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I. Del Corso 

ON KRONECKER'S USE OF INDETERMINATE COEFFICIENTS 

Abstract. In this paper we present some results of Kronecker on divisor theory 
using the modem terminology of ideals. This approach, although restrictive in several 
respects, makes some of the fundamental ideas of Kronecker's theory much more 
apparent and allows to improve upon many classical results. We also include a 
survey of some results we obtained in [10] using Kronecker's method of indeterminate 
coefficients. 

1. Introduction 

Towards the middle of the last century, Kummer discovered that the ring of integers 
of a cyclotomic field does not have the unique factorization property. 

Kummer introduced the concept of "ideal numbers" to recover some of the structural 
properties of the usuai integers in the ring of integers of the cyclotomic field. 

Kronecker's theory of divisors and Dedekind's theory of ideals arose as attempts to 
do the same in a more general context. 

To recover some good property resembling unique factorization, it is necessary to 
enlarge the set of elements under eonsidération and to generalize the concept of divisibility 
to this new set of elements. 

Dedekind generalized the concept of number to that of ideal, and proved that each 
ideal factors uniquely into prime ideals in any number ring (see [7]). The theory of 
Dedekind domains as it is known today, is based on Dedekind's ideas and results. 

Kronecker considered [14] a more general problem and a context more general than 
number fields (see [11] for a recent presentation of Kronecker's paper) . The primary 
objective of his theory is to extend the set of elements and the concept of divisibility in 
such a way that any finite set of elements, ali of which are algebraic over a field K, has a 
greatest common divisor. 

Let R be a PID, and let A' be its quotient field; Kronecker's divisors are precisely 
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ali the possible gcd's of finite sets of algebraic elements over K. A divisor is integrai if it 
is the gcd of elements which are integrai over the ring R. 

The divisors can be represented as equivalence classes of polynomials and a given 
polynomial represents the class of the divisor associated with the set of its coefficients. 

More precisely, the equivalence relation is defined in the following way: 

DEFINITION 1.1. Let F be a finite extension of K and let S be the integrai dosare 
of R in F. Let u = {^i,..., «<} be a set of ìndeterminates. The polynomial f 6 S[u} is 
called primitive if Np/K(f(u)) 6 R[u\ is primitive i.e. if the gcd of its coefficients is 1. 

Let fi, f2 G F\u\; then f\ and f^ represent the same divisors if there exist 
9iy92 £ S\u\ primitive such that figi = fog2- We denote by [/] the divisor represented by 
/ . 

We say that [/i]|/2 if the quotient of the usuai division is of the form g(u)/h(u) with 
3,/iG S[u\ ano h(u) primitive. Finally we say that [/i]|[/2] if [fi]\f for any representative 
/ o f [ / 2 ] . 

Actually Kronecker did not defìne the divisors as equivalence classes of polynomials, 
but as equivalence classes of rational functions having as numerator any polynomial with 
algebraic coefficients and as denominator a primitive polynomial. It is.clear that the 
primitive polynomials are the units for this divisibility, hence any divisor has polynomial 
representatives and the definitions just given do not change when introducing these new 
elements. 

With these definitions of divisors and divisibility Kronecker proved that the divisor 
[/] is the greatest common divisor of the coefficients of any polynomial representing the 
divisor. 

Although his context is much more general, Kronecker's theory was presented in 
several respeets as an alternative to Dedekind's theory of ideals. Kronecker considered the 
theory of ideals too abstract, but, in addition to this philosophical difference, he pointed out 
the true limit of Dedekind's theory. Dedekind's theory leads to the study of a number ring 
through the minimal polynomial of an integrai generator of its quotient fìeld. This method is 
exhaustive only in the case when the number ring is monogenie, i.e. when it is completely 
represented by an integrai element. On the other hand, Kronecker's method is based on the 
use of Ìndeterminates to construct new elements: in this context it is naturai to consider 
a generic element of the ring, i.e., a linear combination with indeterminate coefficients of 
the elements of an integrai basis. Kronecker's theory léads to the inspection of a number 
ring through the minimal polynomial of a generic element. The minimal polynomials 
of the algebraic integers, used by Dedekind, can then be seen as specializations of the 
minimal polynomial of the generic element. But - as Kronecker observes - considering 
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the specializations only is often misleading since some relevant information may be left 
hidden. For example, from the minimal polynomial of a generic element one can obtain 
the explieit factorization of any rational prime in any number ring, while considering the 
specifications only may not be enough. 

