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 LIFE SPAN OF RESONANTING
RAPIDLY OSCILLATING SHOCK WAVES

Abstract. Thls paper is concerned with nonlinear geometuc optics for strictly
hyperbolic systems of conservation laws in one space variable. Recent work of
the author on small amplitude, rapidly oscillating perturbations of shock waves is
reviewed and the case of the Euler system in gasdynamics is treated in detail. A
-general result about the validity in the large of the asymptotics is given.

Introduction

Under the term of “geometric optics” it is currently meant a set of techniques prowdlng -
some asymptotic expansmns for solutions of (systems of) pamal dlffcrentlal equations. This
method, also called W.K.B. method, or stationary phase method, ongmated in physncal -
envnronment in the first half of this century In the mathematical milieu it was used probably -
for the first time by Lax [L] (1957) to solve hyperbohc linear systems of PDE’s- with highly
oscillating initial data a(z)ei?°(@)/¢, ¢ a small positive parametcr z € R™. Solutions were’
sought under the form

w0, 1) ~ €V (ug(t, &) +ous(t, @) + . )

there appeared all the essentiat ingredients of the method:- the elkona] equation for the. phasef '
function p, the polanzallon of the zero-order term along right cngcnvectors the equatlons for
the correcuug terms. This method was soon exploited in a variety of lmear problems; let us
just quote the proof of unsolvability of some partial differential operators in [H] (1960) :
. The first step toward nonlinear geometric optics was taken by Choquet—Bruhat- {CB1]
(1969), who made formal computations in the case of guasilinear systems. The problem got a
new impulse in the eighties thanks to Hunter and Keller [HK] (1982) and then to some papers
of Hunter, Majda and Rosales [MR], [HMR], where multiphase developments were introduced
and the related resonance conditions clarified. Unfortunately, all of these papers provided only
formal results. The justification of the theory was proved recenily in a series of papers by Joly,
Meétivier and Rauch (see [J] [IMR1], f{IMR2] and refcrences there; see also [G] and [Sc}). For
~an introduction to these problems the reader is referred to [W], [CB2], [M2], for a chfferent
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point of view see Y.

Let us be a little more precise We consnder a quasrhnear stnctly hyperbolrc system in
" 'one space drmensron,
| _ _ Bgu + A(u)@mu = :

where t a: € R u i8 RN -valued and Ais & smooth N x N matrrx ‘Let ug be a smooth solutlon
of this systern (called the background state) and set u,_, = ho- Then fet us consider the same

equatrons but coupled with some pertucbed initial conditions, say u,_, = ho + che, where €
is a small positive parameter as above. On h, we assume that it is of the form

hete) = H (o g )+ ott)

for some smooth functi'dn H(z,§), almost periodic in the fast 6 variables; o(1) means térms.
convergrng to 0 in L°° norm as € — 0. We are thus faced to some problems, that characterize
| weakly nonlinear geometric optrcs Can we find a solution under the form » = u+Eu, defined
in a domain. mdependent of ¢, at least for e sufficiently small? Can we approximate the term
us by almost periodic rapidly oscillating functions, say, u.(t, z) = Ut z, B(t,x)/e) + o(1),

and what kind of equatrons must U satisfy? How are determmed the function phases @,.and
how do they. mteract? A motrvallon to these problems comes clearly from high frequency
physrcs, on the other hand, from a numerical pomt of view, it is semetrmes easier to compute
the proﬂles than the exact soluhons

_ Some deﬁmtxve answers to these questrons are gwen in [JMR1]. A strrkmg difference -
_ -w1th respect to. the lmear case is the interactlon of phase functions. While in the linear case
' phases mumally cross without mteractmg, in the presence of nonlmeantles many new features
appear:. creatlon of new phases phase shifts, and, more interestingly, resonances. This last
-phenomenon occurs when phases associated to different fields (eigenvalues) become linearly
- dependent over Z. - :

Recently the author has consrdered the case of a. (curved) shock wave as background

state. ([C)). Thrs means that the former ug 8 a weak solution to-a system of conservation - '

laws (in the precedmg notations A is therefore the Jacobian matrix of some ﬂux function
I such asolution is dlscontmuous along an unknown noncharacteristic curve, called the
shock curve Some formal calculations concerning weakly nonlinear geometnc optics for this
~ problem were made prevrously in [MA] In the case under consideration the matter is somewhat
- more involved in.comparison to the smooth Cauchy problem up here, owing to the reflexion-
~ transmission conditions on the shock curve (the Rankine—Hugoniot conditions). Moreover,
exira phases on the shock curve-are needed, and new phenomena conoernmg the perturbatnon
of the shock curve are observed.

