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GLOBAL WEAK SOLUTIONS OF KINETIC EQUATIONS

Abstract: We review here some recent results conCerhf‘n'g_ the existence and
various properties of weak solutions of kl'nch'c.equdtions. Our presentation includes
Boltzmann, Vlasov-Paisson, Vla.sov-MaxwéH, Fokker-Planck and Landau equations.
We explain the various notions of solutions, give existence and stability results and

indicate the main ingredients of the proofs.
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I. Introduction.

We begin by recalling the physical motivation and the formulation of
kinetic models. Kinetic models arise in the statistical description of a large
number of particles (electrons, molecules, massive particles, nucleons ...);
the main idea being to describe the “averaged” behaviour of this collection
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of particles rather than following the dynamics of each particle. There
is of course 2 wide variety of physical situations where suck models are

used (Fluid Mechanics and rarefied gazes, Plasma Physics, Astrophysics,

Lasers, Nuclear Physics, Semi-conductors ...) and the list of models is .

rather impressive and corresponds to the variety of physical situations
(electromagnetic interactions, gravitationnal forces, collision effects, quantum
interactions, relativistic effects, nuclear forces ...). We are going to write down

only a few of these models and we will mention some variants. At this stage,.

it is worth mentioning that the derivation of such models from first principles

(Newton’s law, nonrelativistic quantum mechanics ...) is by no means a trivial

subject and contains many unanswered fundamental questions. And we refer,

for instance, to Chapman and Cowlings (11}, Truesdell and Muncaster {37], -

Cercignani [12], Liboff [30], Balian [7)], for the derivation of some of these
models. : '
As we said above, the evolution of a collection of particles is described
in terms of a statistical quantity namely the density of particles f(z,v,t) at
position x € IRV with velocity v € IRV, at time ¢ > 0. In order to simplify the
presentation, we will only consider models involving only one type of paiticles;
otherwise, one has to introduce a density function for each species, but except
for notational complexities the results we will present easily adapt to those
systems, Of course, f being a density satisfies

(1) | f(z,6,8) >0

a fact that we will not recall in what follows.

The first type of models corre'spc'md to'“conéefva.tive*’ systé‘ms where
ofie just has to write the fact that the density f is constant along particle

. paths. For classical particles, the particle paths are given by Newton’s law.

In particular, if we only consider free particles which do not interact and are

not submitted to any force, we immediately obtain the following infinitesimal

version of the above principle

N of

(2) . at+v sz-'oi

for z,v € ]RN t > 0; where V, denotes the spatial gradient i.e. the gradient
of f with respect to = and we will denote indifferently a . & or (a, b) the scalar

product of ¢,5 € IR",




_ Next, if the particles are submitted to forces F, 2) ‘ié“re:plé;(:‘éd"liy; SRR

3) | 3{+v V=f+F Vel =0,

and in most cases F = F(z,t) or if F depends on v, we 'ha.v_e__in all models
@  divF=o.

Several situations are possible (a.nd can be combmed of course): elther
F represents an external force acting on all particles in whlch case F is given,
or F is aself:consistent force representmg the interaction of ‘particles. In-the
latter case, it is possible to view this self-consistent force ag the force crea,ted
by paiticles wlich, in turn, act on them through the equation (3). This is the
case in the so-called Vlasov models where F is a functional of #: Many models
exist and all share:the fact that F depends only on. Macroscopic: qua,ntltles
Mathematically, a ma,croscoplc quantity is a velomty avera.ge of fie.

/ | _f(ﬂ:z:,v,t)w(v).dv J_ .

for some function ¥. Let us give now a few fundamenta.l exa.mples of Vlasov'
models.

EXAMPLE 1 : Vlasov Poisson system (n > 2)

( g‘:+v Vf+F V,f 0 mlR, le,, x(Ooo),
(5
: F= chI TN p in IR_, X (0,00)

and p = f]]l” f(z,v, ‘)d’-' Here 31“1 below; cy is the posu:we constant ‘such tha.t"-
cNdw(l :;N) = fo(en = |SV 1Y), so that we have e e

(6) F=-eV,0 , -vq>=p in IRY .