In the case of one dimensionai rings, the method of indeterminate coefficients can 
be significantly improved, since in many cases the same information can be obtained by 
considering as a generic element a linear combination of a set of algebra generatore (instead 
of an integrai basis) and with coefficients which are distinct monomials (instead of distinct 
yariables) (see for example [9]). 

The paper is organized as follows. 

In Section 2 we recali some classical defìnitions and results of the theory of Dedekind 
domains we shall use in the paper. 

In Section 3 we firstly introduce some general notation. Let A be a commutative 
ring we cali a polynomial of A\u\ primitive if the ideal generated by its coefficients is the 
whole ring A, and we denote by A(u) the localization at primitive polynomials of the ring 
A[u\. We also recali some properties of the ring A(w), some of which can be found also 
in [16], [1] and [12]. 

Using this notation we can present some of the Kronecker results concerning one 
dimensionai rings, in terms of ideals (see also [6], [18], [12]). Even if reading Kronecker's 
theory in terms of ideals is limitative in many respects, however this approach makes some 
of the fundamental ideas of Kronecker's theory much more apparent and allows to improve 
upon many classical results. 

Using the modem terminology, the properties of Kronecker's divisibility can be 
expressed by a generalized version of the Gauss lemma (Lemma 3.1), which turns out to 
be a fundamental tool in this theory. 

Let S be a Dedekind domain: from the defìnitions just given it easily follows that 
the divisors of S are exactly the principal ideals of the ring S(u). Since S(u) is a principal 
ideal domain and the extension of ideals from S to S(u) is an isomorphism between the 
groups of the fractional ideals of these rings (see Corollary 3.6), it follows that the divisors 
of S correspond to the ideals of S. A fundamental result of Kronecker's theory is that a 
divisor really represents the greatest common divisor of the coefficients of any polynomial 
in the class of that divisor. In this paper this will follow from Theorem 3.7: in fact, this 
theorem ensures that the ring S(u) is a principal ideal domain and in particular that each 
polynomial generates in S(u) the same ideal of that generated by its coefficients, hence it 
represents their gcd. 

Moreover, the Dedekind domain S(u) turns out to be monogenie, then its ideals can 
be studied by means of the classical theory. This allows to study also the ideals of S. 
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In Section 4 we present some of the results of [10]: we consider the general case of 
orders in Dedekind domains. In this case the generic element is not as nicely related to the 
ring itself as in the case of integrally closed rings; however, by a refinement of the method 
of indeterminate coeffìcients, we are able to generalize many results of Dedekind theory to 
ali orders. In particular, we give an algorithm to derive a generating set for prime ideals of 
A and for the P-radical, when P is a prime ideal of R, and an algorithm for the primary 
decomposition of ideals of A. These algorithms generalize the well known algorithms for 
monogenie orders. Finally we state a generalized version of the Dedekind criterion for 
testing the maximality of an order A. 

2. Classical results 

Let R be a Dedekind domain and let K be its quotient field. Let F b e a finite and 
separable extension of K of degree n. The integrai closure S" of R in F is a Dedekind 
domain. Denote by c i , . . . , <rn the embeddings of F in a given algebraic closure of K. We 
denote by P a prime ideal of R, and the sign ~ will indicate reduction modulo P. If X is 
an P-module, Xp will indicate the localization of X at P. 

DEFINITION 2.1. Let X C F be afinitely generateci R-module. X is called full 
if it contains n linearly independent elements (over the field K). 

A full R-module O of the field F, which is a ring and contains 1, is called an 
R-order of the field F. We say simply that O is an R-order, without mentioning the field, 
when no confusion may arise. 

We recali that S is the maximal .ft-order of F (see [3], p.92 for the case of riumber 
fields; the same argument proves the general case). 

