in
[41, 42] within the Krasovskii-Subbotin theory, and in our paper with Falcone [3] for the Fleming
value; in [3] we also study the convergence of a numerical scheme.

The purposes of this paper are 10 extend the existence and basic properties of the PWB
solution in [4, 1, 38} to more general operators, to prove some new continuity properties with
respect to the data, in particular for the vanishing viscosity method and for approximations of
the domain, and finally to show a connection with stochastic optimal control. For the sake of
completeness we give all the proofs even if some of them follow the same argument as in the
quoted references. )

Let us now describe the contents of the paper in some detail. [n Subsection 1.1 we recall
some known definitions and results. In Subsection 1.2 we prove the existence theorem under
an assumption on the boundary data g that is reminiscent of the compatibility conditions in
the theory of 1s¢ order Hamilton-Jacobi equations [34, 4]; this condition implies that the PWB
solution is either the minimal supersolution or the maximal subsolution (i.c., either the inf or
the sup in (8) is attained); and it is verified in time-optimal control problems. We recall that the -
classical Wiener Theorem asserts that for the Laplace equation any continuous boundary function
g is resolutive (i.c., the PWB solution of the corresponding Dirichlet problem exists), and this
was extended to some quasilinear nonuniformly elliptic equations, see the book of Heinonen,
Kilpeldinen and Martio [25]). We do not know at the moment if this result can be extended to
some class of fully nonlinear degenerate equations; however we prove in Subsection 2.1 that the
set of resolutive boundary functions in our context is closed under uniform convergence as in the
classical case (cfr. {26, 38])." . '

n Subsection 1.3 we show that the PWB solution is consistent with the notions of general-
ized solution by Subbotin {41, 42]‘and Ishii [27], and it satisfies the Dirichlet boundary condition
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in the weak viscosity sense (10, 28, 18, 8, 4], Subsection 2.1 is devoted to the stability of the
PWB solution with respect to the uniform convergence of the boundary data and the operator F.
In Subsection 2.2 we consider merely local uniform perturbations of F, such as the vanishing
viscosity, and prove a kind of stability prowded the set €2 is 51mullaneously approximated {rom
the interior.

In Subsection 2.3 we prove that for a nested sequence of open subsets £2,; of Q such that
U @i = Q, if u, is the PWB solution of the Dirichlet problem in Qy, the solution u of (7)
satisfies

% : u(x) = lifl!nu”(x). x €,

This allows to approximate # with more regular solutions #, when A2 is not smooth and 2, are
chosen with smooth boundary. This approximation procedure goes back to Wiener [44] again,
and it is standard in elliptic theory for nonsmooth domains where (9) is often used (o define
a generalized solution of (7), see e.g. [30, 23, 12, 33]. In Subsection 2.4 we characlerize the
boundary points where the data are attained continuously in terms. of the existence of suitable
local barriers.

The last section is devoted to two applications of the previous theory to optimal control. The
first (Subsection 3.1) is the classical minimum time problem for deterministic nonlinear systems
with a closed target. In this case the lower semicontinuous envelope of the value function is the

- PWB solution of the homogeneous Dirichlet problem for the Beliman equation. The proof we
give heré is different from the one in {7, 4] and simpler. The second application (Subsection 3.2)
is about the problem of maximizing the expected discounted time that a controlled degenerate
diffusion process spends in 2. Here we prove that the value function itself is the PWB solution
of the appropriate problem. In both cases g = 0 is a subsolution of the Dirichiel problem, which
implies that the PWB solution is also the minimal supersolution.

It is worth to mention some recent papers using related methods. The thesis of Bettini
[13] studies upper and lower semicontinuous solutions of the Cauchy problem for degenerate
parabolic and 1s¢ order equations with applications to finite horizon differential games. Our
paper [2] extends some results of the present one to boundary value problems where the data
are prescribed only .on a suitable part of 3Q. The first author, Goatin and Ishii [6] study the
boundary value problem for (1) with Dirichlet conditions in the viscosity sense; they construct
a PWB-type generalized solution that is also the limit of approximations of £ from the outside,
instead of the inside. This solution is in general different from ours and it is related to control
problems involving the exit time from £, instead of .

