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PREFACE

This volume contains articles based on talks given at a workshop in Trento, Italy, on
4–5 September 2009, by Frédéric Campana, Paola Frediani, Bert van Geemen, Diego
Matessi, and Gregory Sankaran. The diversity of the contributions reflects the wide
range of investigations currently dealing with these central subjects relating classical
and modern algebraic geometry, without any pretention to completeness. In addition to
those mentioned above, research talks were also given by Cinzia Casagrande, Kieran
O’Grady, and Christian Schnell. The work that they discussed can be found in the
related references [7, 15, 16, 18].

The Workshop followed a School at which Claire Voisin and Eduard Looijenga
delivered mini-courses of five lectures, and Christian Schnell gave two lectures (this
time, in his capacity as course tutor). This material will appear in a future volume. The
combined meeting was organized by the Centro Internazionale per la Ricerca Matem-
atica (CIRM), as part of their successful programme for 2009.

Although not all talks addressed the first topic of the title directly, it is as well
to include some introductory remarks about Hodge Theory, which was originally de-
veloped by W. V. D. Hodge in the 1930’s, and is used to relate the geometry, analysis
and topology of compact Kähler manifolds through the study of harmonic forms. His
motivation was to solve a difficult problem posed by Severi about the vanishing of a
double integral of the first kind on an algebraic surface all of whose periods are zero.

In contemporary language, Hodge Theory provides harmonic representatives
for Dolbeault cohomology classes of(p,q)-forms on a compact Kähler manifold. These
representatives constitute finite-dimensional vector spacesH p,q whose dimensions are
denoted byhp,q and called Hodge numbers; placed together they form the Hodge dia-
mond of the manifold. The resulting decomposition expresses each complex De Rham
cohomology “group” as a direct sum of subspacesH p,q with the property thatH p,q

andHq,p are complex conjugate. This then serves as a model for an abstract Hodge
structure on a vector space.

From the historical and scientific viewpoint, the theory of variation of Hodge
structure, as developed by Griffiths and Deligne in the 1970’s, is a powerful tool for
studying algebraic varieties in characteristic zero. It consists mostly in the study of the
(mixed) Hodge structures associated to algebraic varieties, and their variations, i.e. a
family of Hodge structures parameterized by some space. Theso-called period map
allows one to study moduli spaces qualitatively, and to examine natural local systems
of cohomology on them. Sometimes, it can even give rise to a uniformization of the
relevant moduli spaces.

Another aspect of Hodge theory is the study of the Hodge conjecture and its
variants (the generalized Hodge conjecture and the variational Hodge conjecture, to
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mention just two). The two aspects are related via the study of Hodge loci, which are
natural subvarieties of moduli spaces. The whole subject presents a fascinating mixture
of topology, Lie group theory and algebraic geometry. The best example of this is the
fact that the constant local systems underlying variationsof Hodge structure are of a
topological nature, while the variation of Hodge structureitself and the Hodge bundles
can only be defined within the framework of algebraic geometry.

Local systems and their monodromy groups actually play an important role in
the articles of Paola Frediani, of Ricardo Castaño-Bernardand Diego Matessi, and
of Alice Garbagnati and Bert van Geemen. In the paper of Frediani, local systems
and the Gauss–Manin connection allow one to compute the second fundamental form
of the period map, using appropriate exact sequences of sheaves. Castaño-Bernard
and Matessi use the monodromy of the local system to predict the topology of the
“lacking” fiber. In the paper by Garbagnati and van Geemen, the local system allows
one to compute the Picard–Fuchs equations via the Gauss–Manin connection. As these
authors write, it is important to underline the role of Hodgetheory in Mirror Symmetry:

. . . A spectacular result from Mirror Symmetry is that a certain solution of
this Picard–Fuchs equation defines a power series in one variable whose
coefficientsad allow one to compute the Gromov–Witten invariants of a
quintic threefold, that is, roughly, the number of rationalcurves of degree
d on a quintic threefold.

Mirror Symmetry is based on a study of Calabi–Yau manifolds that play an important
role in theoretical physics, in particular string theory, which first revealed the concept in
a heuristic fashion [6]. It predicts the correct numbers of rational curves on Calabi–Yau
threefolds and relates to variation of Hodge structure on the mirror family.

