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GLOBAL WEAK SOLUTIONS OF KINETIC EQUATIONS 

A b s t r a c t : We review Jiere some recent results concerning the existence and 

various properties of weak solutions of kinetic equations. Our presentation includes 

Boltzmann, Vlasov-Poisson, Vlasov-Maxwell, Fokker-Planck and Landau equations. 

We explain the various notions of solutions, give existence and stability results and 

indicate the main ingredients of the proofs. 

Summary 
I. Introduction. 

II. Results on Boltzmann equations. 

III. Results on Vlasov-Poisson systems. 

IV. Results on VIasov-Maxwell systems. 

V. Other mbdels. 

I. Introduction. 

We begin by recalling the physical motivation and the formulation of 
kinetic models. Kinetic models arise in the statistical description of a large 
number of particles (electrons, molecules, massive particles, nucleons ...); 
the main idea being to describe the "averaged" behaviour of this collection 
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of particles rather than following the dynamics of each particle. There 
is of course a wide variety of physical situations where such models are 
used (Fluid Mechanics and rarefied gazes, Plasma Physics, Astrophysics, 
Lasers, Nuclear Physics, Semi-conductors ...) and the list of models is 
rather impressive and corresponds to the variety of physical situations 
(electromagnetic interactions, gravitationnal forces, collision effects, quantum 
interactions, relativistic effects, nuclear forces ...). We are going to write down 
only a few of these models and we will mention some variants. At this stage, 
it is worth mentioning that the derivation of such models from first principles 
(Newton's law, nonrelativistic quantum mechanics ...) is by no means a trivial 
subject and contains many unanswered fundamental questions. And we refer, 
for instance, to Chapman and Cowlings [ l l ] , Truesdell and Muncaster [37], 
Cercignani [12], Liboff [30], Balian [7], for the derivation of some of these 
models. 

As we said above, the evolution of a collection of particles is described 
in terms of a statistical quantity namely the density of particles f(xfv,t) at 
position x 6 IR^ with velocity v e MN, at time t > 0. In order to simplify the 
presentation, we will only consider models involving only one type of particles; 
otherwise, one has to introduce a density function for each species, but except 
for notational complexities the results we will present easily adapt to those 
systems. Of course, / being a density satisfies 

(1) /(*,£,*) > 0 y 

a fact that we will not recall in what follows. 

The first type of models correspond to "conservative" systems where 
oiie just has to write the fact that the density f is constant along particle 
paths. For classical particles, the particle paths are given by Newton's law. 
In particular, if we only consider free particles which do not interact and are 
not submitted to any force, we immediately obtain the following infinitesimal 
version of the above principle 

(2) §f + f V * / = 0, 

for x,v G IR ,t > 0; where V* denotes the spatial gradient i.e. the gradient 
of / with respect to x and we will denote indifferently a • 6 or (a, 6) the scalar 
product of a, b e JRN. 
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Next, if the particles are submitted to forces F, (2) is replaced by 

(3) | £ + : v V - ? / + F . V . / = 0 , 

and in most cases F = F(x,t) or if F depends on v, we have in all models 

(4) divwF = 0. 

Several situations are possible (and can be combined of course): either 
F represents an external force acting on all particles in which case F is given, 
or F is a self-consistent force representing the interaction of particles. In the 
latter case, it is possible to view this self-consistent force as the force created 
by particles which, in turn, act on them through the equation (3). This is the 
case in the so-called Vlasov models where F is a functional of / . Many models 
exist and all share the fact that F depends only on macroscopic quantities. 
Mathematically, a macroscopic quantity is a velocity average of / i.e. 

l f(XjV,t)^(v)dv 

for some function tl>. Let us give now a few fundamental examples of Vlasov 
models. 