1. Generalized solutions of the Dirichlet probiem

L1 Preliminaries‘

Let F be a continuous function
F:2xRxRN x S(N) - R,

where Q is an open subset of RY, S(N) is the set of symmetric N x N matrices equipped with
its usual order, and assume that F* satisfies (2). Consider the partial differential equation

(10) F(x, u(x), Du(x), D%u(x)) =0 in Q,
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where u : @ — R, Du denotes the gradient of « and D21 denotes the Hessian matrix of second
derivatives of . From now on subsolutions, supersolutions and solutions of this equation will be
understood in the viscosity sense; we refer to [18, 5] for the definitions. For a general subset £
of RY we indicate with USC(E), respectively LSC(E), the set of all functions £ — R upper,
respectively lower, semicontinuous, and .with BUSC(E), BLSC(E) the subsets of funclions
that are also bounded.

DEFINITION 1. We will say that equation (10} satisfies the Companson Principle if for all
subsolutions w € BUSC(Q) and supersoluuons W e BLSC(R) of (10) such that w < W on
AR, the inequality w < W holds in Q.

_ We refer to {29, 18] for the strategy of proof of some comparison principles, examples and
references. Many results of this type for first order equations can be found in [8, 4].

The main examples we are interested in are the [saacs equations:

an - supinf L4 u(x) = 0
o B
- and
(12) infsup £4fu(x) =0,
8«
where
| @B, 0%u a.p
£8P ux) = —ay" (0) —— T T (x) +c“f‘mu~f“ﬁ(x)
4 iax J

Here Fis ‘
Fix,r, p, X) = sup igf{—-tracc (a“‘ﬁ_(x)X) + b""ﬂ(x) o p+ By — FrB ().
]

If, forall x € @, a"‘fs({c) = %a“‘ﬁ(x)(a“'ﬁ(x))r, where 0 %8 (x) is a matrix of order N x M, T_
denotes the transpose matrix, 6%8, p%B 2B = 0.8 4re bounded and uniformly continuous in

K, uniformly with respect to o, 8, then F is continuous, and it is proper if in addition c*f >0
forall o, 8.

_ Isaacs equations satisfy the Compatison Principle if Q is bounded and there are positive
constants Ky, K2, and C such that - -

(i3 | Fix,t,p. X)— F{x,5,q,Y) <max{Ktrace (¥ — X), K1 (t ~s}} + Ka{p — ¢,
for all Y < Xandf <s,

a9 P — o B
asy . Pm - P

Clx —y), forallx,y € 2andalle, §

<

< Clx—yl| forallx,yeQandalla, 8,

see Corollary 5.11 in [29]. In particular condition (13} is satisfied if and only if
max{l“'ﬁ(x).c“'ﬂ(x)} >K>0forallxeQ, ac A, pebB,

where A%8 (x) is the smallest eigenvalue of a®8 (x). Note that this class of equations contains as
special cases the Hamilton-Jacobi-Bellman equations of optimal stochastic control (3} and linear
degenerate elliptic equations with Lipschitz coefficients.
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Given a function u :  — [—o0, +00], we indicate with #* and ., respectively, the upper
and the lower semicontinuous envelope of «, that is,

wix = lim supaly) : VGQ, y—X| =r;,
HalX = lim inf{u V). Yy € Q, - =<r:.

PROPOSITION ). Let S (respectively Z) be a set of functions such that for all w € § {re-
spectively W € Z) w* is a subsolution (respectively Wx is a supersolution) of (10). Define the
function

u(x) = supw(x), x € 2, (respectively u{x) = inf Wix).
weS WeZ

If 1t is locally bounded, then u™ is a subsolution (respectively uy is a supersolution) of (10).

The proof of Proposition 1 is an easy variant f Lemma 4.2 in [18].

PROPOSITION 2. Ler wy,, € BUSC(Q) be a sequence of subsolutions (respectively Wy, €
BLSC(Q) a sequence of supersolutions) of (10), such that w,, (x) >, u(x) forail x € § (respec-
tively W, (x) 2 u(x)) and u is a locally bounded function. Then u is a Subsoluuon {respectively
supersofution) of (10).

For the proof see, for instance, [4]. We recall that, for a general subset [ of RN and i € E.

