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AN INTRODUCTION TO TOPOLOGICAL DYNAMICS
IN DIMENSION ONE

Abstract. Dopo aver introdotte alcuni dei primi concetti fondamentali della
teoria dei sistemi dinamici topologici, si espone anzitutto una dimostrazione
completa del teorema di Sarkovskii sui punti periodici di un sistema dinamico
discreto generato da un’applicazione continua di un intervallo della retta reale
in s&, Si considerano quindi punti periodici e punti w-stabili di sistemi continui
operanti sulla retta o sulla circonferenza. Si studiano infine le funzioni tenda
definite sopra un intervallo.

Preface

These are the preparatory notes of lectures on topological dyna_miéal systems
-delivered in Torino, at the Institute for Scientific Interchange in May 1997.

In the first chapter some of the basic ideas of topological dynamics are introduced,
with special emphasis on chaotic systems. The second chapter deals with elementary facts
“of topological dynamics in one real dimension. After establishing in detail Sarkovskii’s
theorem on periodic points, the connection between these points and chaotic behaviour is
illustrated in the example of the tent map. The existence of periodic points, which plays
a crucial role for discrete dynamical systems, may impose much more stringent conditions
on the behaviour of continuous dynamical systems, as examples considered in the second
chapter indicate. _ _ .

1. Topological dynamics

This chapter will collect some basic facts and definitions of tdpological dynamics.

1.1, Preliminaries |
Let M be a topological space, and et J be one of the following additive semigroups -

or groups:

the semigroup Z, = IN of all non-negative integers;

the group Z of all integers;
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- the semigroup R4 of all non-negative real numbers;
the group R of all real numbers.

The set J will be assumed to be endowed with the discrete topology when J = Z,
or J = Z, and with the natural real topology in the cases: J = R, orJ = R. Let
J..|. =JN R+. '

A topological dynamical system is a continuous map ¢ : J x M — M such that

¢t1+t2($) qbtl (¢t2($) a“d ¢0( )

for all ¢1,t2 € J and all x € M.

IfJ=2ZorJ =R, ¢ is a homeomorphism of M onto M for all te J.

If J = Zor J = Z,, the dynamical system ¢ will be said to be discrete. In the
other cases, ¢ will be called here - with some contusion in the terminology - a continuous
dynamical system. |

For f : M — M, we will denote the iterates of f, writing f° = identity map,
fl=7fand f* = f* 1o fforn=1,2,... If f is bijective, we will extend this notation’
to ali » € Z writing f™ = (f =)™ when n is a negative integer.

IfJ =Z orJ = Z,, there is a continuous map f : M — M - which is a
homeomorphism when J = Z - such that ¢, = f" for all n € J. We will say that the
dynamical system is generated by f.

For z € M, the set Ot (z) = {¢+ : t € J;} is called the forward orbit of x. If
J=ZorJ =R, the set

O(z) = {¢u(x) : t € T}
is call_ed?:the_ orbit of . |
Let 2 € M. If there is 7 € 3, \{0} such that

Cdx)=a, q(x)FxVE€(0,7INT,

z is called a periodic point, of ¢, with penod 7. The orbit of x is the compact set
{¢e(z) : t €0, 71N T} _
If the first of the two above conditions holds for every T € Ji z is called a ﬁxed '
point of ¢. Thus, the fixed points of ¢ are those points z € M for which ¢;(x) = z for
alted.
If there is ¢, € J 1 \{0} such that ¢, (:1:) is a periodic point, x is said to be prepenodzc

or eventually periodic. In other words, z is preperiodic if there exist t, € J\{0} and
7 € J+\{0} such that ' _
Ift € Jg, then _
brit,+¢(x) = &y, 14(T).
Hence, if 2 is preperiodic, ¢, may be replaced by any ¢ € [t,, +00) N J.
The point z is said to be strictly preperiodic or strictly eventually periodic if it is
preperiodic but not periodic. '
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If M is a metric spacé with a distance d, the point z € M is said to be asymptotically
periodic if there is a periodic point y € M for which

Jm_d(g(2), e(v) = 0.

If = is preperiodic, then x is asymptotically periodic.
The non-wandering set Q{¢) of ¢ consists of all points z € M such that, for every
neighbouthood U of x and every o > 0, there is some 7 € J, with 7 > q, for which

(1.1) o ¢ HUYNT # .
_Since
¢~ HUN-(U)) D ¢, HU)NT,
(1.1) implies |

(1.2) G- (U)OU 4 0.

- If ¢, is a homeomorphism, (1.1) and (1.2) are equivalent.