EXAMPLE 1 : Vlasov-Poisson system (n > 2) 

| [ + v- Vxf+F • Vxf = 0 in I l£ x < x (0, oo), 
(5) x . m N • ' 

F = ecNj-rjj*p in IRjp x (0,oo) 

and p = J^N f(x,v,i)dx. Here and below, CN is the positive constant such that 
x 

cNdiv(j-rjj) = S0(CN = l^^"1!), so that we have 

(6) F = -eVx$ , ~ V $ = p inlR^. 

Finally, c = ±1 and the two possible choices correspond to two different 
physical situations: c = -f 1 (that we will call Vlasov-Poisson (+)) correspond 
to the electrostatic forces between charged particles while e = 1 (that we call 
Vlasov-Poisson (-)) correspond to massive particles attracted to each other 
by gravitation. 
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EXAMPLE 2 : Vlasov-Maxwell system (we only consider here the case when 
N = 3) 

(?) ^ r + w-V./ + F-V«/ = 0 , F = £ + - x £ inIR3xIR3x(0,oo) at c 

dE 
— c curlf? = —,; , divi? = 0 , 

<8> 6B 
—+ ccurl£ = 0, divJ£ = p. in IR3 x (0,oo) 

where c > 0 represents the speed of light, p = fug fdv,jk = fm* fvkdv ,(k = 
1,2,3), Notice that, at least formally, one recovers the Vlasov-Poisson (+) 
system upon letting c go to oo (in other words, particles have small velocities 
compared to the speed of light). 

As we said before, many variants are possible: relativistic effects (replace 
v • Vxf by . , : • Vx / ) , different group velocities (replace v by Vvc(v)), 

vi.+ M2 

velocities restricted to the torus Tn , "quantum forces" (replace F Vvf by 
convolution terms in v), classical but general forces (replace (6) by F = VXV 
where V is a given potential)... 

The second important category of models concerns physical situations 
where the conservative axiom we started-with is no more valid. Typically, one 
speaks of collisions that modify the velocities of the colliding particles and 
thus modify / . In this case, (3) is replaced byy 

(9) T £ + W - V , / + F ' - V I J = 'C inIRN xffi^ X(0,OO) 

where C-the so-called collision operator - depends on / . Of course, one may 
take for F one of the possible choices described above. Let us now give the 
fundamental example. 

EXAMPLE 3 : Boltzmann equation 

(10) ^ + » - V , / = (?.(/,/) i n l R ^ x I R ^ x ^ o o ) 

where 

en) 
«(/./) = / / dv.duB(v- v.,w){f'fl - ff.} 

J JRNXSN-' 
inIR/vxIR.'vx(01oo). 
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Here and below, we use the notations 

/„,= /(*,«•,<),/' = f(x}v\t)j: = f(x,v'„t) 

and 
v' = V — (V — V*,U))(JJ , t/J, = V* + (V - V*,L>)LJ . 

Notice that t/, vj, given above are nothing but the solutions parametrized 
by u £ SN~l of the following algebraic system which corresponds to the 
conservation of momentum and kinetic energy 

»+!>• =« '+ ; : , H 2 + K I 2 = K I 2 + I< I 2 -

finally, B — B(z,u) always satisfies at least 

(12) B depends only on \z\ and (z\u) , B > 0. 

A typical example is the hard sphere model where B = \{z,u)\. 

Many variants of the above collision operator exist such as the 
Boltzmann-Enskog operator designed for dense gazes, collision operators 
corresponding to inelastic collisions, the Boltzmann-Dirac operators which 
take into account the quantum exclusion principle, the BGK model (a 
simplification of the Boltzmann operator) or various operators like . 

(13) (Fokker-Planck) C = div V{i/Vvf + »vf], with v > 0 ,/i > 0 

or 

(14) (Landau) C = f* / • f / M « " « . ) [ / * / - / - fjr-JAdv'A 
i , j . — i 

and ——;L == ( •—- 1 Cx.v*.t) ,«,-,• satisfies (at least) 

N 

(15) YJ aij(z)ViVj > 0 if (y,2r) = 0 ,z 7̂  0 , ][] ay (*)*<*,- > 0 . 