The concept has had profound implications within mathematics, and has led
to new areas of research. An axiomatic foundation has been built through the work
of Kontsevich–Manin on Gromov–Witten invariants and quantum cohomology [14],
extending classical enumerative techniques in algebraic geometry. In a related direc-
tion, Castaño-Bernard and Matessi give an introduction to the so-called Gross–Siebert
mirror construction. The work is implicitly related to the conjectures of homologi-
cal mirror symmetry, whereby thecomplexandsymplectictheories of mirror pairs of
Calabi–Yau manifolds are interchanged [12, 13].

The article by Arie Peterson and Gregory Sankaran contains aproof of a special
case of a general theorem taken from the second author’s joint 2007 Inventiones paper
The Kodaira dimension of the moduli of K3 surfaces[11], and relevant combinatorics.
The moduli of K3 surfaces is closely related to spaces classifying Hodge structures, in
view of the global Torelli theorem on the injectivity of the period map that associates
to a K3 surface part of its Hodge structure (see Section 5). A nice account of this can
be found in section 10 of [10], cited by Garbagnati–van Geemen, whose own article on
the deformations of Calabi–Yau threefolds is also closely related to the K3 theory.

Campana’s paper concerns a different approach to the classification of algebraic
manifolds, based on properties of the canonical bundle whose triviality characterizes
the K3 surfaces and Calabi–Yau manifolds mentioned above. It is therefore concerned
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with birational invariants and versions of the Kodaira dimension. It is related to Hodge
Theorya posterioriin order to obtain results closer to the results of Viehweg concern-
ing rigid families of varieties, whereby the positivity of acertain sheaf can be deduced
by studying the dimension of the image of a moduli map. This theory is also related to
injectivity properties of Torelli maps.

We quickly examine each of these works in turn, in the order (alphabetical by
first author) in which they appear in this volume, beginning therefore with the one just
mentioned.

1. Birational stability of the cotangent bundle
by F. Campana

This paper complements results in [3] and [5], where complete definitions can be found.
Its main object of study is the so-called Kodaira dimensionκ(X) of a complex projec-
tive manifoldX. This is involved in the Iitaka conjecture.

The Iitaka conjecture states that the Kodaira dimension of afibration is at least
the sum of the Kodaira dimension of the base and the Kodaira dimension of a general
fiber. This motivates a classification programme for algebraic varieties, in which it is
sought to representX as a fibration over a variety of general type, with typical fiber of
Kodaira dimension 0. This is quite a natural idea, given thatthe application of the Proj
construction to the pluricanonical ring should produce a projective variety in which the
sections of powers of the canonical bundleK “capture” as much as they can aboutX.

Also relevant is the conjecture that concerns the vanishingof the plurigenera,
namely

κ(X) =−∞ =⇒ X is uniruled.

By assuming one or more selected conjectures, the author conditionally proves that
the cotangent bundle of a complex projective manifold X is “birationally” semistable,
unless X is uniruled.

The article’s starting point is the concept ofsaturatinga line bundle or sheaf.
It contains a simple proof of the pseudo-effectivity of the relative canonical bundle
of a fiber space when its generic fibers are not uniruled. Moreover, all these notions
are extended to the category of “smooth orbifolds’. The paper includes a wealth of
examples of Fano type.

The author writes:

. . . Combined with Hodge theoretic arguments, it might indeed permit one
to easily obtain stronger versions, closer to Viehweg’s results.

One link with Hodge theory might be found in Section 8, and thediscussion of the
Q-divisor D on Y, since Hodge theory deals with the representation of such rational
cycles or divisors using harmonic forms.
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2. The fixed point set of anti-symplectic involutions of Lagrangian fibrations
by R. Castaño-Bernard and D. Matessi

This paper is a review of previous results of the authors about the topology of the fixed
point locus of anti-symplectic involutions on symplectic manifolds. The authors also
report on some work in progress. They write:

. . . one reason why the fixed point set of an anti-symplectic involution is
interesting is that its Floer homology is particularly wellbehaved. . .

Many of the results and ideas mentioned here on Lagrangian fibrations are based on,
or inspired by, the work of Mark Gross and Bernd Siebert.