If z ¢ Q(¢), there exist a neighbourhood U of z and some & > 0 such that, for
every 7 € J with 7 > a, ¢, Y (U)NU = 0. If V is a neighbourhood of x such that U is
a neighbourhood of y for all y € V, then qu Ywvin V @, showing thereby that Q(¢) is
closed.

Note that all periodic points of ¢ are contained in ©(¢).

The following two definitions involve a distance. Let M be a metric space with
distance d and let J =R, or J = R.

A point x € M is called asymptotically almost periodic for the continious dynamical
system ¢ : Ry X M — M if, for every € > 0, there are ¢, > 0 and ! > 0 for which every .
interval of lenght { in R contains some T such that :

A Pr4r(2), $u(z)) <€ Vi 2 io'

The point = is called almost periodic for ¢ if, for cvery € >0, thereisl >0 such .
that every interval of lenght [ in R, contains some 7 for which

(ch(ﬂI),x) se

An important class of dynamical systems consists of those ¢ : J x M — M, for.
which there is a constant ¢ > 0 such that

(1.3) d(Pefu), de(v)) < cd{u,v) VYt €Iy, Yu,v e M.

For example, this condition is satisfied, with ¢ = 1, when ¢; contracts the distance,
and, more in particular, when ¢; is an isometry.
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LEMMA 1.1.1. IfJ = Ry, if (1.3) holds and if © is almost periodic, ¢,(z) is
almost periodic for all t € J.

Hence z is asymptotically almost periodic.
If J = R and (1.3) holds for all £ € J, then

d(p- (), ) = d(Prie—2(2), Pe—i(2))
= d(¢~a(¢r+t($)),¢—t(¢"t(3’))) < cd(Prii(T), de()).

Hence, let J = R and (1.3) hold. If z is an _asymploti_ca]]y.a]rno'sl pefiodic point
for the restriction of ¢ to R, then z is an almost periodic point of ¢. :

The point x € M is said (0 be w-stable for the continuous dynamical system
¢ : Ry x M — M acting on the topological space M if, for every neighbourhood U
of z and every « > 0O, there is some 7 > « such that ¢, (x) € U. If the topology of M is
defined by a distance d, x € M is w-stable if, for every ¢ > 0 and every « > 0, there is
some 7 > o such that

(1.4) d(dr(z),z) <€

ANl almost periodic points and all fixed points of ¢ are w-stable.

If z is w-stable, ¢ is w-stable for all ¢ > 0. If z is w-stable for the continuous
dynamical system ¢ : R x M — M, every point in O(z) is w-stable.

Let M be a metric space with a distance d.

PROPOSITION 1 1.2.  All w-stable points of the continuous semiflow ¢ are non-
wandering.
If (1.3) is satisfied for some ¢ > 0, all non-wandering points are w-stable.

Proof. 1f & is w-stable, for all € > 0 and all @ > 0, there is some T > o satisfying
(1.4). Since ¢,(x} € B(x, 2¢), then

z € B(x,2¢) N ¢ (Blx, 2€)),

showing that x is a non-wandering point.
Viceversa, let z be a non-wandering point, and suppose there are €, > 0 and o, > 0
such that

(1.5) | d(pr(x),x) 2 €0 YT 2 o

Choose 7, > &, and fet o € (0, %‘3) There exists § > O - which can be assumed < 52‘3 -
such that, if d(z,y) < 8, then d(¢»,(x), ¢r,(¥)) < 0, L e,

quu('B(m’ 6)) C 'B(@Tn (m)'—' O')..
Being 2 non-wandering, by (1.2) there is some 7 > 7, such that

B(z,8) N ¢.(B(z,6)) # 0.
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Since, by (1.3), _
d(d+(x), o+ (v)) = d(Pr—r, © ¢r (¥}, Pr—r, © &r,(¥))

gcdw%wL®dw)<“’<%

whenever d(z;y) < 8, then

6r(B(,6)) C B (¢:(2), 3.
Choose any
| ze¢43@5nn3@5)
_ Thus, ze B((j),.(:c), ) i e, d(¢-(z),2) < -2— Since d(z, z) < 8, then

d(‘;bf(:r')} :L’) = d((ﬁ-,-(’l?),z) + d(.’B, z) < ‘22 + "22 = eq:

contradicting (1.5). m

The notion of w-stability can be illustrated also in terms of w-limits of the dynamical
system ¢ : I x M — M. : .
 Letx € M. A point y € M for which there is a sequence {t, } in J such that

lim £, =400 and lim ¢, (z}) =y,
=00

=400

is called an w-/imit point of the forward-orbit OF (z) of . The set of all w-limit points of
O%(x) is called the w-limit set of O (z) and is denoted by w(O*(z)).

PROPOSITION 1.1.3. The set w(O%(x)) is closed in M. If O%(z) is contained
in a compact set K C M, w(O%(x)) is a non-empty, compact, subset of K, which, if
J =R, is also connected.