Finally, ¢ = +1 and the two possible choices correspond to two different
physical situations: ¢ = +1 (that we will call Vlasov-Poisson (+)) correspond
to the electrostatic forces between charged particles while ¢ = 1 (that we call
Vlasov-Poisson (<)) correspond to massive pa.rtncles a.ttra.cted to each other
by gravitation. -
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EXAMPLE 2 : Vlasov-Maxwell system (we only consider here the case when
N =3) | |

(7) ‘;{4—9 Vof+F -V f=0 , F=-E+—ExB in IR? x IR? x (0, o0)

oF .
y e ccurlB = —~j, divB =0,

%‘? + ccurlE =0, divE =p in IR’ x (0,00)

where c> 0 represents the speed of light, p = fips fdv e = fma Jody (k=
1,2,3). Notlce that, at least formally, one recovers the Vlasov-Poisson (+)
system upon lettmg ¢ go to oo (in other words, pa.rt.lcles have small velocities
compared to the speed of light).

As we sa.u%J before, many variants are possible: relatmstlc eﬁ'ects (repla.ce

- Vaf by —2— - V.f), different locities (replace v by V
v-V.f by JTiTE f), different group velocities (replace v by ve(®)),

velocities restricted to the torus T", “quantum forces” (replace F -V, f by
convolution terms in v), classical but general forces (replace (6) by F = V.V
where V is a given potential)... .

" The second important ca.tegory of models-concerns physical situations
where the conservative axiom we started-with is no more valid. Typically, one
speaks of collisions that modify the velocities of the colhdmg particles and
~ thus modify f. In this case, (3) is replaced by.

(8)

9 ‘;{H v,f+F Vf=C in RY x RY x (0,00)

where C-the so-called collision operator - 'depends on f. Of course, one may
take for F one of the possible choices described a,bove Let us now give the

- fundamental example.

EXAMPLE 3 : Boltzmann equation

(10) | ?a—f'*v VS=QUf) I xIRY x (0,00)
where - -

Qun=[[, . dndeBo-wu) - )
in IRY x RY x (0,0). '

(1)
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Here and below, we use the notations _—
fo = f(z,00,0), ' = (z,0,0), f. s: f(z_,__'?i',:f_)" |

and

U’_U—-(‘U—U‘,W)w : ) v .—v¢+(v"'v¢,u’)w

Notice that v/, v/, given above are nothmg but the solutlons pa,ra.metrlzed
by w € SN of the fo]lowmg algebraic system whlch corresponds to’ the
conserva.tlon of momentum and kinetic energy

vtv, =0 v [vl2 + juu? = I‘v'l2 + DAL
finally, B = B(z,w) always sa,tisﬁés at least :
(12) - - "B depends only on |z| and (z,w), B> 0.

A typical example is the hard sphere model where B = |(z,w)|.

Many variants of the above collision operator exist such as .the
'Boltzmann-Enskog opera,tor designed for dense. gazes, colhsnon opera.tors-
corresponding to inelastic collisions, the Boltzmann-Dirac operators which
take into account the quantum exclusion principle;, the BGK model (a
snmpllﬁca.tlon of the Boltzma.nn operator) or various- opera.tors like .

(13). (Fokker-Pla.nck) _ C =_dlv., {uV_.,f + ,uvf} , with v > 0_ ,'# 2 0 .

or

44 (Laadaw) G = Zav e “"(”v—)lf*a?.;:f-fa.i,..ﬂlda}

I,J"'

and. 3v;,if' = (8 .) (z,v.,1) ,a._, éatlsﬁes (at lea.st)l
N T -
(15) E aij(z)yiy; > 0 lf (y, z) 0,240 za,,(z)z.z, > 0.
=1 T =

A typical class of examples is: for 1 < 4,5 < N,a;;(2) = (6,—,4 —%"%) 2]~
for some a > 0. From a physical view-point, these operators take into account

kY
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the so-called grazing collisions which are responsible for violent singularities
of the collision kernel B at (z,w) = 0. |

We conclude here this rather long list of models even if, as we will see
below, many more can be obtained using the above basic ones. To simplify -
notations, we will abbreviate the name of these models and we will speak of
the VP, VP_,VM,B,FP or L models. |

One may in fact also consider “composite” models which combine
the self-consistent Vlasov force (driving the particles) and some of the
collision operators. In particular, the relevant combinations (for physics) are
VPiB VPLFP,VPyBFP, VPyL ,VPyBL, VMB, VMFP, VMBFP, VML,
VMBL, BFP, BL - or, more simply, the combinations of two different Vlasov
models or of two “grazing collisions” models (namely FP and L) are excluded.