The basic object is the so-called integral affine manifold with singularities
(B,∆,A). HereB is topological manifold,∆ is a closed subset ofB with B0 := B−∆
dense inB andA is a atlas ofB0 whose change of coordinates are (in each connected
component) affine mapsAx+ v with A∈ Sln(Z). The authors explain how to attach a
Lagrangian submersionπ0 : X0 → B0 to such(B,∆,A) and then they point out that:

. . . we may ask whether we can find a symplectic manifoldX and extend
the bundlef0 : X0 → B0 to a Lagrangian fibrationf : X → B by inserting
singular Lagrangian fibers over the set∆. . .

Notice thatπ0 comes with a Lagrangian section, namely the zero section. The anti-
symplectic involutionτ onX0 is the reflectionα 7→ −α.

The so-called Focus-focus example, whereB = R2 and∆ = (0,0) is the more
elementary example. This expounds the basic idea which allows one to find the “lack-
ing” fiber over∆. Namely, to study the fixed part of the monodromy of the local system
given by the homology groups of the fibers ofπ0. Also this example is very important
since it is the “local model” used to extend a so-calledsimple2-dimensional integral
affine manifolds via a gluing argument. Indeed, the important example in whichB= S2

and∆ has 24 points is described. In this case the extended total spaceX is diffeomor-
phic to a K3 surface, and it is shown that the fixed point setΣ of the anti-symplectic
involution has two connected components; one of them is the zero section and the other
is a genus 10 surface.

The connection with Mirror Symmetry is explained. The link (shown by Gross)
comes from the duality between the tangent and the cotangentbundle, and the quotients
TB0/Λ andT∗B0/Λ̌ by the pair of dual lattices.

There is a description of Gross’ results on Leray spectral sequences applied to
the local systems of torus fibrations associated to simple integral affine manifolds. As
a interesting consequence, it is explained why the equalityb1(Σ) = 20= h1,1(X) is not
a coincidence.

The article includes a discussion of the local models when dimB= 3 and some
comments about the deep results obtained in [2]. Finally, there is a discussion of the
cohomology of one example of a fixed-point locus of an involution. This arises from
the Lagrangian fibration of Schoen’s Calabi–Yau manifold.
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3. The second Gaussian map for curves: a survey
by P. Frediani

Let Ag be the moduli space of principally polarized abelian varieties of dimensiong and
let j : Mg → Ag be the period map sending a curve to its Jacobian.It is an interesting
and classical problem to understand the geometry of the image of Mg in Ag.

On Ag there is a natural metric coming from theSp(2g,R) invariant metric
(unique up to a scalar) on the Siegel spaceHg

∼= Sp(2g,R)/U(g) of which Ag is the
quotient bySp(2g,Z). An explicit expression for the second fundamental form of the
immersionj was given in [9].

The second fundamental form of the immersionj is the same as that in sub-
manifold geometry. In the present context, it is the difference between the Levi-Civita
connection of the Siegel metric onAg and the Levi-Civita connection of the induced
(also called Siegel metric) on the smooth part ofMg. This is explained in [8, page
1236]. Calculations are carried out in the language of algebraic geometry using, for
example, exact sequences of sheaves. This is in contrast to the approach of differen-
tial geometers, who are used to regarding the second fundamental formα(X,Y) of an
immersioni : M → N as the normal component of the ambient covariant derivativeof
tangent vector fields, i.e.α(X,Y) := (∇N

XY)⊥.

In [9], it was proved that the second fundamental form lifts the second Gaussian
mapγ2

C : I2(C) → H0(C,4KC) of a curveC, a result stated in an unpublished paper of
Green and Griffiths. The present paper is a survey on results obtained by the author
in collaboration with Elisabetta Colombo and Giuseppe Pareschi on the second Gauss
mapγ2

C of a curveC, and on its relation with the second fundamental form of immersion
given by the period map.

The guiding principle is that information about the mapγ2
C can be used to obtain

information about the holomorphic curvature of the Siegel metric onMg. By using the
so-called Schiffer variationsξP, the author explains the relation between Weierstrass
points of a hyperelliptic curve or a ramification point of theg1

3 on a trigonal curve on
the one hand, and the holomorphic sectional curvatureH(ξP) on the other.