Proof, ~ To show that w(O*(x)) is closed in M, consider a sequence {y,} in
w(O*(z)) converging to some ¥ € M. For each v, there exists a sequence {t¥} C J such
that _

lim t% =-+oco and hm q’)tu () = Y-
1—++00

For each v > 1 there is an integer N(v) such that N (v) < N (v ) and that

d(qi’t'f\,(p (z)yw) <

=

Hence,

A, @),9) < dldus,, (@), u0) + A, )
1
- + d(y,,, y)—0
as v — 00, showing thereby that y € w(O“‘(x)).
If Ot{(z) C K, then O*{(z), being closed, is compact. Furthermore, the sequential
compactness of K implies that w(O%(z)) # 0.

AR s e L i e e e e L i e T D e e e T R i e o By
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We are left to show that, if J = R, and if Ot (z) C K w(O+ (.ac)) is connected.
Let A and B be two non-empty, closed (hence compact), disjoint subsets of K such that

w(O*(z)) = AUB.

Smce AN B = 0, there is some § > 0 such that d(A, B) > 8. For every integer N>0
there are ¢ > N and s > N such that

5
d(du(z), A) < 5 and d(s(z), B) < -g-
Since d is continuous, there exists a séquence {t,} in Ry such that

lim t, =-+c0 and lim d(g,(x) A)=f

[ZEE o]

Since K is ‘'sequentially compact, there is a subsequence {#/,} of {t, } such that the sequence
{¢¢ (x)} converges to some y € w(O™(x)), for which

)

On the other hand,
d(y, A) +d(y, B) > d(A,B) > é.
Thus
d(y, B) > g
and therefore
| y & AUB =w(0F(z)).
This contradiction proves that w(O%(x)) is conqcctéd. [

THEOREM 1.1.4. The point € M is w-stable if, and only if, x € w(OT (x)).

1.2, Topological transitivity _

~ The continuous map f : M — M is said to be one-sided topologically transitive if
there exists x € M whose forward orbit O (z) = {f"(z) : n € N} is dense in M. A
- homeomorphism f : M — M is said to be topologically transitive if there exists x € M
whose orbit O(z) = {f*(z) : n € Z} is dense in M. Clearly, topological transitivity is a
weaker condition then (pointwise) transitivity.

THEOREM 1.2.1. Let M be a locally compact space - or a complete metric space
- with a countable base. If [ is a homeomorphism of M, the following conditions are.
eguivalent:
a) f is topologically transitive;
by if N is closed in M and f(N) = N, either N = M or N is nowhere dense in M
(i.e., N has empty interior);
c) if A and B are non-empty open sets in M, there is some n € Z for which

(1.6) \ fMA)N B #0;
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d) the set of all points whose orbits are dense in M, is a dense G set in M ( ie., is
the intersection of a countable family of open dense subsets of M).

Proof. [25]a) = b). Let N be a non-empty closed set in M such thht f(N}= N,
and let x € M have a dense orbit. If A is a non-empty open set, and A C N, then
f™(z) € A C N for some n € Z, and therefore O{x) C N, whence N = M.

b) = c). Condition b) is equivalent to requiring that, if A is open and non-empty, and if
f(A) = A, then A is dense. Thus, for any open set A # @, the set '

+oa
U £y,
p=—00

which is is open and f-invariant, is dense. Thercfo_i‘e (1.6) holds.
c) = d). Let {A,, Ay, ...} be a countable base for the open sets of M. We will show first
that - :

+o0  +oo

(1.7) fzeM: 0@ =M}={) {J 4

n=1 p=-—00

Indeed, if
‘oo Foo

T & ﬂ U fP(4n),

n=1 p=-o00

- there is some positive integer n for which

. too
g | (A

p=—00

Hence

+oo
)¢ {J f(4n)
p=—00

for all ¢ € Z, and therefore O(x) is not dense in M.

Viceversa, if O(z) is not dense in M, there is some positive. integer n such that |
A, NO(z) =0,i e, fi(z) & A, for all g € Z. Hence x & f9(A,,) for all ¢ € Z, and, in
conclusion, (1.7) holds. '
Condition ¢) implies that

+oo
U 4,)
pP=—00C

is dense for all n. The Baire cathegory theorem and (1.7) imply that ¢} = d).
d) = a). Obvious. B
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THEOREM 1.2.2. If M satisfies the same hypotheses of Theorem 1.2.1, and if the
continuous map f : M — M is surjective, the following conditions are equivalent: -

a) [ is one-sided topologically transitive, _
b) if N is closed in M and N C f~1(N), then either N = M or N is nowhere dense

in M; _ | _
¢) if A and B are non-empty open sets in M, there is some n € N* Jor which
(1.8) fTM(A)N B # |

d) the set of all points whose forward orbits are dense in M, is a dense G set in M .