In the present paper we carry on the analysrs of the asymptotics by precising how the
life spans of the exact solutions are connected to those of the proﬁles in other words, how
long lasts the asymptotics. We begin in Section 1 by giving some accounts on the results of
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[C]. They are presented here in a less general versron both for sake of brevrty ancl smce the | _
theorem on the life span actually reqmres some stronger assumptions Both for lack of space’ o

and in order to avoid repetitions, only the main deﬁnitrons are grven here, for many more
details and examples the reader is referred to [C). On the other hand, we grve in Sectron 2

an example regarding one-dlmehsronal gasdynamics, with a special emphasis to the boundary o
“conditions for the problem of the proﬁles The proof of 'I‘neorem 1.2 is given in the general e

case (by admrttmg phase shlfts too, and then weakenmg the assumption of closure) but for _
the above reasons it has been somewhat compressed It is contained in the last Section. 3. '

1. Rapidly oscillating shock waves

We deal with tlie follo_win'g' system of N cons_ervetio'n laws with source terms in one .

~ space dimension:
(L.1) |  Byu+ 8, £(u) = bit, z, u).

Here ¢ and x are rteal variables and the funcnons u, f, b are RN -vatued, N > 1. Let O be'._'
an open subset of RV, D an open subsét of the half plane {(t,x) € R*;t > 0} such that

DN {t = 0} is an interval having O as interior point. We assume that f € C%(0) and

b e CHD x 0). We denote by A = A(u) the Jacobian matrix of the function f and assume
that A(u) has N real distinct eigenvalues :

Arfu) < da(w) <. < Aw(u)

for every u € O. Let {r1(u),.. rN(u)} be a basis of right eigenvectors . of A(u) and let

{1(u), ..., In(u)} be a basis of left ones, we may assume that they are normalized in such a

way that l e = Ok _ _
Let A, be a genuinely nonlmear ergenvalue for some K (greek kappa) between 1 and-

N; this means that VA, (u) - r,c(u) # 0, for every u € O. We may therefore consider a shock

wave (uo, o) attached to it. Let us recall what ‘we mean by this (see [Sm]) The function po'
belongs to C*([0, To}) for some Ty > 0, po(0) = 0; So = {(¢, z)€ Dt < To, x=po(t)}is
called the shock curve, and we set 5'0 ={(t,2) e D; t £ Ty, 2(z—po(t)) > O} Concermng -
the function uy, it is defined in DN {t < Tg} it is- O-valuecl and suffers a jump through So,
it is of class C! in S U Sy and S5 U So. We denote by u the resmctrons of ug to S5 U.S'o
The shock curve is not characteristic, and we assume that Lax’s x-shock condition holds, ie,

M (u (6,70(8)) ) < Ph(t) < A (u (t:p0(2)) )
Me-1 (5 (:20))) < 2(8) < et (uF (B20()) ),
for 0 <t < Tp. We ask moreover that the shock wave is uniformly stab_le ([Ml]),‘ _i.e'., :

#0

(1.2)

(13)  det{[uo),r1(ug ), ., et (6 o rar1(ud), o ()

z=po (¢t}
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-for every te [O To] Flnal!y, up is a weak solunon of (1.1), ie., denotmg by [] the Jump‘
through S, . _ _ o
| - ( Beut + Alut )amug,': =b(t,z,u¥)  inSE
ey ¢ Phluol — [F(uo)l = ' on So

| Ay, =k ,po(O) = |
for some h": Letus redress thls free-boundary val ue problem by malon g the chan ge of variables
T = :c—po (t) We sull denote with , 1o the new (111)dependent variables, for sake of simplicity;
therefore we obtain | -

duuy + (A(ua)--pa)aaua = b(t, = + po(t), uF) in £ > 0
(18§ sl ~lfw) =0 onx=0

uo l2=0 ht:)‘:s Po(0)=0 |
fort € [0, Tp). We shall work with IhlS redressed problem. So, let us define Aio = 'Ak(uo )—P0,
_ "fo = rk(uo )s ik 0= Ik(ug ), for k=1,. N The propagation fields are defined by