A typical class of examples is: for 1 < iyj < JV, atJ(z) = f 6,j - y~L J \z\~° 

for some a > 0. From a physical view-point, these operators take into account 
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the so-called grazing collisions which are responsible for violent singularities 
of the collision kernel B at (Z}LO) = 0. 

We conclude here this rather long list of models even if, as we will see 
below, many more can be obtained using the above basic ones. To simplify 
notations, we will abbreviate the name of these models and we will speak of 
the VP+, VP-, VM, B,FPOT L models. 

One may in fact also consider "composite" models which combine 
the self-consistent Vlasov force (driving the particles) and some of the 
collision operators. In particular, the relevant combinations (for physics) are 
VP±B , VP±FP, VP±BFP, VP±L, VP±BL, VMB, VMFP, VMBFP, VML, 
VMBL, BFPj BL - or, more simply, the combinations of two different Vlasov 
models or of two "grazing collisions" models (namely FP and L) are excluded. 

Of course, all these models have to be supplemented with initial 
conditions and when they are set in bounded domains, with boundary 
conditions. Once this is done, the mathematical issues are numerous 
and contain in particular the analysis of the Cauchy problem (existence, 
uniqueness, stability), the study of various properties of solutions (regularity, 
long-time behaviour, particular solutions, asymptotic problems), the 
approximation of solutions ... The understanding of all these questions (for 
any of the models!) is far from being complete and we will be mainly concerned 
here with existence and stability results for all those models (considered 
in the whole space i.e. without boundary /conditions). However, it is 
worth noting that the results we are going to present have also implications 
on approximation questions, and various asympotic questions such as fluid 
dynamics limits. And it seems that the major open questions remaining are 
regularity and uniqueness of the solutions we built. 

As we said before, we will describe general and global existence results 
of solutions that are called "weak solutions" since their smoothness is not 
understood. This is why we will only refer throughout the text to related, 
previous global existence results of "weak solutions"; and we refer the reader 
to more complete bibliographies which can be found in the references we quote. 

Even if all the results below are recent, most of them have already 
appeared with complete proofs and this is why we will almost never present 
the proofs of these results. However, some of the results below are improved 
variants of the published ones and whenever it is the case, we will explain the 
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modifications or the new elements of the proofs. We will also indicate some 
of the recent applications of our results, proofs and methods. 

We now conclude this long Introduction by a few words on the results 
and the methods of proofs. We already used several times the rather vague 
terminology of weak solutions. It seems fair to say that , in the PDE litterature, 
this means most of the time solutions in the sense of distributions "with a 
limited amount of regularity". As we said before, the smoothness of solutions 
is completely open (in the large ...) therefore, in that sense, our solutions are 
indeed weak solutions. But, in most of our results (except for the VM system), 
our solutions are slightly different from distributional solutions. We will use 
what we call renormalized solutions: the simple idea behind this terminology 
being to write down, at least formally, the equation satisfied by nonlinear 
changes of unknowns say /?(/) and then to require that , for convenient choices 
of /?, this formal equation holds in the sense of distributions. From a Physics 
viewpoint this is a very natural idea since, after all, / being constant along 
particle paths is equivalent to /?(/) being constant along particle paths ("for 
all /?" or for a single one to one /?...). It turns out that not only it allows to 
reduce the integrability requirements necessary to write some equations but 
(as it is the case for example with Vlasov equations) it is extremely useful 
for uniqueness and convergence analysis: in some sense, requiring the "/?(/)-
equations" to hold is a more precise selection of solutions than merely requiring 
the "/-equation" to hold. 