" Proof. [25] a) = b). Let N be a non-empty closed set in M such that f(N) C N,
and let x € M have a dense forward orbit. If A is a non-empty open set, and A C N, then
fP(z) € A C N for some integer p > 0, and therefore S™(z) € N for all integers n > p.
Hence

{ﬂr,f(:v),fz(m),---,f”‘l(m)}UN =M
because f is surjective. Hence, applying f, .
{f(=), Fx),..., fP(x)} UN = M.

Iteration of f yields N = M.
b} = ¢). Note first that b)) amounts to requiring that, if A is open and non-empty, and if
A C f~YA), then A is dense. Since

_ ' +o0
(1.9) U7
n=1
is open, and
+co +o0
-1 (U f‘”(A)) C U fm(4),
then (1 9) is dense, and (1. 8) holds for some mteger n> 1
¢) = d). Let {A;,A4s,...} be a countable base for the open sets of M. We begm by

- showing that

. e 400 400
(1.10) {zeM:0%@)=M}= ) 5P
: n=1 p=0 _
It
+oo +oo
s (Y Us?
n=1 p=0
there is some positive integer n such that
z ¢ U FP(4n),

p=0
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whence |
+o0
F@) ¢ | £7(4n)
p=0 .

forallq#O,l,Q,.... _

Viceversa, if O%(x) is not dense, there is some positive integer n such that
A NO*(z) =0, i e, fi(z) € A, forall ¢ =0,1,2,.... Hence z € f~9(A,) for
all g =0,1,2,..., and, in conclusion (1.10) holds. '

By ),

+o0
U £77(4n)

=)

is dense for all n. The Baire éathegory theorem and (1.10) imply that ¢) = d).
d) = a). Obvious. m

REMARKS. The hypothesis whereby M has a countable base enters only the proof
of the step ¢} = d) in both Theorems 1.2.1 and 1.2.2.

~ The role of the hypothesis f(M) = M in Theorem 1.2.2 is clarified by the following
exampie, {25]. Let

M={0}U{%:neN*}CR |

with the relative topology, and let f : M — M be defined by f(0) = 0 and by
f(l/n) = 1/(n 4+ 1) when n > 0. Note that f is not surjective. Since only the point

1 has a forward orbit which is dense in M, the conditions @) and d) in Theorem 1.2.2 are -

not equivalent. Since furthermore, for N = M\{1}, N C f~!(N) and N is closed, then
condition &) does not hold.

1.3. Sensitive dependence

Let M be a metric space with a distance d, and let f : M — M be continuous.
The function f (or the dynamical system generated by f) is said to have the property of
sensitive dependence on initial cenditions or to be sensitive to initial conditions if there
exists some § > 0 (which is called a sensitivity constant) such that, for any x € M and for
any neighbourhood A of x there is a point ¥ € A and an integer » >.0 such that

d(f™(z), f*(y)) > 6.
THEOREM 1.3.1. If the continuous map f : M — M is topologically transitive,

and the set of all periodic points of f is dense in the metric space M, f has the property
of sensitive dependence on initial conditions.
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Proof. 1. We show first that there ¢xists &, > 0 such that, for every x € M there
is a periodic point y whose forward orbit O*(y) has distance > %O from z. Let iy and yo

be two periodic points with disjoint orbits, and let 8, = d(O* (1), O (32)). fz € M is
such that
d(w,0%(n)) < % and d(z,0" (1)) < %,
then :
6o = d(O* (1), 0* (32)) < d(=, 0" (y1)) +d(z, 0" (1))
6o B, e
N < o + 5= 6o
This contradiction shows that either
1) )
d(z,0% () 2 7;" or d(z,0%(y2)) > 2>
2. Letﬁng 6= %3, we show now that 6 is a sensitivity constant. Let x € M and let V' bé

an open neighbourhood of z. All amounts to showing that there are a positive integer N
and a point in ¥, whose N-th iterate has from fV(z) a distance larger than §. For r > 0,
let B(z,7) be the open ball with center x and radius . Let

U =V n B(z,5),

and let z € V N B{z, ) be a periodic point with period n. According to 1., there is a
petiodic point y for which

(111) d(0* (y),z) > 2 = 46,

The dpen set
W = B(y,6)n fH(B(f(y),8))

| - N FTABA ), 6NN B (), 6))
contains ¥, and therefore is not empty. Since f is topologically transitive, there exists an
integer & > 1 such that f=*(U) "W # @. That is to say, there are an integer k¥ > 1 and a

point u € U for which f*(u) € W. Denoting by

N

the integrat part of %, then nj —n < k < ng —1, and therefore
1<nj-k<n.