Of course, all these models have to be supplemented with initial
conditions and when they are set in bounded domains, with boundary
| conditions. Once this is done, the mathematical issues are numerous
- and contain in particular the analysis of the Cauchy problem (existence,
uniqueness, stability), the study of various properties of solutions (regularity,

long-time behaviour, particular solutions, asymptotic problems),
approximation of solutions ... The understanding of all these questions (for
any of the models!) is far from being complete and we will be mainly concerned
here with existence and stability results for' all those models (c_ons_ldered._
in the whole space i.e. without boundary .conditions). However, it is
worth noting that the results we are going to present have also implications
on approximation questions, and various asympotic questions such as fluid
~dynamics limits. And it seems that the major open questions remaining are

regularity and uniqueness of the solutions we built.

As we said before, we will describe general and global existence results
of solutions that are called “weak solutions” since their smoothness is not
understood. This is why we will only refer throughout the text to related,
previous global existence results of “weak solutions”; and we refer the reader
to more complete bibliographies which can be found in the references we quote.

Even if all the results below are recent, most of them have already
appeared with complete proofs and this is why we will almost never present
the proofs of these results. However, some of the results below are improved
variants of the published ones and whenever it is the case, we will explain the




modifications or the new elements of the proofs., We will also indicate some
of the recent applications of our results, proofs and methods.

We now conclude this long Introduction by a few words on the results
and the methods of proofs. We already used several tirnes the rather vague
terminology of weak solutions. It seems fair to say that, in the_-PD'E"'Iit't'efasturej,\ '
this means most of the time solutions in the sense of distributions “with-a
limited amount of regularity”. As we said before, the smoothness of solutions
is: completely open (in the large ...) therefore, in that sense, our solutions are
indeed weak solutions. But, in most of our results (except for the V'M system),
our solutions are slightly different from distributional solutions. We will ise
what we call renormalized solutions: the simple idea behind this termmology'_
being to write down, at least formally, the equation satisfied by nonlinear
changes of unknowns say 8(f) and then to require that, for convenient choices
of 8, this formal equation holds in the sense of distributions. From a Physics
viewpoint this is a very natural idea since, after all, f beirg constant along
particle paths is equivalent to 8(f) being constant along particle paths (“for
all 8”7 or for a single one to one f...). It turns out that not only it allows to
reduce the integrability requirements necessary to write some equa,tioils but
(as it is the case for example with Vlasov equations) it is extremely useful
for uniqueness and convergence analysis: in some sense, requiring the “g(f)-
equations” to hold is a more precise selection of solutmns than merely requmng. '
the “f-equation” to hold.

Let. us also mention that the global existance results we"pl'é:Sér[t are’
in fact deduced from stability results i.e. results showing that sequences of
“solutions converge to a solution. Such stablllty results ‘are. dellcate because_
few bounds on solutions are available (again the smoothness open question
...) and the equations involve nonlinear quadratic terms. It turns out that
- one can pass to the limit or that the nonlmear terms are weakly continuous
for the convenient topology on solutions, a nontrivial phenomenon 31mlla,r to'\-
compensated-compactness resilts Tartar [35] [36], Murat [31]; Murat and
Tartar [32], Ball [8]... ‘This weak continuity is a consequence of two facts:
first, the nonlinearities involve macroscopic quantities i.e. _\_reloat_y averages
are in fact smoother (then what they seem ...). This (physically natural)
phenomenon was first observed by Agoshkov [1}; Golse, Perthame and Sentis
[27], Golse, Lions, Perthame and Sentis [28]. Since then, several extensions
have been made DiPerna and Lions [15] Gérard [26] and the most general |
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results can be found in DiPerna, Lions and Meyer [23].

Another important tool is the study of ordinary differential equations
and the associated transport equations with W'l coefficients due to the
authors [18]. This tool is. fundamental for our analysis of VP systems in
particular and has also applications to Fluid Mechanics problems (see in
particular DiPerna and Lions {20]).

A final notice to the expert readers: entropy plays a great role in kinetic
models (and is the source of many fundamental questions in this field). It
happens that it also plays a fundamental role in our analysis of these various
models even for conservative systems such as Vlasov models. This is why we
will always try to explain where we really use it.

I1. Results on Boltzmann equations.

r—

III A priori estimates.