X*--=8¢+A 0¥ k=1,...,N, 2 0.

| We restnct ourselves to some interval {—a, o] of the z-axis, a > 0, and choose To sufficiently
~ small in such a way to work in a domaln of determinacy QF C IO x [0, Ty] of the linearized
~mixed problem; we denoted If = {0,a], I; = [—a,0]. This means more precmely that
QFn{t= 0} IF and every characieristic curve of the propagadon fields X exists and is
smooth in QF, unless it reaches the boundary {:c = 0} at some time T,n < To.
_ We associate to each ﬁeld XxE i 4phase space (I)* Ttis a ﬁmte dimensional vector space
o consnsnng of C? functions @ that satisty X = 0; moreover we ask that Vc,ok #.0 ae.
if ‘f"k € ®f\ {0}. Asother phase space ®° is needed: it is spanned by the traces at {z = 0}
of the 1ngomg phases, ie., by

{cp+( 0) tp E‘I>+f0r30mel<z<r;}U{go (- 0); L € o forsomen<a<N}

Tt is still a finite d1mens1onal vector space and we ask that dcp“ Jdt #0ae. if Q% € 'IJU\{O}
analogously as before.

On these spaces we make the following assumptions:

(C) Closure: if 5% € @jﬁ, s¥ € F and X (sf +5F) =0, then sF + 57 € BF;

(T) Transversality: if st € ®F, si € &F and XF(sf + si') # 0, then Xi(s +sf)£0
a.e. along each characteristic of Xk '

Analogous assumptions are required for the “boundary” phases:
Impitd J y

(Cb). Closure under reﬂection -transmission at the boundary: if X ;£ is an outgoing field, then
X;'?s =0 and s, € &9 imply s* € &F; ' | '
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(Tb) Transversality for boundary phases if sf € @i, s ®% and X (et + 59) 0, then g
Xf(s + 59 # 0 a.e. along each characteristic of X, |

: Clearly these assumptions must hold for each 1 <i,5,k<N. The dual spaces of <I> , B9,
are (—) @0 respectively; we define a Gk -valued phase funcuon (pk through |

(F(t,2), ) = s*(t,2),

for st € ®F, angle brackel:s meamng dnahty between E)’E and <IJi Analogously we deﬁne
(@(t), 8% = s%(1), for % € BP. -
' Let us now mlrocluce some spaces of almost periodic functions, Let ¥ be a finite

dimensnonal real vector space; we denote by C, p(‘I’) the space of almost penodic real functions |
on ¥, ie., the completion in the L*°(¥)-norm of the exponential functions {exp(i(}, Dy

A € U* (= dual space to ¥). More generally C; p('I') denotes the space of k-times differentiable

almost periodic real functions on ¥. If @ C R?, we denote also C°($}; ¥) = C%(Q,Co(¥))

and analogously C¥(<2; ¥). . |

‘On the space C2,(¥) it is possible to define mean value operators that average on
subspaces of ¥: they are obvious generalizations -of the usual mean value operators for almost
periodic functions (avcragmg on the whole space). They play a key role in the followmg,
where the relevant subspaces are associated to resonances in the phase spaces. In this case ¥
is going to be in turn a subspace of ©F = ©F x ... x ©F, and for each k= 1,..., N there
will be a mean value Operat(ir ' ' ' o

0o, (F) — CO,(6F).

On the other hand, when the space ¥ will appear as a subspace of ©7, then we need only .

the mean value operator ED averagmg on the whole space . Therefore ‘we may extend- the
~ mean value operators E to almost periodic functions in @ x ©7; they will be denotcd by
the same letter. We refer to [C] for all that concerns reeonanceq and these operators. '
We introduce now the norms we need in the following. If Qi is a closed subset of Qi,.
we define
futlrar =D sup lafxé“ﬂ:(t, )
o<k (t.z)en*

and |julle,0 = max (Ju||p.a0+, v e a-). Very often the set OF will de dropped as well as
the k when k = 0. Moreover we define

NeE@lleox = 3 sup, Iawu (& =)

a<k"’€R

where QO = {x; (,2) € QF}, and analogously ||«(t)||x. At the boundary we need the norms

loles =3 sup 1695

3<ks €10,¢
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We refram from givmg analogous deﬁmtrons for functions U depeudmg on t x and almost
: perrodlc in some 0-vanables -