DEFINITION 2.2. An R-order O is called P-maximal order if its localization at 
P is the maximal Rp-order of F, Le., ifOp = Sp. 

DEFINITION 2.3. An R-order of the form R[a] is called monogenie. 

Many properties of monogenie orders can be easily derived from the minimal 
polynomial of a generator. Unfortunately the ring S is not monogenie in general: this 
makes effective computations in S more complicated. 

Suppose F = A'(£) with £ integrai over R. In general R[£] is not a Dedekind domain; 
however, it is a noetherian integrai domain of Krull dimension 1, hence its ideals have a 
unique primary decomposition. The prime ideals of R[£] and the primary decomposition 
of its ideals can be explicitly described in terms of the minimal polynomial T(x) E R[x] 
off. 

Let " denote the reduction modulo P; let 
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(2.i) f(x) = f1(xyi.-.fr(xyr 

be the factorization of T and denote by TJ(JE) any monic representati ve of Ti(x) in 
R[x]. 

PROPOSITION 2.1. The prime ideals of P[£] lying over P are exactly (P,Tj(£)). 
Morèover 

(2.2) PR[(] = (P,T?(Z))-';(PiTr
er(t)) 

is the primary decomposition of the extension of P to i2[£]. 

Proof The polynomials Ti (a;) are irreducible, hence (R/P)(x)/(Ti(x)) is a field 
for each index i. Since Ì2[£]/(P, !}(£)) £ (R/P)(x)/(ft(x))t we get that Qi = (P,T-(0) 
is prime, and that (P, T/'(£)) is Q;-primary for each i. 

Morèover, it is easy to see that 
r r 

PR[(] c p|(^?T(0) = n(p '^e i(0) ^ (P,T(0) = PR[£] 
» = 1 * = 1 

and this proves (2.2). 

Finally, taking the radicai of both members in equation (2.2), one sees that the only 
primes in R[£] containing P are the Qi. • 

PROPOSITION 2.2. Let G(x) = T\(x) • • -Tr(x); then the P-radical JP of R[£] is 
givenbyJP^{P,G{Ì)). 

Proof See [5] p.298. • 

Dedekind domains are characterized, in the class of ali integrai domains, by the 
unique factorization property of their ideals: the following theorem, due to Kummer, allows 
to compute explicitly the splitting of PS from the factorization modulo P of the polynomial 
T(x), whenever the order R[£] is P-maximal. Nevertheless, it is important to note that 
there are cases in which no monogenie order is P-maximal (see [17], p.64): in such cases 
Kummer's theorem cannot be used to compute the factorization of PS. 

THEOREM 2.3 (KUMMER). Notation being as above, suppose R[£\ to be P-
maximal. Then 

PS = Qe
1
1-'-Qe

r* 

where Qi — (P, Tj({)). Morèover, the inertial degree of Qi over P is equal to the degree 

ofTi. 
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Proof. See [15], p.27. • 

The following criterion, due to Dedekind, allows to decide in a quite simple way 
whether R[(] = S; more precisely, for each prime P C R, it gives a way to investigate 
whether ,R[£] is P-maximal or not, and if it is not, it gives an element belonging to S but 
not to i2[£], so that we can enlarge the order. The limit of this criterion is that it works only 
for monogenie orders and hence it cannot be applied more than once for the same prime 
P. In the case of number fìelds, however, there are algorithms for computing the maximal 
order, but none is so simple as Dedekind criterion (see for example [5] and [19]). 

THEOREM 2.4 (DEDEKIND). Suppose R to be a principal ideal domain and let 
P - (ir). Let H(x) E R[x] be a monic lift off(x)/G(x) (where G(x) = Tt(x) • • • Tr(x)) 
and set 

J(x) = [G(x)H(x) - T(x))/ir eR[x]. 

(1) R[(] is P-maximal if and only if 

(G,H,J) = l in(R/P)[x]. 

(2) Let U bea monic lift off/(G, H, J) to R[x], and let O = R[(] + $U(()R[(\. 

Then O CT and if m = deg(G, H, J), then discF/K(T) = P2mdiscF/K(0). 