Let us also mention that the global existance results we present are 
in fact deduced from stability results i.e. results showing that sequences of 
solutions converge to a solution. Such stability results are delicate because 
few bounds on solutions are available (again the smoothness open question 
...) and the equations involve nonlinear quadratic terms. It turns out that 
one can pass to the limit or that the nonlinear terms are weakly continuous 
for the convenient topology on solutions, a nontrivial phenomenon similar to 
compensated-compactness results Tartar [35], [36], Murat [31], Murat and 
Tartar [32], Ball [8]... This wjak continuity is a consequence of two facts: 
first, the nonlinearities involve macroscopic quantities i.e. velocity averages 
are in fact smoother (then what they seem ...). This (physically natural) 
phenomenon was first observed by Agoshkov [l]; Golse, Perthame and Sentis 
[27], Golse, Lions, Perthame and Sentis [28]. Since then, several extensions 
have been made: DiPerna and Lions [15], Gerard [26] and the most general 
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results can be found in DiPerna, Lions and Meyer [23]. 

Another important tool is the study of ordinary differential equations 
and the associated transport equations with W1,1 coefficients due to the 
authors [18]. This tool is fundamental for our analysis of VP systems in 
particular and has also applications to Fluid Mechanics problems (see in 
particular DiPerna and Lions [20]). 

A final notice to the expert readers: entropy plays a great role in kinetic 
models (and is the source of many fundamental questions in this field). It 
happens that it also plays a fundamental role in our analysis of these various 
models even for conservative systems such as Vlasov models. This is why we 
will always try to explain where we really use it. 

II . Results on Bol tzmann equations. 

II. 1 A priori estimates. 

We first recall the only known a priori bounds for general solutions of B 
equations. These bounds originate from the following observation: formally, 
one has for all functions <p,ip 

(16) Jw"^1 ~*J J JlR»xlR"xs»-y 
dvdv+duB(<p'<p'0 — <pip+) • [ip -f V>* - $' — ^ i ] > 

a simple consequence of (12) and the definition of v\ vj,. Then, at least 
formally, any solution / of the Z? equation (10) satisfies 

(17). / / fxbdxdv is independent oit> 0 
J J\RNxlllN 

* ' 

if V is given by xp = 1, or \l> = ^^(1 < k < N), or ip = |v|2, or ^ = \x-vt\2. Since / 
is nonnegative, these conserved quantities imply weighted L\ v bounds uniform 
i n ! > 0 . 
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Still because of (16), multiplying (10) by log / and integrating by parts, 
one obtains 

4 / / / \ogfdxdv + \ l f f J i 
(18) J MNxWr 470 J J J yiR»xiR»xIRNxS»-i 

r,<, , , x , _ _ / ' £ dxdvdv*duB(ffl - / / * ) • log T T = 0 . 
ff*. 

Again, this identity involving the (mathematical) entropy E(t) — 
[J/lR"xIR" f\ogfdxdv]{t) is formal. Observing that the second-term in (18) 
is nonnegative, one deduces in particular 

(19) E(t) is nonincreasing with respect to t > 0 . 

By a simple measure theory argument (first observed in Arkeryd [2]), 
we have for all (p > 0 and some positive constant CN independent of <p 

I I <p\log <p\dxdv< I I (p\og<pdxdv 
(20) J JmrxW " J JwNxW." 

+ CN{ f f <p(\x - x\2 + \v\2)dxdv\ 

where x is arbitrary in IR^. Combining (17), (19) and (20), one deduces easily 
that solutions of (10) satisfy for all / > 0 

(21) I J/IR-XIR- ;/(l +W)dxdv< Co(l'+ i2) , 

provided they satysfy these bounds initially (at t = 0). 

Since the nonlinearity in (10) namely the collision operator Q(f,f) is 
quadratic, it is not difficult to see that, for general collision kernels B, one can 
only hope for bounds of the form 

(22) j^\Q(<p,<p)\dv<c[j^Nvd^ , v^ex^nC) , v>o 

(even this bound requires some assumptions on B). In particular, in order 
to define solutions, say in the sense of distributions of (10), an estimate 
in £{^((0,00) x 1R,. ; Z/1(IRU )) seems necessary - notice also that if <p € 
L^ffi* x IR^), Q(f,<f) € Ll(W%) a.e. x e'JR?. But unfortunately it does not 
seem to be available. Of course, this also explains the difficulties associated 
with the study of regularity and uniqueness of solutions ... 

file:///ogfdxdv
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II.2 Renormalized solutions. 