For functlons u¥ depending on a parameter £>0 we employ the norms

g |ekl’2=‘=_ze sup  |0; v i(t z)l.
ask (tw)eat

- We say that a family of functions {uf Jocesge, 18 bounded (respectwely o(1)) in C’“(Qi) if the
norms |u*|, kS are umformly bounded for 0 < e < €0 (resp., if |'u.d: le k0t — 0 as £ — 0)
At last we mtroduce the perturbed problem we are gomg to study,
R Qut + Aut)dut = b(t,z,ut) . in £(z - p(t)) > 0
16 Pl - [fw)=0 . on & = p(t)
| | ut leco =-ho +€hi, p(0) = ), -
for some hE bounded in C, I3 i) As before for the background state we redress this problem
~ by means of the change of variables & % = x —p(t). Mamtammg the same notations we obtam
o uut + (Alut) - ) Bput =b(t,x + p(t),uE)  intx>0
(1 Pk -] =0 on z =0
o *lro_h“rshg,p(ﬂ)
Smce the problem is quasilinear, the domain of determinacy possrbly slightly drffers from Qi

Concernmg (L7) we shall then work in QF, p > 0, where if Qf = {(t,z); t < To, < xT ()}
for some function x*, then % = {(t, :c) t < To, z < xT(t)— pt}, and analogously Q.

© Sofar we specrﬁed the nght or left-hand pa_rt of shock waves by writing &; since both
: the background and the perturbed shock have been redressed, let us drop this heavy notation.
'However for sake of precision it will be kept in set notations and occasronally it will be used
again for functions in order Lo avoid confusion, ' '

We make the ansatz _ o _

u(t x) = uo(t z) +eug(t :c) tx> O.

| P () = ph(t) + ehelt)

and' plug it into (1.7). After some manipulations u_re obtain the problem. for (te, ke ):

s - - _ .
By + (Ag(t,:r,'eug) - ekg)axus = b%(-t, x, eug,eks,e}.cs)(us, ke, fz,_-) inxxz >0

| keluo + eug] ~ [B(E, eu, Jug) = 0 onzx =0
us[c—o 'h’s?' |

uvhere ke fo ke(s)ds. The N x N matrices A” and B are easily computed from above; for

: mstance Ao(t x,v) = (’u.o + v) pp- The right-hand side term is computed analogously and
it is linear m the ('u.e, kg, k.) arguments.
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The nonlinear mtegro-dnffercnnal mixed problem for the profiles (U, K ) of {u., k,.,) is

( XU + B, ; (C5UD;U3) - KDkUk) |
a9l = Ek(tk oo (U, K,K) = zkoz:j (s 0)u) e >0
Kuo] — [A(’“O)P(’UO)U] - o onz =0
- hcf,chg0 = Hy, | |
it | | | |
(-i.m) - 0(0, 2)he() = Hy, (1: @“—(2—9) +o(1) in cHIF)

for some Hy, € CH(IE;©F), k= 1,...,N. We denoted D; = 8,@; - 95,. n (1.9) the scalar
functions F"’ are the. so-called interaction coefﬁments and depend only on the background
state; they are defined by

L) Th9) = bt ) Outbt Ot e)rse, 1 <iik <N,

Moreover bo(t,z) = bo(t,:c,{l,O,.{)), K(t) = fO(E‘.’K (s)ds. At the boundary appears
the mateix P: it is such that P~1AP is diagonal. What is most important is that the
boundary conditions are given (wnhout mentioning it, in (1 9)) on a subspace of ©% wlnch
is parametnzed by Bf, for each k such that X, is outgo:ng, and varies with k. It takes into
account the relations among the traces of the mgolng phases on the shock curve. We refer to
[C] for further details. : _ ' _

' We look for piecewise C* solutions of both (1.8) and (1.9). Then two compatibility . .
conditions between initial data and boundary conditions must be imposed to prevent the issuing
of discountinuities from (0, 0) ‘Here is the main result of [C); we denote O, =0rn{t<T)

THEOREM 1.1. ([C]) We assume conditions (C, TCb Tb) on the phases and two
compaubduy conditions both for (1.8) and (1.9). Let he be bounded in C‘l(Ig:) and samﬂ o
(1.10). Then for every p > 0 there exist posmve numbers T, e such that:

(i) problem (1.8) has a unique solution (u, k:) which is bounded in Cl(fo,T) x
CH[0,17)), for 0 < & < &) '

'(i;J problem  (1.9) has a unique solution (Ui,K), Ui_ € CI(QPT,Gi), K e
cX([o,T);0%; |
(iii) the followmg asymptotic expansions hold:

(1.12) u(t,z) —~ Evg(m M) riot,z) =0(1)  inC} (oiT)
' k=1 ¢

(L13) ke(t) - K (zﬁo;—)) —ol) i c;([o, ).
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* The problem we want to consider in this paper regards the life span of the. solutions
(ug, ke), (U, K) of (1.8), (1 9 and, as a consequence, until which times an asymptotics like
(1. 12) (L. 13) holcls From [JMRl] it is known that, even for semllmear systems, a-solution
ue May exists for every posmve tnme, for cvery € > 0, wlule the profile blows up at finite
time. - This occurs ‘when thete is no uniform control on the L norms of the family .. In the
: quasﬂmear case the same phenomenon is produced when the boundedness of e]]Vusu fails,
Therefore followmg {IMR1], we define, for 6>0

T,.(S) = sup{T G]O To]; (1. 8) has solution (x, k. ) bounded in 01(9 T), for 0 <e <6}

Here and in the followmg the messentl_al_ sh_rmkm g constant_ p>0is supposed fixed once for
all -Clearly § — T, (6) is a nonincreasing function. Let us call '

T* = sup{T €10, Tol; (1.9) has solution (U, K) in Cl(ﬂp 1 ©%) x C1([0,7);0%9}. -
Then we have the following result.
THEOREM 12 Under ihe assumptions of Theorem 1.1 we have
T, = lim T‘.(é)

_ Momover the asymprouc expansions (1 12), (1.13) hold i in Q= T [0 T] respect:vely, for every
'T<T*,O<e<so(T) ' .

The proof is gwen in Section 3.

2. One-dlmensmnal gaedynamlcs

In [hlS scctlon we write expllcntly the equations for the profiles in the case. of one-dim-

o -ens1onal gaﬁdynamws A specnal empha51s is accorded to the boundary conditions that were

__.rather dmregarcled in- the prevnous section,
-The system of one-dlmenslonal gasdynamlcs is
(Oep+ Bx(pv) =
(21) By(pw) + Bu(p + pfv% =
L (pv?/2 + e)) + 0, (po(‘uz/Q +¢€) 4+ pv) = 0.
_ Notatlons are as follows p is the mass density, v the flow velocity, p = p{p, S) the pressure,
S the entropy, e = e(p; S) the internal energy per unit mass. Moreover ¢ = (p,)/2 will stand

for the speed of sound. 'I'here is a link between p, p, S, e and the temperature T = T(p, S),
- given by the second law of thermodynamics

TdS = de + pdp™?

We con31dcr the simplest case of a polyu'oplc gas, i.e., p = Rexp(S/cy)p" for some constants
- R,cuandl<'y<2
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The system (2.1) is strictly hyperbolic wilh eigenvalues
Al=v—¢ - A=, /\3=‘U+C,

- and right elgenvectors ry = Yp,~c ,0), rg = "(p'g,O —ct), r5 = (p,c,0); the left
'ergenvectorq l; are deduced by the uormallzatlon condition. The first and third ergenvalue ’
- are genumely nonlinear.

We take as background state a piecewise constant 1-shock. Tms means that the shock:
curve is the line =z = ag¢t, 09 € R, and Lax s condition becomes ' '

va"—-co <crg<'v0_-co, . o9 <_'u0.

On the left-hand side all of the three characteristic are ingoing; on the right the first one does,
while the two others are outgomg We assume that this ehock is uniformly stable We call
= *(p,v,S), “0=t(ﬂo='”0=5'o) '
System (2.1) is not written under the form (1.1) but rather as

3,(o(w) + 8o (Fw)) =0

with g = *(p, pv, o(v?/2 + €)), f(u) = *(pv,p+ pv*, po(v?/2 + €) + pv). This means that
in the computation of the interaction coefficients I'f; the matrix B! A takes the place of the
matrix A in (1. 11), where B is the Jacobian matrix of g. The perturbed problem we are going
to consrder is then :

&omn+a((or—o in =z — (1)) > 0
(2.2) o' {g(u)] — [f(u)] = onz—o(t)=0
Uy = g+ he; 0(0) =0,

with- hs asin Theorem 1.1. We assume that. some phase spaces satisfying condrtrons (C T,Cb, Tb) :
are given; we suppose moreover that they are of dimension 1. As in the prekus section we
‘perform the change of varrables & = x — o(t) and obtain then

B(u)d,u + (A(u) —0") dpu =0 in 2z > 0
o’ fg(w)] - [Fw)] =0 onz=0
Uj,_o = tg + €he, 6(0)=0.