Proof See [5], p.299, for the case R — 7L\ the same argument works for any 
principal ideal domain R. • 

3. Divisor theory for Dedekind domains 

Let A be a commutative ring with identity and let {«!,...,i*<} be a set of 
indeterminates. We write A[u} instead of A[ui,..., ut];, and we denote by (u) the monoid 
of the monic monomials in the indeterminates ui,... ,ut. 

DEFINITION 3.1. For / e A[ii\ denote by C(f) the ideal generated in A by the 
coeffìcients of / . The polynomial / is called primitive if C(f) = A. 

The following generalization of the Gauss lemma (see [13] p.52) will guarantee that 
Kronecker's theory of divisibility preserves the good properties of the divisibility between 
integers. 

LEMMA 3.1. Let A be a commutative ring and let f,g E A\u\. 

(0 C(fg) C C(f)C(g) 

(ii) IfC(f) = C(g) = A, then C(fg) = A 

(iii) If A is a domain and C(f) is invertible, then C(fg) — C(f)C(g) 

(iv) If A is a domain and (C(f), C(g)) = A, then C(fg) = C(f)C(g). 
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Proof. Part (i) is trivial. Suppose C(fg) is not the whole ring; then it is contained 
in a maximal ideal M of A. Denote by ;" the projection of A[u\ onto (A/M)\u\, then 
f(lL)d(lL) = f(u) g{lL) = 0) hence either /(«) = 0 or g(u) = 0, próving (ii). 

The general case of part (iii) easily follows from the case when A is a locai ring and 
C(f) = A. Moreover we can restrict to the case of polynomials in one indeterminate: 
in fact, for each substitution <p(ui) — xni we have C(<p(f)<p(g)) C C{fg)i and we 
may choose the n< so that C(f) = C(<p(f)) and C(g) = C(tp(g)); hence, once proved 
C(f)C(g) = C{<p(f))C(<p{g)) = C{<p{f)v{g)) we get also the general case. 

Under these assumptions, we claim that 

(3.1) C(g) = C(f9) + M C(g) 

where M denotes the maximal ideal of A. 

Let /(«) = Y^Ì=Q
 aiu% anc^ d(u) = YlT=o ^iw,J 5 condition C(f) = A ensures that not 

ali ai belong to M. Let â  ^ M, with ^ minimum with respect to this property. Looking 
at the coeffìcient of uk of f(u)g(u) it is trivial to verify that bo E C(fg) -f M C(g), 
and, using an inductive argument we get bj G C(fg) + M C(flf) for each j — 0, . . . ,m. 
Finally, from equation (3.1), using Nakayama's lemma, we obtain C(fg) — C(y), hence 
C'(/</) = C(/)C(fli). 

To prove (iv) it is enough to prove that 

(3.2) C(fg)AQ = C(f)AQC(g)AQ 

for each prime ideal Q C A. Condition (C(f),C(g)) = A ensures that for each prime 
Q C A, either C(f) <£ Q or C(g) <£ Q, hence at least one between C(f)AQ and C(g)AQ 

is the whole ring AQ and equation (3.2) follows from part (iii). • 

COROLLARY 3.2. Let S be a Dedekind domain. Then C(fg) — C(f)C(g) for 

each f,g E S\u\. 

Proof. Since ali ideals of a Dedekind domain are invertible, the corollary follows 
from part (iii) of Lemma 3.1. • 

COROLLARY 3.3. Let A be an integrai domain and let F be its quotientfield. Let 
f,g E A[u\ with g primitive. Suppose that g divides f in F[u\; then g divides f in A[u\. 

Proof Let h E F[u\ such that f(u) = g(u)h(u), and let e E A such that 
ch(u) — h\(u) — Y2 djuJ € A\u\. Multiplying by e we get the following relation between 

j 

polynomials of A[u\ 

c/(w) = g(u)hi{u) 
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Taking contents of both members, using hypothesis C(g) = A and Lemma 3.1 (iii), we 
obtain 

Xc)C(f) = C(gh1) = C(g)C(h1) = C(h1) 

and this guarantees that the coefficients of hi are multiples of e, say di = 6(C (where Si e A 
' • • ' • • ' r n 

and i = 1 , . . . , m), whence h(u) = J^ <S;uJi G A[u]. | . 