" the second order superdifferential of u at X is the subset JE‘*L::(E) of RV x S(N} given by the
pairs (p, X) such that

ey <u®+p-(x-2)+ lX(x —2) - (x = £) +o(x — £1?)

for E 5 x —> X. The opposite inequality defines the second order subdifferential of u at X,

().
LEMMA 1. Letu™ bea subsoluuan of (10). l'f wx fails to be a supersolution at some point
X € Q, i.e. there exist (p, X) € JQ " (X) such that
Fx, ue(£), p,. X) <0,

then for all k > 0 smail enough, there exists Uy, : 2~ R such that U[ is subsolution of (10)
and

U (x) = ulx), supq(Uy —~u) >0,
Up(x) = u(x) forall x € Q such that |\x — x| = L

The proof is an easy variant of Lemma 4.4 in [18]. The last result of this subsection is l§l1ii’s
extension of Perron’s method to viscosity solutions [27).

THEOREM |. Asswme there exists a subsolution uy and a supersolution ua of (10) such that
| < uy, and consider the functions

Ux) = suplw(x) 1 vy = w < uy, w” subsolution of (10)},
Wx) = inflwlx) . u) < w < ug, wy supersolution of (10}}.

Then U*, W* are subsolutions of (10) and U, Wy are supersolutions of (10).
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1.2. Existence of solutions by the PWB method

In this section we present a notion of weak solution for the boundary value problem

2 - .
(16) [ Fx,u, Du, D*u) =0 ing,

u=g on 3€2,

where F satisfies the assumptions of Subsection 1.1 and g . 12 — Ris continuous. We recall
that §, Z are the sets of all subsolutions and all supersolutions of (16) defined in the Introduction,

DEFINITION 2. The function defined by

H (x) = sup wix),
wes

is the lower envelope viscosity'solution, or Perron-Wiener-Brelot lower solution, of (16}, We will
refer to it as the lower e-solution. The function defined by

H, (x) = inf W(x).

is the upper envelope viscosity sohution, or PWB upper solution, of ( 16), briefly upper e-solution.
{fH = Hg, then '

Hg = ﬁg = Hg
is the en'vclopie viscosity solution or PWB solution of (16), briefly e-solution. In this case the

data g are called resolutive.

Observe that H_ P ﬁg by the Comparison Principle, so the e-solation exists if the inequal-
ity > holds as well. Next we prove the existence theorem for e-solutions, which is the main
result of this section. We will need the following notion of global barrier, that is much weaker
than the classical one.

DEFINITION 3. We say that w is a lower ( respec!weh! upper) barrier at a point x € 8Q if
w e & (respectively, w € Z) and

_;!1'3} w(y) = gx).

- THEOREM 2. Asswme that the Compan'son Principle holds, and that S, Z are nonempty.

£) If there exists a lower barrier at all points x € 3S2, then Hg = Miny ez W is the e-solution
of(16).

ii) If there exists an upper barrier at all points x € 3Q, then Hy = max g wis the,e-so!mion
of (16).

Proof. Let w be the lower barrier at x € J€2, then by definition w < H,. Thus

(Hp)x(x) = I?‘mj?fﬂg (= li‘{ﬁgfw(y) = g(x).

- By Theorem 1 (H ) is a supersolution of (10), so we can.conclude that (ﬂ‘q)* € Z. Then
(.ﬂg)*zﬁg zﬂg,soﬁg-z-ﬁg andﬁgez.l :
' O
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EXAMPLE |. Consider the linear problem with Lipschitz coefficients

—aj (Yt () + by i@y () + U =0 ing,

a7 - u(x) = g(x) on &,

with the matrix a;; (x) nonnegative semidefinite and such thataj|(x) = i > O forall x € Q. In
this case we can show that all continuous functions on 2 are resolutive. The proof follows the
classical one for the Laplace equation, the only hard point is checking the superposition principie
for viscosity sub- and supersolutions. This can be done by the same methods and under the same
- assumptions as the Comparison Principle.

1.3. Consistency properties and examples

The next results give a characterization of the e-solution as pointwise fimit of scqucncés of sub
and supersolutions of (16). If the equation (10) is of first order, this property is essentially
Subbotin’s definition of (generalized) minimax solution of (16) (41, 42).