We make the ansalz u = uo + cue in £z > 0, and o’ (t) = 00 +€k:(t). Then Theorem
1.1 lmplles ' ’

. ) _
uE(t, x) = ZUJ- (t,:c’ ‘PJ(E,-'L')) ri{uo) + o(1) +2 >0, in C!

HMG%=K( Q“U+mo) nt
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_ where the interior equatrons for the proﬁles are

X1U1 + (a1U1 + Cszz + OtsUs — K)D1U1 + a4E1(U3D2U2) =

- (2 3) { Xols - (coT1 - coUs —|-r<r)1)2u2 ~0 - +2>0.

X3U3 -'(alUs +~ Cl!ng + 013U1 + I()D3U3 -— —O.’4E3(U1D2U2) = 0

The vector ﬁelds X k occurring in- (2 3) are defined by

Xi= 3a+(vo-00—00)3m Xz = C'?c-f-(vo—do)am X3 = 8+ (vo+co—00)s,  tx >0.

a -Moreover we denoted by V the usual mean of an almost perrodrc funcnon V. In (2 3 aJ,

7 = 1 4 stand for the mtcracnon coefﬁcrems I‘fg, lhey are calculated in [MR] for a null-

background flow velocity but their exprcssron is the same here, owing to the Gal:lean invariance

_of the equatrons More pre01sely o S _ B

(v +21)Co’ = ey = (7271112)0%, N 27)00
To show how the m_ean value operators act one needs to know the phase spaces.
Suppose for instance that &, k = 1,2,3, are the linear span of the phases @i (,x) =
&= (vf -c(ﬂf-—aro)t ©3 (t x) —"z:—('vo -ao)t ?3 (¢, x) = z — (vE —I-co —ao)t, respectively,
and then ®° 1s the linear span of the function ¢. Then it is easy to see that assumptions
(C.T,Cb,TD) are satrsﬁed Moreover these phases are resonanting, i.e., they are linked by the

relation

xy = —

| vy = (901 + 3 )
In tlus case the mean value Operalors are deﬁnec‘l as

&1 + 6 |
(E1 )(91)— llm T/ (01, 1% 03) ds -

(53U)(93 Jim = / (91,91+93 93) do.

Remarlc that there is no o averagmg operator in (2.3).

On the other hand if we l.ake the squares of the above phase functions and repeat the
construction of the phase spaces, then assumpuon (T). fails. Nevertheless it is possible to cope

- with thrs case and obtain results analogous to the former ones, by aIIowmg “LP errors” {see

[CD). What is 1mportant here is that these phases are. nonresonantmg, and now the operators Ej,
only average with respect to the fast variables different from 8. In this case therefore the last

term in the left-hand side of the first and third equatlon of (2.3) vanish; in fact, for 1nslance

El(UngUg) Ung Us; =0, the mean value of a derivative being zero.

Remark that by Poincaré Iheorem (Theorem 3.1.5 in [JMR1]) three vector ﬁelds have
at most one resonance (modulo constants) and possrbly none. Thus the two cases discussed
above are essentially the only possible ones.
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System 2 3 can be put in conservation form, by usmg some computauon rules for the o |
averagmg operators one finds '

XlUl + D1 {alUf/2 + (a'g-ffg + as-U_3'.— f) _Ul + a4E'1(U2U3)} =0
(2.4) < XoUy 4+ Dy {(—Cgv—i + Can — HK;) U2} = () . +250.
. X1U3 — D3 {alUg/z + (QQU2.+'Q3U1 -|——I?) U3 — a'4E3(U2U1)} == O,
Let us now turn to the boundary conditions. Recall that the oulgoing cdmpon'ents of Lhe'.
- profiles are U, UF; this means that in the iterative scheme sotving (2.3) only these components
(and K'Y will need the boundary conditions since the ingoing components Uy, Uy, Uy ,U1

are completcly determined by the mmal data. So let us write the boundary LOIldl[IOIIS undcr
the form '