The article contains a description of results on the second Gaussian mapγ2
C of

a curveC that is contained in aK3 surface. There is also a report about both Gaussian
mapsγ1

C andγ2
C, also called Wahl maps, whenC is contained in an abelian surface.

4. Examples of Calabi–Yau threefolds parametrised by Shimuravarieties
by A. Garbagnati and B. van Geemen

The relationship of this topic with Hodge Theory is immediate via the Hodge diamond
and its role in Mirror Symmetry: two mirror CY manifoldsX,Y satisfy

h2,1(X) = h1,1(Y) and h2,1(Y) = h1,1(X).

At the foot of the article’s second page one finds the statement:
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. . . In analogy with the case of curves, abelian varieties andK3 surfaces,
one studies the Hodge structures on the cohomology groups inorder to
understand these varieties better. For CY threefolds, onlyH3 is of interest,
asH2(X,C) = H1,1(X).

A compact Kähler manifoldX carries a Hodge structure, that is, a decomposi-
tion into types of the De Rham cohomology spacesHn(X,C). Moreover, such a Hodge
structure ispolarizedby the intersection formQX . A simplest case is a genus one curve,
i.e. a torus. In this case the Hodge structure determines thetorus as a complex manifold
or elliptic curve [19, page 169].

If X is the fiber of a deformationX→ B, then it is natural to study the Hodge
structures of the fibers in order to have an idea of the possible complex structures which
X as a manifold can support. Roughly speaking, the points of the period spaceD are
the candidate Hodge structures of compact complex manifolds diffeomorphic toX.
Inside the period space there is subvariety, also calledB, consisting of all deformations
of X. In caseB is the quotient of a Hermitian symmetric space of non-compact type,
the deformation space is said to be a Shimura variety.

In this paper, which incorporates notes from talks of the authors, there are sev-
eral explicit examples of Calabi–Yau threefolds whose deformation space is a Shimura
variety.

5. On some lattice computations related to moduli problems
by A. Peterson and G. K. Sankaran, with an appendix by V. Gritsenko

Many moduli spaces in algebraic geometry can be described aslocally symmetric
varieties, i.e. quotientsΓ\D of a Hermitian symmetric domainD by an arithmetic
group Γ. The problem then is to understand the birational geometry of such quo-
tients. For example, to understand if such a quotient is of general type, meaning that
κ(Γ\D) = dim(Γ\D), whereκ(X) indicates the Kodaira dimension ofX.

A compact complex surfaceS is a K3 surface ifS is simply connected and if the
canonical bundle is trivial, that is to say there existsωS ∈ H2(S,Ω2) that is nowhere
zero. For example, a smooth quartic inCP3 is a K3 surface and all quartics (modulo
projective equivalence) form a (unirational) space of dimension 19.

The period ofS is the point[ωS] of the projective spaceP(H2(S,C)). By the
Torelli theorem, the period of a K3 surface determines its isomorphism class. The
moduli space of all K3 surfaces is not Hausdorff, and for thisreason it is better to
restrict to moduli spaces of polarised K3 surfaces.

A polarised K3 surface of degree 2d is a pair(S,H) consisting of a K3 surfaceS
and a primitive pseudo-ample divisorH onSof degreeH2 = 2d> 0. The moduli space
of such pairs is denoted byF2·d. By a result of Piatetskii–Shapiro and Shafarevich [17],
F2·d is the quotient of a classical Hermitian domain of typeIV , a so-called Lie ball, of
dimension 19, by an arithmetic group. As such, it is a quasi-projective variety, as
follows from the work of [1].
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The main result of this paper is as follows:

THEOREM. The moduli spaceF2·52 of K3 surfaces with polarisation of degree
104 is of general type.

Its proof uses the method explained in [11], and involves a combinatorial condition:

. . . there should exist a vectorl in the root latticeE8 (or E7 in the hyper-
kähler case) of square 2d, orthogonal to very few roots. . .

As the authors explain, the cased = 52 was omitted in [11], due to an incorrect inter-
pretation of the output of a randomised search.