We first recall the onl}} known a priori bounds for gehera.l solutions of B
equations. These bounds originate from the following observation: formally,
one has for__ all functions p, :

(16) / . Q(‘o"’p)w / / / N IRN x 5N =) |

dvdv.dwB(¢'¢, — ppa) - [+ ¥u — ¥ — ],

a simple ';:bnsequenc_e of (12) and the definition of o', v’. TheIi,' at least
formally, any solution f of the B equation (10) satisfies

17 / / dzdv  is independent of ¢ > 0
(17) / - . p >
ifypisgiven by y = 1,0r p=vp(1 <k < N),or ¢ = |v)?, or = |z —vt|?. Since f
is nonnegative, these conserved quantities 1mply weighted L. , bounds uniform
int>0. _



Still because of (16), multiplying (10) by log f and integrating by pamts

one obtains o
log fdzdo + 5 ] j ] ] /
ff]R"le d ogf NxmwmexS" -1

drdvdv, dwB(f' f. — ff.) - log ‘;}f‘ =0.

Again, this identity involving the (ma.thema.tlca.l) entropy E(t)
[f fir~ am» S log fdzdv](t) is formal. Observing that the second term in (18)
is nonnega.tlve, one deduces in pa.rtlcula.r ' :

(18)

(19 E(t) is nomncrea.smg with respect tot>0.

By a simple measure theory argument (first observed in Arkeryd [2])
we have for all ¢ > 0 and some positive constant Cy independent of ¢

jme ) |log¢|d:r’:dv<jj "¢10g<,pd:cdv'

+C {ff —#*+ dd}
N R”xIR”‘p(,z z| M)f‘”

where # is arbitrary in IR”. Combining (17), ( 19) and (20), one deduces ea.sﬂy
that solutions of ( 10) satisfy for all ¢t > 0

. S Je e £(1+ |0}?)dzdv < Co,
(21) I vy £+ 12P)dedv < Co(1 +12),
[ firv my fllog fldzdv < Co
provided they sa.tysfy these bounds nmtlally (at t = 0)

(20)

Since the nonlinea.rity in (10) namely the collision operator Q(f;f f) is
quadratic, it is not diflicult to see that, for general colllsmn kernels B, one can
only hope for bounds of the form : :

e IQ(so,so)IdeC(/mNsodv)z , Vpe L‘(mi‘_’),soé_o

(even this bound requires some assumptions on B). In particular, in order
to define solutions, say in the sense of distributions of (10), an estimate
in Lfoc(([),oo) x IRY ; LY(IRY)) seems necessary - notice also that if p €
LY(RY x RYY, Q(p,¢) € L'(IRY) ae. 2 € IRY. But unfortunately it does not
seem to be available. Of course, this also explains the difﬁculties'associaut_ed' :
with the study of regularity and uniqueness of solutions ..
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II.2 Renormalized solutions.

We next want to explam the notion of solutions we will use. In order to
do so, let us first introduce some notations

i

. Q(LHN=FL() - L(f) = [y fo A(v = v))dv.
(23) { A(2) = fou-s B(z,w)dw
04 QU f) = / /IRNXS&_I dv.dwBf'f!

so that obviously

Under mild assumptlons on-A (and thus on B), one immediately sees

that because f € L=(0,00; L'(IR" x IRY)), Ql g’ff) can be assumed to lie in

L*®(0,00 ; LI(IRY x IRY)); observe indeed that Ql (_:}f ) < L(f).

As we will see below, at least formally, (10) and again the fact thé.t

fe L0, oo; L'(IRY x IR™)) imply then that QI (:ff ) ¢ LY(0,T; L‘(IRN x IRY ))

for all T > oo. These bounds do not-use the entropy.

_ For all these reasons, the bounds we a.ssume in the following definition
are quite natural. Recall that f20.

DEFINITION f € C([0,00); L‘(]RN xIRY))isa renormallzed solution of (10)
if : '
LD ¢ 0 0, Y ¢ B,

14 f
NeM(S)) 1N
Byl LY(0,T;L'(IR, x BYY))
for all T', R € (0, 00) and if Bo(f) where Fy(t) = log(1 + t) solves
(25) —-ﬁu(f) +0 V() = its j? in D'(IRY x IRY x (0, 0)).