THEOREM 3. Assume that ;he Comparison Principle holds, and that 8§, Z are nonempty.

i) If there exists u € 8 continuous at each point of 3Q and such that « = g on dQ, then there
exists a sequence wy € S such that wy /' Hy.

ii) If there exists 4 € Z continuous at each point of I and such that 4 = g on 3R, then there
exists a sequence Wy, € Z such that Wy, | Hy.

Proof. We give the proof only for i), the same proof works for £i). By Theorem .2 Hy =
miny oz W. Given € > 0 the function :

(as) : ue(x) = sup[w(x) we S, wix) =ulx)ifdist (x, 1Q) < €},
is bounded, and u5 < u, fore < §. We deline

V)= lm (u1/)a(x).

and note that, by definition, Hy > ue > (ue)y, and then Hy > V. We claim that (ue)s is
supersolution of (10) in the set ' :

=[x € Q:dist(x,aR) > ¢€).

~ To prove this claim we assume by contradiction that (x¢ )« Fails to be a supersolution at ¥ € Q.
Note that, by Proposition 1, (u¢)* is a subsclution of (10). Then by Lemma l for all k = 0
small encugh, there exists Uy such that Uk is subsolution of (10} and

(19) sup(Up —ue) > 0, Up(x) =uex)iflx —yl= k.
Q .

We fix & < dist (y, 982) — ¢, s0 that Uy (x) = #e(x) = ulx) for all x such that dist (x, 3Q) < e.
Then U,’: (x) = u(x), so-Uf € & and by the definition of u¢ we obtain U,’: < tte. This gives a
contradiction with (19) and proves the claim.

By Proposition 2 V is a supersolution of (10) in 2. Moreover if x € 4L, for all ¢ > 0,
(ue)«(x) = g(x), because ue (x) = ulx) if dist (x, Q) < € by definition, u is contmuous and
= gonaQ. ThenV>gon69 andsoV e Z.
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To complete the proof we define wy, = (1 ;;,)*, and observe that this is a nondecreasing
sequence in S whose pointwise limit is > V by definition of V. On the other hand w, < H, by
definition of Hg, and we have shown that Hp = V,sow,, * Hy.

O

COROLLARY 1. Assume the hypotheses of Theorem 3. Then Hg is the e-solution of (16) if

and only if there exist two sequences of functions wy € S, Wy, € Z, such that wy = Wy = g on
AQ and forall x € Q

wy(x) = Hg(x), Wy(x) = Hp(x) asn — oo.

REMARK 1. Itis easy to see from the proof of Theorem 3, that in case i), the e-solution Hy -
~ satisfies ‘

Ho(x) = supue(x) xeQ,
€

where
(20) ue(x) :=supfw(x) : we S, wix) =u(x)forx e Q\ ),

and G)e,' € €)0, 11, is any family of open sets such that B €N, 0, 2 09;fore < & and
UG G‘)e = . '

EXAMPLE 2. Consider the Isaacs equation (11) and assume the sufficient conditions for the
Comparison Principle,

o If
g=0and f*P(x) >0forallx ¢ Q, o c A, BB,

then u = O is subsolution of the PDE, so the'assumption i) of Theorem 3 is satisfied.

¢ If the domain €2 is bounded with smooth boundary and there exist @ € A and ¢ > 0 such
that

Gg'ﬁ(x)‘éféj > ulePforall e B, xe S, £ e RY,

then there exists a classical solution u of

inf £%Bu =0 inQ,
peB
u=2g on €2,

see e.g. Chapt, 17 of [24]. Then z is a supcrsolullon of (11}, so the hypothesis i¢) of
Theorem 3 is satisfied.

Next we compare e-solutions with Ishii’s definitions of non-continuous viscosity solution
and of boundary conditions in viscosily sense. We recall that a function 4 € BU SC() (respec-
tively 4 € BLSC(RQ)) is a viscosity subsolution (respectively a viscosity supersolution) of the
boundary condition

@n u=gor F(x,u, Du, D2t) = 0 on 982,
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if for all xecdQand ¢ € C2(Q) such that «—¢ attains a local maximum (respectively minimum)
at x, we have :

 (u—g)(x) <0 @esp. = 0)or Fx, u(x), D¢ (x}, quﬁ(_x)) <O(resp. > 0).