An appendix of the paper by the third author explains how the cased= 52 could
have been foreseen without the help of a computer. In any case, the paper incorporates
some computer code (in the functional programming languageHaskell) that was used
to solve the combinatorial problem addressed in the work.
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BIRATIONAL STABILITY OF THE COTANGENT BUNDLE

Abstract. We introduce a birational invariantκ++(X|∆) ≥ κ(X|∆) for orbifold pairs(X|∆)
by considering the∆-saturated Kodaira dimensions of rank-one coherent subsheaves ofΩp

X .
The difference between these two invariants measures the birational unstability ofΩ1

(X|∆).
Assuming conjectures of the LMMP, we obtain a simple geometric description of the invari-
antκ++(X|∆), as the Kodaira dimension of the orbifold “rational quotient” of (X|∆).
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Introduction

Roughly, we shall show, using some standard conjectures, that the cotangent bundle
of a complex projective manifoldX is “birationally” semi-stable, unlessX is uniruled,
in which case the unstability is controlled by its “rationalquotient”. More precisely,
we introduce a birational invariantκ++(X) ≥ κ(X), the difference measuring the bi-
rational unstability of its cotangent bundle. The invariant κ++(X) is the maximum
of the “saturated” Kodaira dimensions of rank-one coherentsubsheaves of allΩp

X, for
any p > 0. This is a measure of the birational positivity of these subsheaves, in con-
trast to their “numerical” positivity, by means of polarisation slopes. Conjecturally,
κ++(X) = κ(R(X)), whereR(X) is the “rational quotient” ofX (see Section 1). For
example, one should haveκ++(X) =−∞ if and only if X is rationally connected, with
X unstable in this sense if and only if uniruled, but not rationally connected. The study
of the Kodaira dimensions of such sheaves was initiated by F.Bogomolov in [4], where
bounds and a partial geometric description of extremal cases were established.

We extend these notions and conjectures to the category of “smooth orbifolds”.
These appear naturally in the geometric interpretation of the saturation process of the
subsheaves of SymN(Ωp

X) introduced in the definition ofκ++(X). This category is, on

207
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the other hand, needed in an essential way for the birationalclassification. We then
reduce the above conjecture in the “orbifold” setting to other standard conjectures of
the LMMP, and to an extension of Miyaoka’s generic semi-positivity for lc1 pairs with
c1 = 0. The notion of rational curve, uniruledness and rational connectedness will be
introduced in the context of smooth orbifolds as well. We show the uniruledness of
some peculiar Fano orbifolds by specific elementary methods.

We also prove a stronger “numerical dimension” version, namely ν++(X) =
κ++(X) = κ(R(X)) in the orbifold context, conditional on the same set of conjectures,
in Section 7 (see the definitions there). The proof simplifiesthe earlier proof given in
[8] of the weaker result concerningκ++.

We incidentally give in Section 8 a (seemingly) new very simple proof of the
pseudo-effectivity of the relative canonical bundle of a fibre space when its generic
fibres are not uniruled. This gives a weakened version of Viehweg’s weak positivity
results, which permits one to deduce theCn,m Conjecture from the Abundance Conjec-
ture, and is potentially susceptible of further developments.

As an application outside of the birational classification,we will mention the
Isotriviality Conjecture for families of canonically polarised manifolds parametrised
by a “special” quasi-projective manifold, which can also bereduced to the very same
set of conjectures, and thus becomes a problem in birationalclassification.

The present text complements results in [8], [7], and [11], where complete def-
initions can be found.

1. Definitions and conjectures

Let X be a complex projective connectedn-fold. The main concern of birational al-
gebraic geometry consists in deducing qualitative birational geometric properties ofX
from positivity or negativity properties of the canonical bundleKX . In particular, one
would like to describe in these terms the birational invariants of manifoldsY which
are “rationally dominated” byX, i.e., such that there exists a dominant rational map
f : X 99KY (we then write:Y ≤ X), and so the following invariant:.

DEFINITION 1. Let κ+(X) := max
{Y≤X}

{κ(Y)}.

Thusn≥ κ+(X)≥ κ(X), andκ+(X) =−∞ if and only if κ(Y) =−∞ for anyY ≤ X.

This invariant2 has a conjectural description, in terms of the “rational quotient”
(or “MRC-fibration” ) rX : X 99K R(X). Recall that this rational fibration has rationally
connected (RC, for short) fibres, and non-uniruled baseR(X) (or is a point if and only
if X is rationally connected) [16]. WhenX is not uniruled,R(X) = X, andrX is just the
identity map.