We next want to explain the notion of solutions we will use. In order to 
do so, let us first introduce some notations 

m ) f « - ( / , / ) = / £ ( / ) . • , L{f) = faNUA{v-v<)dv*, 
K ) \ A(z) = fsN_1B(z,L,)du 

(24) Q + ( / , / ) = / / dv.duBJ'K 

so that obviously 

Q(fJ) = Q+(fJ)-Q-(fJ). 

Under mild assumptions on A (and thus on B), one immediately sees 

that because / G L°°(0, oo ; L^IR^ X MN)) , ̂  ^'j' can be assumed to lie in 
1 + / 

L°°(0,oo ,LX(WLN x JRN)); observe indeed that Q ^p < L(f). 

As we will see below, at least formally, (10) and again the fact that 

/ G L^O.oojL^IR" xIR*)) imply then that Q^f,P G L^O.TjL^lR" xIR*)) 
•" 1 + / 

for all T > oo. These bounds do not,use the entropy. 

For all these reasons, the bounds we assume in the following definition 
are quite natural. Recall that / > 0. 

DEFINITION . / G C([0, oo); Ll(TELN x IRN)) is a renormalized solution of (10) 
if 

£ ^ G r°(0,oo ;L\M? x B«)), 

for all T,Re (0, oo) and if /?0(/) where (30(t) = log(l +1) solves 

(25) ~/?o(/) + v • V.A(/ ) = ̂ ^ in Z^IR* x IR* x (0, oo)). 

Here and anywhere below, B? = {v G IR^ , |v| < 72}. 

Several remarks are in order: first of all, (25) is a consequence of (10) and 
of the chain rule for derivation. Next, one can in fact show (see DiPerna and 
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Lions [16]) that if / is a renormalized solution of (10), then for all /3 G ^([O, oo)) 
such that /?'(<)(1 -M) is bounded on [0,oo) 

§-tW) + v • Vx(5(f) = Q(f,/)/?'(/) in IRN x 1R* x (0,oo). 

Furthermore, this notion implies several other formulations such as the 
so-called mild formulation: denoting by <^(x,v,t) = (p(x + vt,v,t), if / is a 
renormalized solution of (10), then (Q±(fJ))i G Ll(0,T) ,/* is absolutely 
continuous with respect to t on [0,T] for all T < oo, for almost all x,v G IR 
and we have 

(25) ^- =Q(fJ)1 in (0,ob); for almost z, v G UN . 

Q±(f f) Finally, we would like to make precise the bounds on — ' . First, 
1 "T* / 

one has 

/ / dxdv^-^r < ( f f dxdvdv+f+A(v - vm) 
J JlRNxB? ••! + / "J J JlRN*B?xlRN 

= 11 dxdv+f+{ / A(v — v+)dv\ 
J JiR"xmN JB* 

<CR f f dxdvj.(l + \vm\2) 

provided we assume that Be L1 (BR x SN~1)(yR < oo) and that 

/ A(v-v*)dv<CR{l + M2) Vv*GlR" 
JBR 

for some nonnegative constant CR. 

Next, in order to estimate , one multiplies (25) by l^n(v) and 

one integrates over IR^ x IR^ x (0,T) to find 

/ / dxdvj3(f°)(x,v,T)- / ' / ' dxdvP(f°)(x,v,0) 
J JlRNxB* J JlRNxB* 

= [Tdt[f {9^-9^fJY\dxdv 
Jo J JlRNxB«\ 1 + / 1 + / J 

hence 

fa I dx I dv9lLLll 
Jo JlR" JB* 1 + / 

<( dx ( dvf°(x,v,T)+ [ dt I dx f dvQ, V'P . 
~ Jm" JB* V JO JW» JB» 1 + / 
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Q±(f f) 
Let us emphasize that these bounds on v ', ' do not use the entropy 

bound. On the other hand, they require a seemingly mild assumption on 
B and A. In fact, this assumption is restrictive since, for some model's, B 
presents some singularity when (z,u) vanishes, singularities which forbid-the 
integrations of B oyer SN_1. Of course, this assumption is automatically 
satisfied for the hard sphere model i.e. B(z,w) = |(z,w)|. 