Here and anywhere below, B = {v e IR" ,|v| < R}.
~ Several remarks are in order: first of all, (25) is a consequence of (10) and
of the chain rule for derivation. Next, one can in fact show (see DiPerna and
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Lions [16]) that if £ is-a renormalized solution of (10), then for all 8 € 6‘1([0 oo)) n
such that ﬂ’(t)(l +1) is bounded on [0, 0o) : - oo

F ) +v-VeB(f) = QU.HAS) _-‘mm”*x = x(Ooo)

Furthermore, this notion implies several other formula,tlons such as: the_
so-called mild formulation: denoting by go‘(:c v,i) = go(:o ¥ vt,v,1), if fis'a
renormalized solution of (10), then (Q*(f, /)Y € L(0,T), fl is a.bsolutely
continuous with respect to ¢t on [0,T] for all T < oo, for almost all z,v € IRN
and we have -

S QU in (0,00), for almost sveR.

Q (f,f) '
1_+_f Flrst

(25)

Fma,lly, we would like to make precnse the bounds on

one has

//RNxBR | L(f)f /././R”xﬂﬂ.x]RN da:dvdv,f*A(v - v,.,) | N )
=_/ o e A=)

<Ca / | / o GBS+ 0 f?)

provided we assume that B € L!(BR} '.x_SN ‘1)(VR < o_o)__é,nd'_-_thg.t
' [ A SCali+luf) Ve eRY
for some nonnega,.ti've constant Cg. B | ..
eru.n

1+f
one mtegra.tes over IR, X IR,, x (0,T) to find

/ mex Y %) (,0,T) - / | flRNxBR dzdvd(f°)(z, v, 0) |

<[] e {SL - G i

] dt / " Q:(:,f f
T L
/IR” da:/ dvf*(z,v, T)+/ dt/ dx dy 22212 1?}”

Next, in order to estimate , one multiplies (25) by 1p Bn (v) a.nd

hence




" (26)
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Let us emphasize that these bounds on o : (f}f) do not use the entropy

bound. On the other hand, they require a seemingly mild a.ssumptmn on
B and A. In fact, this assumption is restrictive since, for some models, B
presents some singularity when (z,w) vanishes, singularities which forbid-the
integrations of B over SVN-1. Of course, this assumption is automatically

satisfied for the hard sphere model i.e. B(z,w) = |(z,w)|.

I1.3 Main results.

We will assume that B satisfies
B e L\(BF x §M),

{/ dy/ de(z+y_,w)} (1425t —=0as |z] = o0
z+BR SN- :

for all R < 0o, a slight strengthening of the assumption we used above.

This assumption is a weak form of the usual angular cut-off hypotesis
on the collision kernel and roughly means that grazing collisions are not taken
into account. Qur main existence result is then

 THEOREM II.1. We assume (12) and (26). Let f° > 0 satisfy

(27  R= j /mw £z, {1 + J? + Jof2 + |log £} dzdv < oo

. Then, there exists a renormalized salution f€ C([O. oo); LI(IRY x IRY)) of
the BoItzma,nn equation (10) such that f|,_o = f% on " x IRN and satlsfymg
in addition

(28) SUP// ' f{1+ Il:c - ul|? + |v]2 + | log f|}dzdv 5 R
>0 N x IR

{(entropy inequality)

(29) E(t)'f'%fo‘ ds] d:l:[jm " R dvdv, ng_l Bdw

Aff - ff-]log';}f'<E'(0) , forallt>0.

1+

As we said in the Introduction, this existence result follows from
approximation of the equation and (variants of) the following stability resuit.



THEOREM Ilé Let (fu)n be a sequerice of renoriialized sommns' ‘of
(10). we assume that f, satisfies (28)for some R independent of n: and ( 29).
Then, without loss of generality, we may assumie that f,; converges weakly in

L((o, T) x IRY leN XVT < oo) to some f and that g __.f,,,, =g:CONVeIges weakly- o

in L'(IRY xIR") to some f°. Then, f-€ C([0, oc); L‘(IRN ")y is a renormalized
solution of (10) satisfying fy=o = finRY x IRY, (28)-and (29) where E(0) is

replaced by lim, E,,(0)(En(0) = f fm”xIR" f,‘,’ log: f,,da:dv) In’ add;tmn, we have s

/ f,.zbdv —;[ fedv in L'(O 7L (Ht’,”))
for all ¢ € {1,0), Te (0, oo) and for a.lI Ve LW(nﬂ)

(30)

| @ttt o . Q*(f;f)wbdi
1) in measure in (0,T) x BR | forall R,T ¢ (0 00)
and for all 11) € L“"'(Hﬁ,v ) w:th compact support

REMARKS : 1) For the proofs of these two results, we refer to DiPerna. a,nd

* Lions [16], [17]. -

2) As wesaid several times before, uniqueness and regularity of these global
solutions are major open questions.