1Stands for “log canonical”, see [23], for example, for this notion, as well as for klt pairs. We shall also
use the standard short form LMMP for “log-minimal model program” below.

2We also trivially haveκ+(X)≥ κ+(X), if κ+(X) is the invariant defined in [10]. But conjecturally also
these two invariants should always coincide. This could, infact, be shown by the arguments used below.
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CONJECTURE1. For anyX, one hasκ+(X) = κ(R(X)). In particular,κ+(X) =
κ(X) if κ(X)≥ 0.

This conjecture can be reduced to two other quite standard conjectures. Recall
that a (rational) “fibration” means here a surjective (rational) holomorphic map with
connected fibres.

CONJECTURE2. (1) (The “Cn,m Conjecture” of Iitaka). For any fibration
f : X →Y, one hasκ(X)≥ κ(Xy)+κ(Y). In particular,κ(X)≥ κ(Y) if κ(X)≥ 0, since
thenκ(Xy)≥ 0. HereXy is the generic fibre off .

(2) (The “Uniruledness Conjecture”). Ifκ(X) =−∞, X is uniruled. (The conv-
erse is easy).

Sketch of proof of(1) using (2). Assume first thatκ(X) ≥ 0. TheCn,m Conjecture,
applied to anyf : X →Y, directly implies the result in this case. In general, letr : X →R
be the “rational quotient”. IfX is rationally connected,R is a point, andκ+(X) =−∞,
since anyY ≤X is uniruled. Thus the equality. Otherwise, letf : X →Y be any rational
fibration. If the generic fibreXr does not map to a point,Y is uniruled, andκ(Y) =−∞.
ThusY ≤ R if κ(Y)≥ 0, which is the claim. �

REMARK 1. The invariantκ+(X) is “external” in the sense that it uses man-
ifolds Y others thanX. We shall now introduce a second, closely related, invariant,
which is “internal” toX, because it refers only to data defined onX itself.

Let f : X →Yp, with p := dim(Y) > 0, be a “fibration”, and letL f be the line
bundle onX defined byL f := f ∗(KY) ⊂ Ωp

X. Thus,κ(X,L f ) = κ(Y), andm.L f ⊂
Symm(Ωp

X) for all m> 0. We may “saturate”m.L f in Symm(Ωp
X) and correspondingly

the space of sections ofm.L f , and give the following definition (for anyL ⊂ Ωp
X, not

only ones of the formL f ):

DEFINITION 2. Let L⊂ Ωp
X a rank-one coherent subsheaf, and for any m> 0,

let H̄0(X,m.L)⊂H0(X,Symm(Ωp
X)) be the subspace of sections taking values in m.L⊂

Symm(Ωp
X) at the generic point of X. Thus H0(X,m.L)⊂ H̄0(X,m.L), andH̄0(X,m.L)

is also the space of sections of the saturation of m.L in Symm(Ωp
X).

Let h̄0 := dimC H̄0, and set

κ∗(X,L) := limsup
m>0

{ log(h̄0(X,m.L))
log(m)

}
.

By standard arguments (see [28, §5], for example), one showsthatκ∗(X,L) is
either−∞ or an integer at mostn. A fundamental theorem of Bogomolov (see [4])
actually asserts thatκ∗(X)≤ p, with equality if and only ifL = L f for some dominant
rational fibrationf : X 99KYp. However,Y does not need to be of general type in this
situation, since due to taking saturation,κ∗(X,L f ) ≥ κ(X, f ∗(KY)) = κ(Y), the first
inequality being strict in many cases. The difference will be geometrically described
below.
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DEFINITION 3. For any X, letκ++(X) := max
{p>0, L⊂Ωp

X , rkL=1}
{κ∗(X,L)}.

Note thatκ++(X) is a birational invariant, withn≥ κ++(X)≥ κ+(X)≥ κ(X).

CONJECTURE3. For anyX, κ++(X) = κ+(X) = κ(R(X)).

WhenX is rationally connected, it is easy to see thatκ++(X) =−∞ by restrict-
ing Ωp

X to a rational curveC with ample normal bundleN, and considering its natural
filtration with quotients(Ω1

C)⊗ (N∗)⊗k. A relative version of this permits one to show
that κ++(X) = κ++(R(X)) for anyX. See Lemma 3 below. One is thus reduced, by
Conjecture 2 (2), to the special case whereκ(X)≥ 0.