II.3 Main results. 

We will assume that B satisfies 

BeL1(BRxSNl), 

0' dy I duB(z + y,u)\(l + \z\2)~l -+ 0 as \z\ -+ oo 
z+B* JSN-i J 

(26) 

\Jz+B 

for all R < oo, a slight strengthening of the assumption we used above. 

This assumption is a weak form of the usual angular cut-off hypotesis 
on the collision kernel and roughly means that grazing collisions are not taken 
into account. Our main existence result is then 

THEOREM II.l. We assume (12) and (26). Let / ° > 0 satisfy 

(27) R = J j w jg, /°(*, »){! + \x\2 + |, |2 + | \ogf\}dxdv < oo . 

Then, there exists a renormalized solution / € C([0,oo); L1 (IR^ xIR?)) of 
the Boltzmann equation (10) such that f\t=o = f° on JK^ x IR^ and satisfying 
in addition 

(28) sup / / / {1 + \x- vt\2 + \v\2 + \\ogf\}dxdv < R 
t>oJ Jw"xlR" 

(entropy inequality) 

,nn\ E(t) -f - I ds I dx I I dvdv* / Bdu 

(29) w 4 j0 Jw* j y^xf l r JSS-L 

{f'f'.-ff.} log ££<E(0) , fora//<>0. 
J J* 

t 

As we said in the Introduction, this existence result follows from 
approximation of the equation and (variants of) the following stability result. 
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THEOREM II.2. Let (fn)n be a sequence of renormalized solutions of 
(10). we assume that fn satisfies (28) for some R independent of n and (29). 
Then, without loss of generality, we may assume that fn converges weakly in 
/^((O, T) x HI? x IR )̂(VT < oo) to some f and that /° = fn\t=Q converges weakly 
inL^m? xIR") to some f°. Then, f e C([0, oo); L^IR? xIR?)) is a renormalized 
solution of (10) satisfying / ) t=0 = f°inIlF x Hi", (28) arid (29) where E(0) is 
replaced by \imnEn(0)(En(0) = / /IR"XIR» fnl°gffldxdv). In addition, we have 

(30) 
7/„*fo— (jHv inV^T-L1^)) 

for all q e [l,oo) ,T G (0,oo) and for all V> € L°°(IlC) 

( Q±(fnJn)tpdv - / Q±(fJ)Hv 

JlR" n JlR" 
(31) in measure in (0,T) x B? , for all R,T £ (0,oo) 

and for all tp € L°°(IR^) with compact support . 

REMARKS : 1) For the proofs of these two results, we refer to DiPerna and 
Lions [16], [17]. 

2) As we said several times before, uniqueness and regularity of these global 
solutions are major open questions. 

3) The solutions we build are such that f JJR x\j{N f*l>dxdv is independent 
of t > 0 if rp = 1 or ip = vjt(l < k < N}. Such a conservation is not known 
for r\) = \v\2 (or \l> = \x - vt\2): in other words, we were not able to prove 
that the kinetic energy is conserved. 

4) We do not know if the entropy identity holds i.e. whether the equality 
in (29) holds. 

5) A natural question is the propagation of L1 (or a.e.) convergence i.e. if 
/° —• f° in L^fll^ x JKN), is this convergence still true for positive time? 

n 

6) Another interesting ppen question concerns possible relaxations of the 
angular cut-off assumption (26). 

7) If one goes carefully throught the proofs of [16] in the light of the recent 
velocity averaging results in [2.3], one sees that if we skip the term 
fn | log fn | in (28), one still has 

L (3(fn)tpdv is relatively compact in Z ^ T j L 1 ^ ) ) 
IRN 
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for all (3 e Cl([0,oo)) such that P'{t){\ + t)~l is bounded. Therefore, the 
main use of the entropy in the global existence proof is to recover from 
this (renormalized) information the compactness of JJ^N fn\j)dv. 