An equwalent definition can be given by means of the semijets J_- u(x) L.. u(x) instead of
the test functions, see [18]. : '

PropOSITION3. If H, : Q > R is the lower e-solution (respectively, ﬁg is the upper

é-sb[ution) of (16), then H :'s a subsolution (respectively, H g, 8 @ supersolution). of {10) and
of the boundary condmon { 2 1)

Prbof If H, is the lower e-solution, then by Proposition 1, HY is a subsolution of (19). It
remains to check the boundary condition.

~ Fixan y € aQ such that H' (y) > g(y),and ¢ € CZ(S'Z) such that H* — (,b attains a'local
maximum at y, We can assume, wuthout loss of generality, that

HE) =d0).  (HE = $)@) < —~bx -y forall x e TN B 7).
By definition of ﬂ ; , there exists a sequence of points x,, — y such that
1
(ﬂg - ) xp) > —— forall'n.
. n .

Moreover, since &, is the lower e-solution, there exists a scquence of functions w, & § such
that : :

i
&g (xp) = = < Wy (xXp) for all n.
: 1]

Since the function w,, — ¢ is upper semicontinuous, it attains a maximum at y, € N B(y, r),
such that, for n big enough,

2 .
“; < (wy — ‘f’)()’n) < —lyy — _V|3-
Soasn — o

Y= ¥ wu(.J/u) - ¢(y) = *(}’) > g(y).

Note that v, g’ d$2, because y, € 982 would imply w; (y,,) < g{yn), which gives a contradlctlon
to the continuity of g at y, Therefore, since w,, is a subsolution of (10}, we have .

F(yn. wn(yn), Do (yn), Dz%"()’n)) <0,

and letting n — 00 we get

F(y, Hy(»), Do(y), D%(v)) <0,

by the continuity of F.
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REMARK 2. By Proposition 3, if the e-solution H, of (10) exists, it is a non-continuous
viscosity solution of (10} (21) in the sense of Ishii [27]. These solutions, however, are not
unique in general, An e-solution satisfies also the Dirichiet problem in the sense that it is a non-
continuous sofution of (10) in Ishii’s sense and Hg(x) = g(x) for all x € 3, but neither this
property characterizes it. We refer to [4] for explicit examples and more details.

REMARK 3. Note that, by Proposition 3, if the e-solution Hj is continuous at all points of
8$2; with 2| C 2, we can apply the Comparison Principle to the upper and lower semicontinu-
ous envelopes of H, and obtain that it is continuous in'Q,: If the equation is uniformly elliptic
in ) we can also apply in 2y the local regularity theory for continuous viscosity solutions
developed by Caffarelli [17] and Trudinger [43]. '

2. Properties of the generalized seolutions

2.1. Continuous dependence under uniform convergence of the data

We begin this section by proving a result about continuous dependence of the e-solution on
the boundary data of the Dirichlet Problem. It states that the set of resolutive data j$ closed
with respect to uniform c¢onvergence. Throughout the paper we denote with =* the uniform
convergence. -

THEOREM 4. Let F : Q@ x R x RY x S(N) —» R be continuous and proper, and let

gn t 92 — R be continuous. Assume that {gn); is a sequence of resolutive data such that
gn=Fg on 082 Then g is resolutive and Hg, =¥ Hy on .

The proof of this theorem is very similar 1o the classical one for the Laplace equation [26).
We need the following result:

LEMMA 2. Foralle >0, Hgy ) S Hy+cand H gy < Hy +c.
Proof Let
= (w € BUSC(RQ) : w is subsolution of (10), w 5 g +condf}.

le u € 8¢, and consider the function v(x) = u(x) — ¢. Since F is proper it is easy to see that
ved. Then

b'_(gﬂ) =supussuwpvtei=H, +c.
ucS, ves.

O
Proof of Theorem 4. Fix € > 0, the uniform convergence implies 3m : ¥n > Mmigy —€ =g =
gn + €. Since g, is resolutive by Lemma 2, we get :

Hp, —esHy o<H, H(g +ey < Hg, + €.

- Therefore Hg, =¥ H g The proof that Hg, #—ﬁg .18 si_milar.
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Next result proves the continuous dependence of e-solutions with respect to the data of the
Dirichlet Problem, assuming that the equations F, are strictly decreasing in r, uniformly in n.