3) The solutions we build are such that f fip . ypv frpd:cdv is mdependent_
oft>0ifyp=1or 'qb =n(l<k<N). Such a conservation is not. known_
for ¢ = Jvf? (ory = = |z.— vt}?): in other words, we were not able to prove.
that the kinetic energy is conserved. S

4) We do not know if the entropy 1dent1ty holds ie. whether the equa.hty ‘
in (29) holds. R o o _

5) A natural question is the. propa,gatlon of L! (or a.e. ) convergence i.e. 1f.
fe = £%in LY(IRY x IRY), is this convergence still true for positive tnme'?

6) Another interesting ppen question concerns possible. rela.xa.tlons of the.
angular cut-off assumption (26). | '

7) If one goes carefully throught the proofs of [16] in the light of the recent
velocity averaging results in [23], one sees tha.t if we skip the term
£7|log 7} in (28), one still has

B f“)qﬂrdv.is relatively compact in L9(0,T ; L'(IR}))
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for all 8 € C!([0,00)) such that #(t)(1 + ¢t)~! is bounded. Therefore, the
main use of the entropy in the global existence proof is to recover from
this (renormalized) information the compactness of, S Frddv.

8) Prior to our global existence results, Arkeryd proposed in [3]_a

" relaxed notion of solutions based upon nonstandard a.nalysts, allowing

straightforward constructions of such solutions. :

'9) The methods used in the proofs of the above results have allowed,
with appropriate modifications, variants or extensions, a similar
treatment for BGK models (Perthame [33], Boltzmann-Enskog models
(Polewczak [34], Arkeryd and Cercignani [5]), inelastic collision models
(Esteban and Perthame {25]), Boltzmann equations with general
boundary conditions (Hamdache [29]). Some results on approximation
methods (Desvillettes [14]), the large-time behaviour (Arkeryd [4]), the
convergence of Boltzmann-Dirac to Boltzmann models (Dolbeault [24})
and fluid dynamics limits to incompressible models (Bardos, Golse and
Levermore [9]) have also been made possible.

IIL. Results on .Vlasov-Poisso.n systems (N > 2)..

——

IL1 A priori estimates.

We first derive some classical a priori-estimates on V Py systems (5)-(6).
Again, recall that f > 0 and that all these estimates'are formal ones. First of -
all, observing that div, (v, F) = 0, we deduce immediately that

: | z,v,1 Vdzdv is inde endent of £ > 0,
/ /IR”xIR” Alftz,vt) P =
for all function g € C([0,00); [0,00)) .

(32)

In particular, all LP(1 < p < co) norms of solutions are preserved and letting p
go to oo, we also find

+

(33) .” F| Lo=(IRY xIRY) is independent of ¢ > 0.

Next rhultiplying (5) by |»|? and integrating by parts over IRY x IR", we |



X T

find

dt/-/"xIR” flvlzda:dv-2/] ) F(a: t) vfc;zdv.

= 26// | ¢I>(:r: t)dlv,(vf)dzdv

.:-25// - ¢o(m t) atda:dv
._-25/ @ "d dt |

= —2¢ / V- (V@)d&:

8F
.— —-26£RN F. Ed&:

Therefore, we finally obtain
(34) / / v flvl’dxdv+ € / N |F|?dz is independent of t'-_>_"0

Hence, in the case of the VP, system thls ylelds estlma,tes of f|v|’ m |
L’a.ndFmL2 . —

If ¢ = —1, deriving estimates from (34) is more dehca.te and in fa.ct-" '
depends on N. To this end, we first recall a sta.nda,rd mt;erpola.tlon result”

(35) “ﬂ"Lq([RN) $ Cl|f|v'2I'L‘(IRNXIRN)”‘r”Ll'(]RNx]RN Vf G Ll l"\ Lp

N(p— 1)+2p 0 lp q .