Since
W c f0 BB (), 6)),
and therefore
FITEW) C B(f™ 7 (y), 6),
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then
9 (u) = IR (fR(u)) e fHITRW) € B(fMy), 6).
Since ff‘j(Z) = z, then
(™3 (2), f (w)) = d(z, f7 () 2 d(z, 9 (1)) - d(x, 2)
> d(, MR (y)) — d(FIR (), M (w) — d(a, 7).

Being z ¢ B(x,4) and f“j(u) € B(f*%(y),6), then d(z,z) < 6 and
d(fI~%(y), f*9(u)) < 8. Furthermore (1.11) implies that

d(z, fY*(y)) = 48.
.~ Thus,
_ a(f™*3(z), 7 (u)) > 46 - 6 — § = 26.
Since, on the other hand,
d(f™7(2), F*(w)) < d(f™9(2), 49 (2)) + (™ (), £ (w)),

then, either d(f™7(2), f*(z)) > & or d(f*3(z), f*?(u)) > §, showing that there exists a
point in U whose {n j)-th iterate has from f™7(x) a distance larger than §. &

REMARK. Sensitive dependence is not a purely topological property, but involves
essentially the distance. In other words, if /V is a metric space, g : N — N is a continuous
map, and ¢ : M — N is a homeomorphism for which the following diagram is commutative

M LM
l !
N & N,
ie.,
(112) | pof=go¢,

the fact that f has the property of sensitive dependence does not lmply that the same
property holds for g.

Here is an example.

Let M = R} and N = R be endowed with the absolutc-value distance. Let f.q.

and ¢ be defined by f(z) = 22, g(y) = y+log2 and ¢(z) = logx. Then, although (1.12)
is satisfied, the property of sensitive dependence on initial conditions holds for f but nor

for g.

LEMMA 1.3.2. Let M and N be compact. If f is sensitive to initial conditions,
also g is. '
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_ Proof We denote by dM, dy and Ay, AN the distances in M N and the
diagonals in M x M, N x N,

For § > 0 sufficiently small, the set
K = {($1:$2) T Ty € M,.’L‘z € M:dM(:rlaw?) = 6}

is a non-empty compact subset of M x M which is disjoint from Ap;. Its image by ¢ is a
compact subset of N x N which is disjoint from Ay. Since also this latter set is compact,
the distance between A and the image of K is positive. Hence, lhere is o > 0 such that,
if dp(z1,72) 2 6, then dy{¢(z1), d(x2)) = 0.

For every xz1 € M and for every neighbourhood U of z; in M, there exist some
point z2 € U and some positive integer n for which

du (), M (@2)) 26,
and ;hcrefore (f™(z1), f*(z2)) € K. By consequence, _
dn(@o fMm),do fi(z)) 2 0, -

dv(g" o d(z1),8" o d(zz)) 2 0. W

NOTE. The results of this section have been established in [4].

1.4. Chaotic dynam:cs
| Let M be a topo]oglca] space. A continuous function f M — Missaidtobea
chaotic map or to define a chaotic dynamical system if:
a) f is topologically transitive; -
b) the set of periodic points of f is dense in M.
 Theorem 1.3.1 implies that, if M is a metric space, and if a) and b) are satisfied,
then : 1
c) [ is sensitive to initial conditions.
‘This definition is due R.L.Devaney, [11}. A definition of chaoticity implying
Devaney’s definition is due to O.Tamaschke, [6]. According to this definition, f is chaotic
if, besides b), the following condition is satisfied: -

a’) For every non-empty open set U C M there is a positive integer n such that
) =M |

EXERCISE. If M is a compact interval in R, a’) implies b).

ExamMPLE. Let T = {e% : 0 < ¢ < 27} be the unit circle in C. For 2; = &
and zy = ¢%2, we define the distance d(z), z2) of 21 from 22 as the lenght of the shortest
- arc of T whose extreme points are z; and 23,

‘Choose an integer p > 1, and let f, : T — T be defined by

]
Fo(e?) = &',
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or equivalently,
fp 6 — p8 ( mod2m).
LEMMA 1.4.1. The map f, is chaotic.
Proof. 1) Since, for any n > 1, f,"( ) = &9, then f,"(e*) = &' if, and only
if,
p"8 = 6 + 2kr for some k € Z.
Thus, all periodic points of f,, with period n, are given by

2kn
pr—1

0 = for k=0,1,...,p" — 2.

Hence the set of all periodic points of e is dense in T.