8) Prior to our global existence results, Arkeryd proposed in [3]_a 
relaxed notion of solutions based upon nonstandard analysis, allowing 
straightforward constructions of such solutions. 

9) The methods used in the proofs of the above results have allowed, 
with appropriate modifications, variants or extensions, a similar 
treatment for BGK models (Perthame [33], Boltzmann-Enskog models 
(Polewczak [34], Arkeryd and Cercignani [5]), inelastic collision models 
(Esteban and Perthame [25]), Boltzmann equations with general 
boundary conditions (Hamdache [29]). Some results on approximation 
methods (Desvillettes [14]), the large-time behaviour (Arkeryd [4]), the 
convergence of Boltzmann-Dirac to Boltzmann models (Dolbeault [24]) 
and fluid dynamics limits to incompressible models (Bardos, Golse and 
Levermore [9]) have also been made possible. 

III. Results on Vlasov-Poisson systems (N > 2). 

III.l A priori estimates. • —- • 

We first derive some classical a priori/estimates on VP± systems (5)-(6). 
Again, recall that / > 0 and that all these estimates are formal ones. First of 
all, observing that divXiV(v} F) = 0, we deduce immediately that 

/ / 3(f(xyv,t))dxdv is independent of t > 0, 
(32) J JlRNxlKN } 

for all function /? E (^([(^oo); [0,oo)). 

In particular, all Lp(l < p < oo) norms of solutions are preserved and letting p 
go to oo, we also find 

(33) H/COIIL^CIR^XIR^) ^S independent of t > 0 . 

Next multiplying (5) by \v\2 and integrating by parts over IR^ x IR^, we 
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find 
d ff f\v\2dxdv = 2 f f F(xyt)vfdxdv 

J JlRNxlRN J JlRNxIRN 

= 2e / / $(x,t)divx(vf)dxdv 

= -2e / / Mx,t)^-dxdv 

= -2c f Q^Rdxdt 
J\RN & 

= -2c / V^~ (VQ)dx 

= -*[ F.%4,. 
JlR" & 

Therefore, we finally obtain 

(34) / / f\v\2dxdv + € [ \F\2dx is independent of t > 0 

/ Jm."xmr M" 
Hence, in the case of the VP+ system, this yields estimates of f\v\2 in 

Ll and F i n L2. 
If e = —1, deriving estimates from (34) is more delicate and in fact 

depends on N. To this end, we first recall a standard interpolation result 

(35) IWI îR", < c\\f\v\%1{mNx^p\\[~/(]RNx]BN), v/ e i 1 n L" 

1\T(n 1 ^ _L 9 « 1r» n 

for some positive constant C, where 1 < p < oo ,q = -77; -7—— , $ = - - — - . 
F ' - F - tH AT(p-l) + 2 qp-1 

A slightly more elaborate version of (35) involves the function log* t = 
max(0,log2): 

(36) / plog+ pdx < C f f f(\v\2 + log+ })dxdv , for all / > 0 
J\RN J J\RNx\RN 

and we refer the reader to DiPerna and Lions [21] for a proof of this fact. 

Then, by Sobolev embeddings one has 

\\F\\L,<C\\P\\™ MN>Z 

We now obtain some a priori estimates when N = 3 or N = 4 (the case 
when N — 2 being in fact simpler as we will see later on); similar estimates 
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are open if N > 5 but this is of course not relevant for applications to Physics 

where N = 3. Collecting (34), (35) and (37), choosing p = ^ if N = 3 or p = 2 
27V 

if N = 4 so that q.= ——- in both cases, we deduce 

2|i ^ \\JP\\2 s /-• | | / | | 2 ( l - ' ) i m . . | 2 | | 2 0 «.riu. < ii/̂ iSa < c^ii/iiiv-^u/iH'iir, 
i 

and 20 = - if TV = 3,20 = 1 if N = 4. We deduce from this following conclusions 

where we use (32), denoting by f° the initial condition for / at t = 0 
f suP<>0 {||/||LlnLP +.\\F\\L* + | | / H 2 | | L > } < oo 

( 3 8) J if e = - 1 , / ° E L1 H L», f°\v\2 E L1 , F° e L2 

| if iV = 3 , p = | o r i r ^ = 4 l p = 2 l | | / 0 | | L a < c 0 

for some positive constant c0 > 0. x 

We do not know if it is possible to improve these estimates. 