THEOREM 5. Let F}, QxR xRN x S(N) > R is continuous andpropei g:dQ—->R
is continuous. Suppose that Vn, ¥§ > 03¢ > 0 such that

Fl'l(x| r— 5! P X) +e =< F},(I, ko X)

forall(x,r,p. X) e E xR xRN x S(N), and Fy 3 F on 2 x R x RV x S(N). Suppose g is
resolutive for the problems

2 _ .
22) Fo(x,u,Du, D) =0 in2,
u=g on dsl.

Suppose gy . 32 —> R is continuous, g, =¥ g on 4S2 and gy, is resolutive for the problem

{ Fu(x,w, Du, D) =0 inQ,

@3 u=gn on L.

Then g is resolutive for (16) and H n = Hg, where H" is the e-solution of (23).

v

Proof Step 1. For fixed § > 0 we want to show that there exists m such that for all n=am.

|Hg — Hgl <8, where H is the e-solution of (22)

We claim that there exists m such that Hj _-- § < H,and Hg < ﬁg + & for all n = m.
Then :

Hi—8<H,<Hg <H,+5=Hp+5.

This proves in particular Hg#g ¢ and H;dﬁg, and then ﬁg = H,, 50 g is resolutive for
(16).
It-remains to prove the claim. Let

Sy = {v subsolution of F, = 0in R, v < g on 4Q}.

Fixve Sg ,'and consider the function 4 = v — §. By hypothesis there exists an € > 0 such that .

Fa (x'. u(x), p, X2+ € < Fy(x, v(x), p, X), forall (p, X) Jé""v(x). Then using the uniform
convergence of ¥y, to F we get, for 1 large enough, :

Fe uG). p. X0 < Fae, (), p,X) + € < Falxv(0), p. X) <0,

$0 # is a subsolution of the equation £, = 0 because J’Q v(x) 9 u(r)

" We have shown that for all v € &y there exists w € S such that v = u + 6, and this proves
the first claim. The proof of the second claim is similar.

‘Step 2. Using the argument of proof of Theorem 4 with the problem

[ Fn{x, u, Du, Dzu) =0 inQ,

(24) "= gn “on A2,

we see that fixing & > 0, there exists p such that for all n > p: Iﬂg’” — ﬁ;’[ < & for all m,

Step 3. Using again arguments of proof of Theorem 4, we see thal fixing § > 0 there exists

g such that forall n,m = q: |[H, — HY | < 8.
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Step 4. Now take & > 0, then there exists p such that forall n,m > p:

m m I mp m _ y
H, - Hel < \Hip — Hip |+ | Hy, — Hy| + Hy = Hyl <35,

==8m

el

Similarly [H,, — Hg| < 38. But Hy, =Hg, , and this complete the proof.

2.2. Continuous dependence under local uniform convergence of the operator

In this subsection we study the continuous dependence of e-solutions with respect to perturba-
tions of the operator, depending on a parameter /, that are not uniform over all £ x R x RY %

- S(N) as they were in Theorem 5, but only on-compact subsets of €2 x R x RY x S(N). A typical

example we have in mind is the vanishing viscosity approximation, but similar arguments work
for discrete approximation schemes, see [3]. We are able to pass to the limit under merely local
perturbations of the operator by approximating $2 with a nested family of open sets O, solving
the problem in each ®¢, and then letting €, A goto 0 “with h linked to €” in the following sense:

DEFINIT]ON4 Let v€ u:Y >R fore >0h>0Y C RN, we say that u} converges
to « as (e, h) N (0. 0) wnth h linked to ¢ at the point x, and write

- @5 : lim v, {x) = ulx
@3) e A h(x) = ulx)
' h=<hie)

ifforall y > 0, there exist a function h 10, +060[—10, +oo[ and € > 0 such that
() — )| -<y, forallye Y : |x — y| < h(e)

forall e <€, h < k(e).