2) If 7 is any arc (not reduced 10 one point) in T, there is some positive integer n such
that f,"(v)} = T. Hence, condition a’) is satisfied. B

NoTES. The proof of Lemma 1.4.1 shows that fp is chaotic according (o
Tamaschke’s definition.

If e and % are two distinct points of ‘T, and if the lenght of the shortest arc of

T joining them is < —, there is a positive integer n such that
p ' ‘

1 , 1
W<I9—-9|SE

Hence
1 : o :
p < A fp (), f"(€7) < 1.
‘This remark offers a direct proof of f, being sensitive to initial conditions, with

e 1
sensitivity constant pe

Let T : [~1,1] — {~1,1] be defined by

T,(x) = cos{parccos x)*

! Letting cos @ = z, then
- To(z) =1,
Ti(x) =z,
To(z) = c0s 20 = 2cos % — 1 =22 — 1,
T3(x) = cos 30 = d{cos 8)* — 3cosé = 4z° — 3z,
Ty(z) = cos 40 = 8(cos H)* — 8(cos H)* — 1 =

=8z* -8z - I,....
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Ith: T — [—1,1] is defined by h( %) = cos, then
Tp o h{e®) = cos(ph) = ho f( ).
Lemma 1.4.1 and Lemma 1.3.2 yield then

- PROPOSITION 1.4.2 Forp=2,3,..., the function Ty, defines a chaotic dynamical
system in [~1,1]. '

Let k : [-1,1}] — [0,1] be defined by k(z) = %.(1 — ) and let Fy : [0, 1] + [0, 1]
be defined by Fy{z) = 4z(1 — ). Since
Fyok(z) = 4k(z)(1 - k{z)) =1 - z?,

and |

koTy(a) = 5 (1- Ty(a)) =1 -2
then Fy o k = k o T3, and therefore

kohofy=kolyoh=Fyokoh.
That proves

PROPOSITION 1.4.3. The function 2 — 4x(1 — x) defines a chaotic dynamical
system in [0,1}. : :

Thé following ]emma‘ provides an example of non-chao‘tidity.

_ LEMMA 1.4.4. Let the continuous map f : T T preserve the orientation of T
and have a dense set of periodic points. If f fixes a point, f is the identity.

Tn is a polynomial in x, of degree n, with integral coet‘ﬁcwnts, which is called the Tchebychev
polynomial of order n and satisfies the Tchebychev differential equation

(- )2d 4 w%fnzg;:o, -1 <z<1,
The Tchebychev polynomials {T,, : n=0,1,...} are the elements of a complete orthonormal system
dz
S22

property: among all polynomials of degree n, with real coefficients,

in the Hilbert space L* { (—1,1), and are also characterized by the following extremal

-1 -1
2" 2" a2+ 4 an,

T, minimizes the uniform norm on [—1, 1]; see, e.g., {24] .



An introduction to topological dynamics 317

Proof We imbed T in C as the circle {z € C: [z —i|] = 1}, we assume 24 as
-a fixed point; we. project-the.circle from 2i to:the real axis and ‘we: replace f by the map
h:R — R induced by f on R. If h(z) # z, there is a neighbourhood U of x such that
Unh™U)=0 ¥n=1,2,... |
Hence U does not contain any periodic point of k. &

So far, these notes dealt essentially with the discrete dynamical system generated by
a single continuous map. However, we shall now consider briefly, following closely [7], a
more general setting. _

Let G be a group acting on a Hausdorff space M, ie., for which there is a
homomorphism of G into the group of all homeomorphisms of M. The action is faithful
if the homomorphism is injective. According to a definition mtroduced in [7], the action
of G on M is said to be chaotic if:
1) for every pair of non-empty open sets U and V there is g € G such that g{U)NV # §;
2) the set of points of M whose G-orbits are finite is dense in M.

Note that the condition of chaoticity of a single homeomorphism f given at the
beginning can be expressed now in terms of the action of the group Z on M. Something
more can now be said:

LEMMA 1.4.5. If G acts on M and if there is some g € G whose image is a
chaotic map of M, the entire group G acts chaotically on M.

On the other hand, as was shown in [7], the group G = Z x Zy x Z4 acts faithfully
and chaotically on the two-dimensional torus T2 in such a way that none of the elements
of G acts chaotically on T2.

Let e be the identity element of G. The group G is sald to be residually finite if,
for every g € G\{e}, there is a normal subgroup, with finite index, not containing g.

LEMMA 1.4.6. If G acts fatthfully and if condition 2) holds, then G is res;duaily
finite.

Proof. Let g, € G\{e}. Since the set F = {u € M : card Gu < oo} is dense in
M, there is some £ € F such that

(1.13) 9o(x) #

{because otherwise, in view of the density of F', g, would act as the 'idenlity on M). Let
H be the subgroup consisting of those elements of G fixing every element of the orbit
O(z) = Gz of
H={heG:h{g(z)) = g(x) Vg € G}.