Let A be an integrai domain and let denote by TA\U\ the set of primitive polynomials 
ofi4[«]. 

It is an easy exercise to prove the following proposition: 

PROPOSITION 3.4. Let {MA}AGA k>e tne set °f maximal ideals of A. Then 
TA[lj} = A[u]-UxeAMx[u]. 

DEFINITION 3.2. We denote by A(u) the localization (A[u])T . 

Let I G A be an ideal, then I[u\ and I(u) will denote the extension of / to A[u\ 
and A(u) respectively. 

PROPOSITION 3.5. There is a one to one correspondence, induced by inclusion, 
between the maximal ideals of A and those of A(u). 

Moreover if the ring A is noetherian, then A and A(u) have the sanie Krull 
dimension. in particular, if A is an integrai domain of dimension 1, there is a one to 
one correspondence between the prime ideals of A and those of A(u). 

Proof The maximal ideals of A(u) are exactly the extensions of those ideals of 

A[iì\ which are maximal among the ideals which do not m e e t T ^ (see [2], prop. 3.11 ), 

hence, by Proposition 3.4, {M\(u)}\ G A is the set of maximal ideals of A(u). 

If the ring A is noetherian, then 

dim A[u\,..., ut] = dim A +1 

(see, for example, [2], p.183). Let M be a maximal ideal of A, then M[u] C (M, ui) C 
... C (M, i*i,..., ut) hence ht M[u\ < dim A[u\ -1 = dim A. Since ht M(u) = ht 'M\u\ 
it follows that A and A(u) have the. same dimension. Finally, if A is an integrai domain 
of dimension 1, the same is true for A(u), hence their prime ideals are only the maximal 
ones (which are in one to one correspondence) and the 0 ideal. • 

COROLLARY 3.6. Let S be a Dedekind domain, then S(u) is a Dedekind domain. 
Moreover the extension of ideals is an isomorphism between the group offractional ideals 
of S and those of S(u). 
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Proof. By Proposition 3.5 the ring S(u) is an integrai domain of Krull dimension 
1. Moreover S(u) is noetherian and integrally closed, since 5 is such and these properties 
are inherited by the ring of polynomials and are preserved by localization, whence S(u) is 
a Dedekind domain. 

Finally, we recali that prime ideals in Dedekind domains are free generators for the 
group of fractional ideals, hence the one to one correspondence between the primes of S 
and S(u) can be extended to an isomorphism between the whole groups of ideals of S and 
S(lL). • 

THEOREM 3.7. Leil S be a Dedekind domain. Then S(u) is a PID. 

Proof. Gorollary 3.6 ensures that ali ideals of S(u) are extended ideals, hence 
they can be generated by elements of S. Let J — ( r i , . . . ,rv) be an ideal of S and let 
f(u) G 5[w] be a polynomial with C(f) — {v\,..., rv}. The ideal (f(u)) is of the form I(u) 
for a suitable ideal / of 5. Since f(u) G I(u), then there exist£(u) G I[u\ and s(u) e S(u) 
primitive such that f(u) = ^(w)/s(w), hence f(u)s(u) — ^(u). Taking contents and 
using Lemma 3.1, we get J = (C(f(u)) = (C(f(u))(C(s(u)) = (C(((u)) C / . Clearly 
I(yò ^ J{ìÙ, hence they are equal, i.e. J(u) is principal. • 

REMARK 3.1. From the proofs just given it is clear that for hi = fijgi £ S(u) 
(i — 1 , . . . , m and fc}gi G S[U\ with C(gi) — S) we have the following equalities in S(u) : 

(fl(u)/gi(u), • • • , fm{M)/9m(u)) = ( / l ( « ) , • • • , fm(u)) 

= f EMJ7.(M) J = (C(/i), •. • MM) 

where the uJi,s are suitably chosen monomials of (w). 

REMARK 3.2. From the definition of Kronecker's divisors given in the introduction 
it follows that each integrai divisor is represented by an element of S(u), and that two 
elements of S(u) represent the same divisor if and only if they generate the same ideal in 
S(u). In other words, since S(u) is a principal ideal domain, the divisors of S are precisely 
the ideals of S(u). 