REMARK : In the case when N = 2, not only these estimates are simpler 
to obtain but in fact one can prove that there exist smooth solutions of VP± 
systems, see Batt [10], Degond [13] and the references therein -similar results 
also hold for solutions of VP systems when-N = 3 having some symmetries. 
In fact, the smoothness of solutions-depends in a crucial way upon having an 
estimate of F in L°°(IR2). Such an estimate can be obtained by the following 
argument that we believe to be new. The idea is to obtain weighted L1 

estimates on / and bootstrap this information with Lp regularity of F. We will 
v— 1 

assume that f° e Lp for some p > 2 and that /.0|v|Of € L1 for some a > 2-—-
V — 2 

(notice that a > 2 if p = +oo). Then, we first use (32) and (35) to deduce that 
2» — 1 

suPt>o IWIL«(IR2) < °° w i t n 9 = :, a n d t n u s supt>0 I I ^ H ^ - ^ ) < oo where 
q* = 2(2p- 1). Next, we use the equation and multiply it by |v|m where m > 2 
is to be determined. We integrate by parts and find 

d_ 
dt JL*mw^<"hirv*(Jnefivr->*«] 

But similar interpolation arguments to (35) yield that | | /JR2 /M™"1 

da:||£« can be estimated by \\{\\LP for some q depending on m. When m — 2, 
we have 

II / /M«te |U.< C\\( J\v\2dv\\v\\f\\L, where „ = ^Lz21. 
Jm.2 Jue 3» - 1 
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1 1 ^n 
Then, observe that h — = n/n ,x < 1 since p > 2. Hence, there 

qi q+ 2 ( 2 p - l ) 
exists m G (2, a) such that sup(>0 / I R N \F\dx (JIRa /'|v|rr*~1 rfv) < oo, therefore 

sup / / f\v\mdxdv < oo for all T < oo . 
[o,T] J ./IR"XIR" 

Then, by similar interpolation results to (35), one deduces 

S UP I Mil < °° f°r s o m e r > 
[o,T] P 

and we may iterate this procedure. Since this is an increasing process, we 
2p — 1 

just have to check that starting with J\v\p G Ll where (3 > — instead of 
p- I 

/ |v |2 G L1 we may find m > a such that |F|-/jj|a f\v\m~1dv G Ll,m order to make 
sure that during this increasing process we find a bound on f\v\P in L1 for some 

p > _Z_—m But this is straightforward since f\v\P G Ll with /? > ——— implies 
p-2 p-2 

that p G £* for some q > 2 which in turn implies that F e L°°. Therefore, one 
then deduces that f\v\a is bounded in Ll,F is bounded in L°° and then p is 
bounded in Lp on all bounded time-intervals. 

We just made the above rough argument in order to avoid the tedious 
explicit computations required for a precise proof. 

III.2 Notions of solutions. 

We begin by recalling (and extending) the notion of weak solutions as 
used in Arsenev [6] for instance. Recall also that we always assume / > 0. 

DEFINITION 1. Let f G £°°(0,oo ; L1 n . I 2 ) , / is a weaA' solution of 
the VP system if f\v\2 G L°°(0,'oo ; L1) and thus p G L°°(0,oo ;L#+*), if 

x 
F = ecyvj—ry * p G £°°(0, oo ; I?) and we have 

(39) ^ + div*(t,/) + d iv x (F / ) = 0 in D'(TEg x < x (0,oo)) 