To justify this definition we note that;

i} it implies that for any x and ¢, \ 0 there is a sequence A, Ny 0 such that vh (xp) = wu(x)
for any sequence x, such that |x — x| < &y, e.8. Xy = x forall n, and lhe same holds
for any sequence h,, > hy.

iy if lrm;,\g vh {x) exists for all small € and its ]lmlt as € O exists, then it coincides with the
lithit of Deﬁmtlon 4, that is,

Hm v {x) = lim Ilm vr(x
EMNI0 h( ) N0 N0 h( ).
h<hie)

REMARK 4. If the convergence of Definition 4 occurs on a compact set K where the limit
u is continuous, then by a standard compactness argument we obtain the uniform convergence
in the following sense:

DEFINITION $. Let K be a subset of RN andv ,ui K = Rforalle h > 0. Wesay that
"‘h converge uniformly on K'to w as (¢, h) ~ (0,0) wuh h linked to € if for any y > O there are -

€ > 0and h 10, +oo[—> 10, 400 such that

sup |vy —u| <y
K

foral!e k< hie).
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The main result of this subsection is the following. Recall that a famlly of functions v} :
Q- Ris locally uniformly bounded if for each compact set K C @ there exists a constant Cg
such that sup g Iv,. | < Cy for all i, € > 0. In the proof we use the weak limits in the viscosity
sense and the stability of viscosity solutions and of the Dirichlet boundary condition in viscosity:
sense (21) with respect to such limits.

‘THEOREM 6. Assume the Comparison Principle holds, Z #  and let u be a contintous
subsolution of (16} such that w = g on 3Q. For any € €l0, 1], let @¢ be an opeu set such that
© C Q, and forh €0, 1] let v}, be a non-continuous viscosity solution (i.e., vi* isasubsolution
and' vh (isa supersoiunon) of the problem

2 : o
. (26) I Fy(x,u, Du, D*u) = in®g,

ui{x) = u(x) or Fp(x, u, Du Dzu) =0 ondB,

where F;, O x R x RN x § (N) — R is continuous and proper. .S'uppove {”h} is- Ior.ah!y
uniformly bounded, ”h > u in Q, and extend ”h = uin \ ®¢. Finally assume that F),
converges uniformly to F on any compact subset of @ x R x RN x S(N) as h ~ 0, and
O 2 O gfe < 8, U04651 e = Q.

Then ”h converges to theé e-solution Hg of (16) with h linked to ¢, that is, (23) holds for all

x € Q; moreover the convergence is uniform (as in Def 5) on any compact subset of ¢ where
Hy is continuous.

Proof. Note that the hypotheses of ‘Theorem 2 are satisfied, $0 the- e-solution Hg exists. Consider
the weak limits

2 (x) - o= li’?\fgf*vgtx) =:g{3 inf{vﬁ(y? lx~yl <8, 0<h <8},
Ve(x) = Ii};{\\slgp*vg(x) = inf sup{vg(y) cx =y <8, 0<h <8,

By a standard result in the theory of viscosity solutions, see [10 18, 8, 4], v, and T are respec-
tively supersolution and subsolution of

F(x,u, Du, D>y =0 N,

27
@n . {u(x):g(x)or Fx,u, Du, D%) =0 ond®..

We claim that U is also a subsolution of (16). Indeed v; = u in Q\®¢, 50V, = uinthe interior
of \ ©¢ and then in this set it is a subsolution. In ®, we have already seen that Ve = (V)™
a subsolution. It remams to check what happens on 38¢. Given £ € 40, we must prove thal

forall (p. X) € JQ Ve (x) we have

(28) : _ Fp(%,9e(8), p. X} <0.
15t Case: Te (%) > u(x). Since 7, satisfies the boundary condition on 3@ of problem (27),

then for all (p, X) € J-éjﬁg(f) (28) holds, Then the same inequality holds for all (p, X) €

I B (®) as well, because Jg U () € JZTT(H).

2"d Case: Te(x) = u(x). le (p X)e Jﬂ""ve (x) by deﬁnlllon

Te(x) STe@E)+p-(x — %) + %X(x — %) (x =Bt o(x — 2P
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for all x — . Since Te > u and Te (X) = u(%), we get
ux) Su@+p- =D+ X@E = H = H+olls - i1,