Np-1)+2"" " qp-1
A shghtly more elaborate versnon of (35) mvolves the functlon log t -.-"' .

max(0, logt): : SR

for some positive constant C, where 1 < p < co,¢ =

(36) j plog* pdz < C / ] f(|v|2+log f)d:cdv, forall 20
IRV ”"':1:11{"‘r

and we refer the reader to DiPerna a,nd Lions [21] for a proof ol' thls fact
Then, by Sobolev embeddmgs one has

lIFlles < C”pll Ay TN23

We now obtain some a priori estimates when N =3 or N = 4 (the case
when N = 2 being in fact simpler as we will see later on); similar estimates

e
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are open if N > 6 but this is of course not relevant for applications to Physics
where N = 3. Collecting (34), (35) and (37), choosing p = g_if N=3o0rp=2

if N=4sothat ¢ = 2N in both cases, we deduce
N +2 e

Aol < VF)Za < ONILAES 117101124

and 20 =1 if N =3,20 =1if N = 4. We deduce from this foliowing conclusions
where we use (32), denoting by f° the initial condition for f at t =0

supiso {|[fllcsnze + 11Flza + [1fl0]2liL1} < oo
if e=-1,fe¢Llnkr, folvPeLl, Foe L?

(38) 9
if N=3,p2:?- orif N=4,p=2,||/I12 < e

for some pbsitive constant ey > 0.
We do not know if it is possible to improve these estimates.

REMARK : In the case when N = 2, not only these estimates are simpler
to obtain but in fact one can prove that there exist smooth solutions of V Py
systems, see Batt [10], Degond [13] and the references therein -similar results
also hold for solutions of VP systems when-N = 3 having some symmetries.
In fact, the smoothness of solutions.depends in a crucial way upon having an
estimate of F in L°(IR?). Such an estimate can be obtained by the following
argument that we believe to be new. The idea is to obtain weighted L!

estimates on f and bootstra,p this information with L? regularity of F. We will
assume that f° € L? for some p > 2 and that f°v|* € L! for some o > 2‘p ;

(notlce that o >2 1f p= +oo) Then, we first use (32) and (35) to deduce tha.t
, and thus sup, 5o | F1l g0 (R < ®© ‘where

SUpy>o ”P”Lq(IR’) < oo with ¢ =
¢* = 2(2p—1). Next, we use the equation and multiply it by [v|™ where m > 2
is to be determined. We integrate by parts and find - .

] e it < fo e (o)
- -~ vf"dzdv < m Fldz { [ dzy ) .
e %:m*'” | £ Ji 19 e /1

But similar interpolation arguments to:(35) yield that || fip2 flvj™?
dz||Le can be estimated by {|f||.» for some ¢ depending on m. When m = 2,
we have

. " _22p-1)
I [, foldellon <CIL [ Aolavllallfller where g = 2222
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1 1 An
Then, observe that h— = x < lsincep > 2. Hence, there

a gt  2(2p-l)
exists m G(2,a) such that sup>o/;rN \F\dx (Jra /v[™~'rfv) < 00, therefore

sup / / fWdxdv < oo for al T < o00.
[0T] J JIR"XIR"

Then, by similar interpolation results to (35), one deduces

SUP IM” < ©o forsomer S
[oT] P
and we may iterate this procedure. Since this is an increasing process, we

just have to check that starting with P GL' where (3> zp?_l—linstead of

/lv|*> GL* wemay find m > a such that |F|-/jjla f\\™'dv  GL''m order to make
sure that during this increasing process we find a bound on AW\P in L! for some

p > —&Z_m But this is straightforward since \\P GL' with /2> > implies

that p GE* for some q> 2 which in turn implies that F e L°°. Therefore, one
then deduces that f\W\* is bounded in L'F is bounded in L° and then p is
bounded in L on all bounded time-intervals.

We just made the above rough argument in order to avoid the tedious
explicit computations required for a precise proof.

[11.2 Notions of solutions.

We begin by recalling (and extending) the notion of weak solutions as
used in Arsenev [6] for instance. Recall also that we always assume / > 0.

DEFINITION 1. Let f G £°°(0,00; L' n.1?),/ is a wesA' solution of
the VP s)ygstem if W\2 G L°°(0,00 ; LY and thus p G L°°(0,00 ;L#+*), if
F=ew—y *pGE®°(0,00;1?) and we have

(39 A+ dive(t,/) +divg(F/) =0 in D'(TEg x < x (0,00))