On the other hand, we have just proved that the ideals of S(u) are in one-to-one 
correspondence with those of 5, hence the ideals of S correspond to the divisor of S. More 
precisely each divisor of S corresponds to the ideal generated by the coefficients of any of 
its polynomial representatives, hence in Kronecker's language it represents their greatest 
common divisor. 
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PROPOSITION 3.8. Let A be an integrai extension of the Dedekind domain R; 
then A(u) = (A[w])T • •= A <S>R R(U) and it is integrai over R(u). In particular, S(u) is 
the integrai closure of R(u) in F(u). 

Proof Clearly (_A[u])T G A(u)] to prove equality we have to show that 
ri l̂ £J 

if a(u) G A\u\ is primitive then l/a(u) G (.A[u])T . Let L be the finite extension 
of A' generated by the coeffìcients of a(u) and denote by NL/K the usuai norm from 
L over K. Then Ni/K(a(u)) is a primitive polynomial of R\u\. From Corollary 3.3, 
it follows that NL/K(a(u)) = NLf^(a(u))/a(u) belongs to A[u\. We have l/a(u) = 
NL/K(a(u))/NL/K(a(u)) hence it belongs to (A[U])TR[^ . 

Moreover, it is trivial to verify that the map a ® ri(w)/r2(u) •—»• o,ri(u)/r2(u) 
induces an isomorphism between the rings A ®R R(u) and (A[w])T 

Since the ring S is the integrai closure of R in F, the polynomial ring S[u\ is the 
integrai closure of R[u\ in F[u} (see [2], p.105) and hence in F(u) since F[u} is integrally 
closed. Localizing at TR^ we obtain that S(u) ~ (S[u})T is the integrai closure of 
R(u) in F(w); this ensures also that A(u), which is included in S(u), is integrai over R(u). 

m 

PROPOSITION 3.9. Let A be afinitely generated integrai extension of R, then the 
discriminant of A(u) over K(u) is the extension to R(u) of the discriminant of A over K. 

Proof We can reduce to the case when A is a free i?-module (otherwise we can 
localize and use the well known properties of the discriminant). A basis {«;} for A over R 
is also a i?,(;u)-basis of A(u). On the other hand, the embeddings of F(u) over K(u) are the 
obvious extensions of the embeddings a-j of F/K, hence disc^/j^yl and discF(U)/K(U)A(U) 
are both equal to |CTJ(Q;?;)|

2. • 

Let S — R[ai,..., otfc] and let a(u) = Y^i=i mìai an<^ the mi G (u) are distinct. 
Let T(X) G R(u)(x) be the minimal polynomial of a(u) over R(u). 

We know that in general a Dedekind domain S is not monogenie over R. The 
following theorem ensures that S(u) is always monogenie over R(u). 

THEOREM 3.10. S(u) = R(u)[a{u)]. 

Proof Clearly R(u)[a(u)] C S(u), hence 

(3.3) discF^/K^R(u)[a(u)] C discF^)/K(u)S(u) 

and the rings are equal if and only if inclusion in equation (3.3) is an equality. 

The discriminant of S(u) is the norm of its different, and the discriminant of 
R{u)[a(u)] is the norm of the different of a(u) (see [ 17] pp. 155-162): denoting the different 
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by ^F(U)/K(U) it is enough to prove that 

Now VF(U)/K(U)(S(U)) ' S t n e ideal generated by the differents of ali elements of S(u) 

(see [17] Thm 4.6), or, equivalently (see Proposition 3.9), of ali elements of S, i.e. 

®F(u)/K(u)(S(u)) = ( { ^ ( £ ) } É € S ) I where 7£ denote the minimal polynomial of f over R. 

.. On the other band VF^A)/K(ll)(a(u)) = (T^l±)(a(u))) = (j[. (a(u) - ^-(«(ti)))) 

where 2 < j < [F : K] and we suppose <7i = identity. 