Itked,

k™ hk(g(x)) = k7 R{(kg)(z)) = k™ k(g(x)) = g(x). |
Hence, H is a normal subgroup of G, which, by (1.13), does not contain g,. Since the
cosets of H are in one-to-one correspondence with O(z), the proof is complete. ®
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LemMma 1.4.7. If G is residually finite, G acts faithfully on a Hau.?dOfﬁ space,
and all its orbits are finite.

Proof. For g € G\{e} there is a normal subgroup H of G, with finite index, not
containing g. The group & acts faithfully on the set M, of all cosets of H in G.If M is
the disjoint union of all M, when g varies in G, this latter group acts faithfully on M,
and the orbits are the finite sets M,. B

LEMMA 1.4.8. [f G is residually finite, G acts faithfully and chaotibatly on a
Hausdorff space.

Proof. The lemma is obvious when G is finite, because in that case G, endowed
with the discrete topology, acts chaotically on itself by left translations. Let G be infinite,
and let {0, 1} be the product of copies of {0, 1}, indexed by the elements of G. Assuming
in {0,1} the discrete topology, the space {0,1}C is a compact space for the product
topology. Its points can be canonically identified with the functions f : G — {0,1}. Its
open sets are then the sets of all functions G — {0,1} with prescribed values on a finite
set of G. The action of G on {0,1}€ is defined by

9(f)(h) = f(g™'h),
where h,g € G and f: G — {0,1}.

I. We show that the action is topologically transitive. Any two non-empty, open,
proper subsets U and V of {0,1}¢ can be described as follows. Let: n and m be two
positive integers; g1,...,9, and ¢1,...,g,, be elements of G; zy,...,2z, and 23, ..., 20,
be elements of {0,1}. Then: :

U= {f:G—{0,1}: f(g1) = 21,.:., f(gn) = 20},
V={f:G={01}: flg}) = 21,.... flom) =z},

Since G is infinite, there is g € G such that g71g; ¢ {gl, gL tfori=1,...,n
The function f : G — {0,1} such that f(g;) = z; for j =1,...,n and f(g~1g}) = z; for
i=1,...,mis an element of U for which g(f) e V.

II. So far the hypothesis whereby G is residually finite has not entered the proof.
Using that hypothesis, we prove now that the set of points of M whose G-orbits are finite is
dense in M by showing that U contains some element with a finite G-orbit. The hypothesis
implies that, given g,k € G, with g # k, there exists a normal subgroup H, with finite
index in G, such that kg~ ¢ H, and therefore g and k are contained in distinct cosets of
H. Iterating this argument, we see that there is a normal subgroup H, with finite index in
G, such that gy, ..., g, are contained in pairwise distinct cosets of H. Let f: G — {0,1}
be constant on each of the cosets of H. Since the number of these cosets is finite, and G
trasforms cosets of H onto cosets of H, the orbit of f is finite. =
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THEOREM 1.4.9. For a group G the foﬂowmg conditions are equivalent:
a} G is residually finite; ‘ :

b} there is faithful action of G on a Hausdorff space such that the set of points whose
orbits are finite is dense;

c) there is fauhful action of G on a Hausdorff space all of whose orbits are finite;
d) there is faithful chaotic action of G on a Hausdorﬁ space.

Proof. By Lemmas ] 46 147 and | 4 8 b) = a), a) = ¢} and a) = d) Since ¢)
= b) and d)} = b), the proof is complete. &

As a consequence of this theorem, a group acting chaotically and faithfully- on a
Hausdorff space contains no simple infinite subgroup. The following corollary, established
in [7], together with Theorem 1.4.9, and whose proof is omltted lists some residually finite

groups.

COROLLARY 1.4.10. The following groups are residuaﬂy Sinite:
the groups SL(n,Z) for all n > 2;
countably generated free groups;
quotients of residually finite groups by finite normal subgroups,
subgroups of residually finite groups;
(finite and infinite) direct products of residually finite groups.

‘On the other hand, the group of all rational numbers is not residually finite, {26].

It is worth pointing out, at this time, that not all spaces admit chaotic group actions,
Here is a relevant example. L

THEOREM 1.4.11. No infinite group G acting faithfully on T has a dense set of
periodic points. ' : ‘ . .
Proof. Since
Card(Gz) < oo = Card({g"(z) : n € Z} <00 Vg € G,

if the set S of points of T whose G-orbit is finite, is dense, then, for all g € G, the set of
periodic points for g is dense. Let ¢ € S, and let G be the subgroup of G:

Gr={ge G:yg preserves the orientation and g(z) = z}.