Notice that here, however, the caseκ(X) ≥ 0 cannot be derived from theCn,m

Conjecture, since a geometric interpretation ofκ++(X) is lacking. Working in a larger
category will permit us at the same time to give a geometric interpretation ofκ∗(X,L f ),
to formulate a suitable version of theCn,m Conjecture, and to give a canonical birational
decomposition of anyX in terms of “pure” manifolds, for which the canonical bundle
has one of the three basic possible “signs” (+,0,−), in some suitable birational sense.

2. Extension to the category of “smooth orbifolds”

Let f : X → Yp be a fibration, andL f = f ∗(KY) ⊂ Ωp
X. We shall always assume that

f is “neat” (i.e., that the discriminant locus off is of snc (simple normal crossings),
and that thef -exceptional divisors ofX are alsou-exceptional for some birational map
u : X → X′, with X′ smooth). This condition can always be realised, by means of
Raynaud (or Hironaka) flattening theorem, after suitable modifications ofX andY.

The invariantκ∗(X,L f )≥ κ(X,L f ) = κ(Y) can be interpreted geometrically as
follows in terms of the “base orbifold” off .

A lc pair (X|∆) consisting of a projective manifoldX and of an effectiveQ-
divisor ∆ = ∑ j∈J a j .D j , with a j = (1− 1

mj
) will be said to be “smooth” if Supp(∆) =

⌈∆⌉ is of snc. We shall writea j = (1− 1
mj
), or equivalently: mj := (1− a j)

−1 ∈
Q∩{+∞}, for the∆-“multiplicity” of D j (equal to 1 ifD is not one of theD j ’s). We
shall also call such a pair a “smooth orbifold”. They interpolate between the “compact”
case in which∆ = 0, and the “open” or “logarithmic” case, in which∆ = ⌈∆⌉ 6= 0.

DEFINITION 4. The “base orbifold” of f : X → Y is the pair(Y|∆ f ), with
∆ f := ∑

E
(1− 1

m( f ,E)).E, E running through the set of all prime divisors of Y . We define

m( f ,E) := in fk∈K(E){tk,E}, and tk,E by the equality f∗(E) = ∑
k∈K(E)

tk,E.Dk+R, K(E)

being the set of prime divisors Dk ⊂ X such that f(Dk) = E, while R is f -exceptional.

Notice that the sum defining∆ f is, in fact, finite, sincem( f ,E) = 1 whenE is not a
component of the discriminant locus off .
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The pair(Y|∆ f ) is thought of as a “virtual ramified cover” ofY eliminating by
base change the multiple fibres off in codimension one.

The geometric interpretation ofκ∗(X,L f ) is now the following:

THEOREM 1. ([7]) For f as above, one has

κ∗(X,L f ) = κ(Y,KY +∆ f ) =: κ(Y|∆ f ).

The origin of the differenceκ∗(X,L f )−κ(X,L f ) thus lies in the multiple fibres off .
This theorem completes some of the results of [4]. The study of the invariantκ++(X)
thus leads to the consideration of “smooth” pairs(X|∆), but for reasons different from
the ones in the LMMP.

These “smooth pairs” can be naturally equipped with lots of geometric invari-
ants not considered in the LMMP. We shall briefly list, but notdefine them3:

• Morphisms and birational maps.We thus obtain a category. IfV = X −
D is a quasi-projective manifold, with smooth compactification X and complement
D such that(X|D) is smooth, then the birational class ofV does not depend on the
compactifying pair(X|D) in this category.

• Sheaves of symmetric differentials.These are locally free sheaves
Sm(Ωp(X|∆)) interpolating between Symm(Ωp

X) and Symm(Ωp
X(log(Supp(∆)). When

p= 1, in local analytic coordinates(x1, . . . ,xn) “adapted” to∆ (i.e., in which the sup-
port of ∆ is contained in the union of coordinate hyperplanes, the hyperplanex j = 0
having coefficient 0≤ a j ≤ 1), the sheafSm(Ω1(X|∆)) is generated, as anOX−module,

by the elementsdx(N) :=
⊗ j=n

j=1
dx

⊗Nj
j

x
[aj .Nj ]
j

, parametrised by then-tuples(N) = (N1, . . . ,Nn)

such thatm= N1+ · · ·+Nn.