Let L denote the norma! closure of F over K, and let V be the integrai closure of 

R in L. Being V a Dedekind domain, each ideal of V(u) is the extension of an ideal of 

V, hence 

3 3 

- n ^ ' 1 ~ <ji(a'1)) - . . , « & - °"i(ttfc)) 

We claim that 

(3.4) VF(!i)/K^(a(u))V(u) = I J (U - " i ( 0 } f e s ) 
i 

Since one inclusion is trivial, proving (3.4) reduces to show that £ — <r.j(£) belongs 

to the ideal (ai — o-j (a i ) , . . . ,Q;J. - <7j(a!fc)) for each £ E 5 and for each index j . 

It is easy to see that what claimed will follow once proved that, if f• = a£ • • • afc* 

(/i > 0) is a monomiai, then (£ - <r(£)) e («i - <T(Q:I), • • • ,oik ~ 0"(<*fc)) for each 

°" £ {^2, • • • ,&n}- This is clear if / = ,J^ U = 1. For / > 1, we can suppose /x > 1; 

then £ - a£ = («i - a(ai))a[1~1 •••ajf + c r ^ i ) ^ 1 - 1 •••ajfc
fc. - ^ ( « ì 1 - 1 •••«If)), and 

the claim follows by induction on/ . 

Finally, it is trivial to see that VF^)/K(U)(S(U))V(U) C VF^/K^(a(u))V(u). 

This together with equation (3.3) gives 

VF(U)/K(U)(S(U)) = VF(U)/K(U)(<X(U)) ' 

hence S(u) = R(u)[a(u)]. • 

COROLLARY 3 . 1 1 . 

discF / / c S = CXNni±yK{l±)(T'(a(iA)))). 
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Proof. The last theorem ensures that 

discF(„ ) /K( l i ) S(u) = discF^/K(u) R(u)[<x(u)] = NF{lJLyK{u)(T'(a>(u)))). 

The thesis follows from Proposition 3.9. • 

THEOREM 3.12. Let P C R be a prime ideal and let 

T = T{1(x)---T°r(x) (modP) 

be the factorization of T modulo P. Then 

PS = Qll--Qe
r
r 

where, for each i— 1 , . . . , ?*, the inertial degree of Qi over P is equal to the degree of Ti 
andQi = (P,C(Ti(a(u)))). 

Proof Let 

PS = Qa
1
1-Qa

s
s 

be the factorization of PS. Then Corollary 3.6 ensures that 

PS(u) = Qi(u)ai---Qs(u)as 

is the factorization of PS(u). On the other hand, being S(u) — R(u)[a(u)], Kummer's 
theorem yields 

PS(u) = (P, Ti (afe)))61 • • • (P,Tr(a(u)))er. 
From the uniqueness of the factorization we get r = s, e,- = ai and Qi(u) = (P, T?(a(w))), 
hence Qi- (P,C(7;-(c*(u)))).'Finally it is easily seen that a{ - [(S/QÌ) : (R/P)] = e,- = 
degTi. • 

4. Non-maximal orders 

In the previous section we have shown that some information on the ring S can be 
derived from the analogous information on S(u) : this turns out to be convenient since 
the ring S(u) is monogenie, hence some of its properties can be easily obtained from the 
minimal polynomial of a generator of S(u) over R(u). 

Trying to do the same with a generic P-order A of F we soon realize that this 
is not so easy as in the case of the maximal order: in fact, in general the ring A(u) is 
not monogenie, hence, a priori, it is not easier to study than the ring A itself. On the 
other hand for A — R[ai,..., a j we can try to study the ring A via the monogenie ring 
M ~ R('y)[tt(u)] where a(u) = Ylì=i mìCYì ar,d the mi 6 (u) are distinct. But, while 
it is easy to relate properties of A to properties of A(u), it is not so straightforward to 
do this with the ring M. For example A and A(u) have the "same" discriminant (see 
Proposition 3.9 ) that in general is different from the discriminant of M. 
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EXAMPLE i . Let Zp denote the ring of p-adic integers, and let ir be a root of 
the polynomial f(x) = x5 - p in any algebraic closure of Qp. Let A = Zp[7r2,7r3], then 
4̂(w) = Zp(w)[^2,7r3]. Let A4 = Zp(w)[7r2 + HIT3]. It can be shown that M is generated, 

as Z7,(t/)-module, by the set {1,TT2 4- U7r3,7r4,7r6,7r7}. It is apparent that M is strictly 
contained in A(u). 