The group G"‘ has finite index in G. By Lemma 1.4.4, 1f S is dense, thcn G} =id. Hence
G is finite. B . E

COROLLARY 1.4.12. Iff: T—-Tisa homeomorphiém, S is not chaotic.

Going back to the general case, let M be a Hausdorff space, and let G, H and K
be subgroups of the group Homeo(M) of all homeomorphisms M — M, such that =

G C H ¢ K C Homeo(M).

The fdllowing two results extend Lemfna 1.4.5.
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- LEMMA 1.4.13. If the actions of G and K on M are chaotic, then also the action
of H is chaotic.
Proof.  Since
' Card(Kz) < oo = Card(Hz) < oo,
then

- {zeM:Card(Kz) <oo} =M= {ze M:Card(Hr) < 00} = M.
Furthermore, since for any pair U, V of non-empty open sets in M, there is some g € G
for which g(U) NV # 0, then there exists h € H such that A(U)YNV £ 0. m

LEMMA 1.4.14. [f _ .
G C H C Homeo( M},

if Card(H/G) is finite, and if the action of G is chaotic, then also the action of H is
chaonc

Proof. If U and V are two non-empty open- set;: there is some ¢ € G for which
g(UY NV # 0. Hence, there exists h € H such that A{(U) NV # .

Furthermore,
' ard(H:c) < oo = Card(Ga:) < 0.
Hence, '
{re M :Card(Gz) <o} =M = {x € M : Card(Hz) <00} =M. ]

2. One-dimensional dynamical systems

This chapter will be devoted to discussing some basic properties of ‘dynamical
systems acting by continuous maps on the real line, on an interval or on a circle,

2.1. Preliminaries

This section will collect some elementary results of real ahalysis on the real line.

Let f: R — R be a continuous function. The iimage by f of a compact (i.e. closed
and bounded) interval I ¢ R is a compact (and connected set, i.e. an) interval f(I) C R.
Let J C R be a compact interval for which f(I) > J. Let J = [a,b], with a < b, and let
zy,z3 € I be such that f(x;) = a and f(x3) = b. The image by f of the closed interval
defined by x; and x2 is a compact interval containing J.

Assume 11 < z9; let
a = max{f~ (a) N [z, 2]},
and let 3 be the point of [o, z2] which is closer to o and is such that f(8) = b, ie.,
B =min{f1(b) N |a, 23]}

The existence of some z € {a, B) for which f(x} = a (or f(zx) = b) would contradict the
definition of o (or ). Furthermore, if f(y) & J for some y € [a, 8], then y € (o, 8), and
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either the interva (y,(3) would contain some point u for which f(u) = a or the interva
(ay) would contain some point vforwhich f(v) = 6, contradicting in both cases the
definitions of a and (3. Hence f([a,/3}) = [a b), ad there is no proper closed sub-interval
K of [a,fi] for which f(K) = [a6]. In particular, f(a) and /(/?) are the end points of
[a, b]: /({a, /) — {afr}.If [«/?) =/, then /(/) = J, ad there isno proper closed
sub-interval of | whose image by / contains J.

Same conclusions hold when X\ > X5, letting

a=minl/-*") n [xxl},

(3 =max{/*(0) D[a}yal}.
Hence, the following lemma holds.

LEMMA 2.1.1. Iff(l) D J, there isa compact interval H C | such that
e e
f{H) = J and that f(K) ~ J for every closed interval K ~ H. Furthermore,
f(dH) =dJ, and,if f(1) ™ J,then HEI.

Let now lo, h,l, be three compact intervals in R for which

I(/o)D/i, [(/i)3/2.
By the above lemma, there exists acompact intervd Li CI\ such that /(Li) = I, and

e e
thet, if Mi isaclosed intervd Mi ~ Li, then /(Mi) ™ I,. Furthermore, f(dLi) = dl,,
D C
and, if /(i1) 7/ then Li ~ I\. Snce/(io) ™ |1 ™ ~1» again by the above lemma there
isaclosed intervd Lo Cio for which
f(Ly) = Li,
e e
and such that, if MQ isacompact interval Mg / Lo, then /(Mg) 7 Li. Furthermore,
/(9L0) =dia, and, if /(1<) ? Li (afortiori, if/(/o) $h),thenLo £/y.
In conclusion, there exists a compact interval Lo C o such that:

f(Lo) CI/1, /%(Lo) = /*(dLy) = aly,
e
for any closed interval MQ ” Lo,

f(Mo)Muf(Mo)M »-
Furthermore,
/2(«9L0) =/(0Li) - 0/,

D D C
and, ifeither /(Jo) / A or f{h) ™~ 15, then Lo  lo-