(2.5) S K, U, UH) = {U, Uy U7, UF)  onz=0,
where
W —ols)y  —ptlo-ct)
So=| Il 0 —ctptle—ch)
[p(v2/24¢)] a(oT —hps)™ —ptht(o—ct)/,
and |
plo+c) (Tps | | plo—c)\ " [ —plo+e) \ T
To = —cplo+¢) 0 W () I cp(c? +c)
| hp(a+¢) -0 (cng —hps) hploa—¢)) \ —hplo+ 'c) /.

The subscript “0” means computations at the background state. The matrix Sg is not smgular
since the backgrouncl shock is supposed uniformly stable. "

We can now explain which role play the dual fast variables 9 at the boundary in this. )

snmple case (one-dimensional phase spaces). Let us suppose again that the phase spaces are
the span of the linear phases as above. Then at the boundary we have the relations

Aifo)
Aj(uo)

~for 4,7 = 1,2,3. We omitted the % signs, since (2.6) clearly hold for whatever choice of the
. signs + or — at the left or right-hand side. These relations, as well as the analogous ones for
- the boundary phase, are reflected in the dual fast variables by means of transposition, ie.,

A (ug) 1

QMg = — g0, € =0,
/\i.(’u'o)_ d Ai 0 on e

(2.6) 0= so-(o;t)

0; =

We have wrilten A; o = Ai{wo) ~ g Therefore we can compute explicitty K, U, Uz in (2.5)
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in the -fol'ldWing'Wéy:

K(6) = e (85T5) (07 (—,\—1;00), ('XR"O)’ Us (—Eef’),w— e°))

| U-;'r(_a;r)_—.-‘e_,,- (S To) ‘(U1 (:193) 7y (iiej) Uy (iiej) U (iiej))_

Cforj=2,3 Iu the second line we wrote for more precision )\3: = \j (uo ). 'At last, we come
back to the old. vanablee of (2.2) and wrlte the asymptotic expansion we found:

ut (t,:-.:—_a(t)) = Z U,;" (t,:i: - a(t), “.”? Z7AGE ""E () ).r;c,o+o(1) in cg, +(z—a(t)) > 0
: k=1 : . .

- o(t) = oot +e/;‘—f?(s)dfs +_o'.(e) inC2, o'(t)=09 —|— eK ( -‘O(t)) +0(1) inCL.

3. Proof of Theorem 1 2

In mls seclion we refer constanlly to [C]; every formula identified by three numbers
((1.4.20), for mstance) and appearing there is cited here without quoting explicitly that paper.
The: techniques which are going to be used are those exploited in [JMRI] and [C]. The result
We prove is slightly more general than that stated in Theorem 1.2, since it allows phase shifts
(with dual variable 7)-and requires weaker hypothcsee on the phases than those we made there.

We consider the problems (1.8), (1. 9) as written under the form (1.4.20), (1.4.21). From
Theorem 1.1 we know that there exists €1 ancl a time Ty, (th for theorem) such that the solutions
- (ve, ke ), (U, K) exist until this time, for & < €1, and the asymplotics holds. Moreover it is

‘easy 10 see that
. T 2 mf{Toa 1, it Eo))}

for some function t( 3}, where = || H|| + |VH], | (eg) = SUPgce<e, ||h || + || Vh, ||)

" Asa ﬁrst step we prove that T, < limg—_.o T5(6) following. JMR1). Let us fix T'< To;
we should find some & > 0 such that T < T, (6). We define M = sup([|U||1, || X}|1) and call
Th = (M, M+1). Since of (1.10), ;:,(51) < M+1; therefore Typ. > inf(Ty, Thr) and applying
_ Theorem 1.1 we see that there exists €4 e]O 81) in order that To.(ey) 2 t; = mf(To,TM) If
now t; > T, we have finished; olherwme since -

U (Tt ) s < M,
then . _
lue(Tar)ll + el Vue Tl S M +1 0<e <6y,

for some §;. We apply again Theorem 1.1 ‘but with initial data at ¢ = Tps; we are allowed
to do this since the compatibility conditions both for the exact and the profile problem are
trivially satisfied att = Thr. Then we have a further gain Ty of life span and afier a finite
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number of steps we arrive at some § > 0 such that T, (&) > T Remark that ne:ther k nor K _
- appear in the proof: only u. and U have initial data.

| To prove that Ty > hmg_,o T.(8) we need the following lemma.