Nevertheless, the following theorem ensures that the ring M and the ring A(u) are 
very similar to each other. 

For the proof of the results of this section see [IO]. 

THEOREM 4.1. Notation being as above, 

(1) A(u) and M bave the same quotient field. 

(2) There is a one io one correspondence between the set of prime ideals of A(u) and 
Ai. Moreovei; A(u) andM have isomorphic residuefieids at correspondingprimes. 

(3) Let I C M be an ideal and let 

I = P1-"Pri 

be its primary decomposition. Denote by * the extension to A(u) of ideals of M. 
Then 

r = p*...p; 

is the primary decomposition of I*. 

In the following we give results on the .R-order A: roughly speaking we can sày 
that these results are obtained by relating the properties of A to those of A(u) and getting 
the last from the analogous properties of M, using Theorem 4.1. 

Let T(x) £ R(u)[x] be the minimal polynomial of a(w) over R(u). Let P C R be 
a prime ideal; denote by " the projection on (R/P)(u)[x]. Let 

f = f^(x)-'-fr
er(x) 

be the factorization of T. 

THEOREM 4.2. Let mi = ui,... ,mk = ut be distinct indeterminates. Then the 
prime ideals of A lyìng over P are exactly Qi,-,Qr, where Qj = (P, C(Tj(a(u)))). 

Moreover, for each index j , the residue field A/Qj has degree f) = degxTj(x) over 

R/P. 

REMARK 4.1. In the case A(u) — R(u)[a(u)] Theorem 4.2 is trivial and holds 
even when the mi are any distinct monic monomials. In fact, in this case the primes of 
A(u) lying over P are exactly (P,Tj(ce(uj)) forj — 1, . . . ,r. Since the primes of A(u) 
are the extensions of the primes of A, we get that (PìC(Tj(a(u)))) is prime for each j . 
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In the general case, to prove Theorem 4.2 we need to assume that the uii are distinct 
variables instead of distinct monic monomiais as it would be' naturai in this context. I dotibt 
whether, in the general case, this hypothesis is really necessary. This is not the case for 
example when char(R/P) = 0 or is large enough. 

THEOREM 4.3. Let everything be as in Theorem 4.2 and let G(x) = 
Ti(x) • • -Tr(x). Then the P- radicai of A is 

JP = (P,C(G(a(u)))). 

THEOREM 4.4. Let notation be as above, but m\,..., ?72& E (u) be any monomiais. 
Then 

PA = (P,C(J\ei («(«))) • • • • ' (PATrerHiA))) 

is the primary decomposition of the ideal PA. 

COROLLARY 4.5 (ANALOGUE OF DEDEKIND CRITERION). Let P — (TT(U)), let 

T(x) — J lL i Ti(x)ei and set G(x) — n [ - i Ti(x) where the Ti e R(u)[x] are arbitrary 
monic lifts ofTi. Let H(x) £ R(u)[x] be a monic lift ofT(x)/G(x) and set 

J(x) = (G(x)H(x) - T(x))/7r(u) e R(u)[x]. 

Then A = R[ai,..., atk] is P-maximal if and only if 

\G,H,J) = l/' 

REMARK 4.2. Unfortunately, part (2) of Theorem 2.4 does not have a 
straightforward generalization to non-monogenie orders. In fact, if M is not maximal, 
using the notation of Theorem 2.4, one gets that U(a(u))/7r(u) £ M. Corollary 4.5 ensures 
that also A is not maximal,, but it may happen that ali the coefficients of U(a(u))/7r(u) 
belong to A. 

In fact, consider example 1 again: the minimal polynomial of 7r2 + un3 over Zp(u) 
is T(x) = x5 — òpux3 -f 5pu2x - p3u5 - p2, and it is easy to see that (G, H, J) = x\ it 
follows that M and Zp[7r2,7r3] are not maximal. Moreover (7r2 -f uir3)4/p is not in M, 
but ali its coefficients belong to ZP[TT2,7T3]. 
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