" thatis (p, X) € Jé“"g (¥). Now, since u is a su.bsolulion, we conclude
FQ.Te(@), p, X) = (& u(®), p. X) S 0.
We now claim that ‘
29) _ e < v, 5':‘365!-}"3 in 82,

where u¢ is defined by (20). Indeed, since v, is a supersolution in O¢ and v, > u, by the
Comparison Principle v, > w in ©¢ for any w € & such that w = g on #®¢. Moreover v, =
“on 2\ O¢, 5o we get v, > ue in €. To prove the last inequality we note that Hy is a supersolution
of (16) by Theorem 2, which implies V¢ < Hg by Comparison Principle.
Now fix x € Q,¢ > 0, y > 0 and note that, by definition of lower weak limii, there exists
A = hix, €, ) > 0such that :

() —y < vp(»
foralh <handye Q2N B(x, k). Similarly there exists & = k(x, €; ¥) > 0 such (hat
v ) <@ +y

forallh <kand y € QN B(x, k). From Remark 1, we know that Hy = sup, i, so there exists
€ such that

Hy(x) =y <ue(x), foralle < €.
Th{:n, using (29), we gel
Hg(x) = 2y < vi(y) < Hp(x) + v

foralle <€ & < k= min{h, k) and y € €N B(x, k), and this completes the proof.
' 0

REMARK 5, Theorem 6 applies in particular if v} are the solutions of the foliowing vanisii-
ing viscosity approximation of ( 10)

—hAv+ F(x v, Dv, D%v) = in O,

(30)_ V=i on a0, . '

Since F is degenerate elliptic, the PDE in (30) is uniformly elliptic for all # > 0. Thercfore
we can choose a family of nested @, with smooth boundary and obtain that the approximating
v}“; are much smoother than the e-solution of (16). Indeed (30} has a classical solution if, for
instance, either F is smooth and ¥(x, -, -, -} is convex, or the PDE (10) is a Hamilton-Jacobi-
Bellman equation (3) where the linear operators £4 have smooth coefficients, see [21, 24, 31]. -
‘In the nonconvex case, under some- structural assumptions, the continuity of the solution of
- (30) follows from a barrier argument (see, e.g., [5]), and then it is tw1ce differentiable almost
everywhere by a result in [43], see also [17].
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2.3. Continuous depéndence under increasing approximation of the domain

In this subsection we prove the continuity of the e-solution of (16) with respect to approximations
of the domain 2 from the interior. Note that, if vf = v€ for ail & in Theorem 6, then v*(x) —
Hg(x) for all x € © as € 0. This is the case, for instance, if v¢ is the unique e-solution of

F(x,u, Du, D) =0 in©,
©=u on 36 ,

by Proposition 3. The main result of this subsection extends this remark to more general ap-
proximations of Q from the interior, where the condition @, C Q is dropped. We need first a
monotonicity property of e-solutions with respect to-the increasing of the domain.

LEMMA 3. Assume the Comparison Principle holds and let 2) € 23 © RY, Hgl, respec-
tively HZ, be the e-solution in Qy, respectively 23, of the problem ‘

(31

Foru, Du, D2y =0 inQ;,-
“=g 0"39;,

with g : 23 — R continuous and subsolution of (31} with i = 2. If we define

- Hl(x) ifxeq)

Al =1 "¢ _
s @) lg(x) freQ\ .
then ngﬁ; in §2s.

Proof. By definition of e-solution Hg- > gin 24, s0 H&? is also supetsolution of (31) in §24.
- Therefore H} = HJ in ©) because H} is the smallest supersolution in €2, and this completes

the proof, : :
Q

THEOREM 7. Assume that the hypotheses of Theorem 3 i) hald with w continuous and Q
bounded. Let ()} be a sequence of open subsets of Q, such that @ < 2,41 and U" Q= Q.
Let u,, be the e- soluuon of the problem

(32) l Fix,u, Du, D) =0 inQ,,

= o on gy, .

If we extend uy = u in Q\ Qp, then uy (x) /' Hy (x)'for all x € Q, where Hy is the e-so.t'un'on
of (16).

Proof. Note that for all n there exists an €; > 0 such that Q¢, = {x € Q : dist (x, 3Q) > ¢4} ©
2y, Consider the e-solution i, of problem

F(xou, Du, D2y =0 inS, .
U=y on 82, .

If we sel g, = uin Q\ R, , by Theorem 6 we get ue, — Hyg in £, as remarked at the beginning
of this subsection. Finally by Lemma 3 we have Hy > uy > e, in 2, and sou, — Hg in Q.

D