LE_M'MA_ 3.1. Déﬁrié m = (|Hf| + IIDH Il Then there exists a poéitive function t(-)
such that for T = inf{Ty,t(m)} probZem (1.9) has a solution (U, K} € C 1(9 pT,tIf ) %
C([0,71; ¥°) - |

Proof Recall the iterative scheme (2.2:21), 41 that was employed to solve problem
(1.9), and rewrite ii by using (2:2.16). If we denote m,(t) = |JU¥(8)l} + | DU¥(2)]}, then by .-
Proposition 2.2. l | |
(a.1) 10O < (1 + [ ms) (1070 )
for some constant C. Let us call (ZgH, QYY) = (~Xe ngU"“"1 DOI\""'“)._ Wmmg the,
system satisfied by (Z;*!,Q" +1} and applying once again Proposition 2.2.1 we see that |
62 10U @l < (IDHI+ [ mo) (@ +1DU () + 1DU+HS)) ds)
' 0 - . -
Adding (3:1) to (3.2) and using Gronwall’s inequality we find
mu+1(t) < (Cm+ l)ecfo gm,(s)+1.)ds 1
Then, by induction on v, S
m 4 (Cm + 1)t
1-C{Cm+1)%

my,(t) <C

fort < 1/[C(Cm +1}] and ther_efofe
(3.3) _ : my,(t) < 2Cm . s
for t < m/[(Cm + 1)(2Cm + 1)]. With the help of estimate (3.3) we claim that the
sequence {(U¥, K,)} is uniformly bounded in Cl(Qp t(m),llli)' x C1([0,¢(m)]; ¥°), where
t(m) = [1/2C] log(1 + 1/m). In fact, let us call Z**! = 8, o, U*+1, Q"1 = 8, go Lo K¥H1.
Then (Z¥*1, Q¥*1) is solution of a system as : '
(3.4) Xp 2t 4 (iU”) ~ E°(K*)) Dy 2et! = gyt E2>0, |
coupled with some boundary condmons and with initial data that are deduced in part from_
the interior equauons The nght-hand side term G¥*! in (3.4) is the sum of linear term
in 2V U¥, K¥, K¥,2,Q" and bilinear terms containing U¥ . Zt1,Z¥ . DU**1 Qv

_U”+1, Kv.zvrl ygvtl. zv, DUY . Z¥*1, where dot means product of some components '
of the vector functions under consideration. For this problem one compatibility condition

is satisfied as a consequence of the assumptions of Theorem 1.1; so we can apply agam
Proposntlon 2.2.1 and using (3.3) we obtain (dot notation as above)

127 )) < C'(”H - DH|| +m+ (1 + m)/ (124 ()] + 1 2¥ (s))) + 1) d'S) -
| o .




fort < m/ [(Cm + 1)(2C-‘m+ 1)] and analogous esttmates for I]Q”“(t)]l ‘An easy lnductron
on v proves then the clatm '

Frnally, the. conttnutty moduh are estimabed as in [JMR1] or [C] and SO an appltcatton
of Ascoh s Iheorem concludes the proof of the lemma.

- Let us now - show how to complete -the proof - of Theorem 12. We assume by
- contradictron that T, < T, (6). for some 6 > 0 Then there is a constant C such that

: (3 5) - ._ ' Sul) (l"‘s‘ls 1,07, 0 |k 15,1,{0‘1‘ ]) <C.
.From the ﬁrst part of t.he proof we have for any T < T*,

_ (-3.6)- sﬁgus k‘(t .'1:) + Ak, ngUk' (t fﬁ(—;ﬁ-)- 1) + o1} in OO(QiT)

' (see (2 3 43)) “The theorem of uniqueness of proﬁles (Theorem 2 10.5.in [JMRl]) then implies
together with (3.5), (3. 6) that

1@+ I DO < M

3 and therefore ||U(t)|| + ||DU(t)|| < M’ for some M’,t < T. Lemma 2.1 applted att=T
: _then,assures that U is defined at least until time T+_.t(M . If T is sufficiently near to T, this
is 4 contradiction. Theorem 1.2 is then completely proved, '
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