In particular,m.(KX +∆) = Sm(Ωn(X|∆)).
Morphismsf : (X|∆)→ (Y|∆Y) functorially induce maps of sheaves of symmet-

ric differentials, moreover, the spacesH0(X,Sm(Ωp(X|∆))) are birational invariants of
the smooth pair(X|∆).

• The “integral” case.When∆ is moreover “integral” (i.e., if alla j ’s are of the
“standard” forma j = 1− 1

mj
with mj either integral or+∞, that ismj = 1), one can

define additionally the 3 following invariants:π1(X|∆), the Kobayashi pseudometric
d(X|∆) onX, and the notion of integral points (over any field of definition).

The invariants defined above permit one to extend, as follows, to “smooth pairs”
(X|∆) the birational invariantsn≥ κ++(X|∆)≥ κ+(X|∆)≥ κ(X|∆).

Let, indeed, a smooth pair(X|∆) be given.

• For anyL ⊂ Ωp
X , andm> 0, letH̄0(X|∆,m.L)⊂ H0(X,Sm(Ωp(X|∆))) be the

subspace of sections taking values inm.L ⊂ Sm(Ωp(X|∆)) at the generic point ofX.

Equivalently,H̄0(X|∆,m.L) = H0(X,m.L
∆
) is the space of sections of the saturation

m.L
∆

of m.L in the sheafSm(Ωp(X|∆)).
3See [7, §2] for the definitions.
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• Define next

κ∗(X|∆,L) := limsup
m>0

{ log(h̄0(X|∆,m.L))
log(m)

}
.

• For any neat fibrationf : X →Y, we define an orbifold base(Y|∆( f |∆)) exactly
as above when∆ = 0, simply replacing therem( f ,E) by

m(( f |∆),E) := inf
k∈K(E)

{tk,E.m∆(Dk)},

recalling thatm∆(Dk) is the multiplicity of Dk in ∆. The notations are those of Def-
inition 4 above. The reason for this definition comes from a formula to compute the
orbifold base of the composition of two fibrations. Whenf is only rational, replace it
first by a “neat” model.

Theorem 1 above still holds:κ∗(X|∆,L f ) = κ(Y|∆( f |∆)).

• Define finallyκ+(X|∆) := max
{Y≤X}

{κ(Y|∆( f |∆)))}, and

κ++(X|∆) := max
{p>0, L⊂Ωp

X , rkL=1}
{κ∗(X|∆,L)}.

Conjecture 3 can now be partially extended to “smooth orbifolds”:

CONJECTURE4. For any “smooth pair”(X|∆) such thatκ(X|∆) ≥ 0, one has
κ++(X|∆) = κ(X|∆).

In general, we shall conjecture thatκ++(X|∆) = κ+(X|∆) = κ(R∗|∆(r∗|∆)), the
fibration r∗ : (X|∆) → R∗, which is a substitute of the rational quotient, being condi-
tionally defined in Proposition 2 whenκ(X|∆) =−∞.

We shall provide in Section 7 a conjectural geometric interpretation (see Con-
jecture 9 below) of the conditionsκ = −∞ andκ++ = −∞ in the orbifold context, in
terms of “orbifold” rational curves.

3. Orbifold additivity

Let (X|∆) be a “smooth” pair, andf : X →Y be a “neat” fibration, with “orbifold base”
(Y|∆( f |∆)). Notice that the restriction of∆ to a generic fibreXy of f induces a smooth
pair (Xy|∆y).

CONJECTURE5. (“TheCorb
n,m Conjecture”)κ(X|∆)≥ κ(Xy|∆y)+κ(Y|∆( f |∆)).

Observe that, even when∆ = 0, this strengthens the Iitaka ConjectureCn,m (because of
the second term on the right hand side, which takes multiple fibres into account).

THEOREM 2. ([7]) When the orbifold base of( f |∆) is of general type (i.e., if
κ(Y|∆( f |∆)) = dim(Y)), we have:κ(X|∆)≥ κ(Xy|∆y)+dim(Y).
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The proof is an orbifold adaptation of Viehweg’s arguments used when∆ = 0
([29], see also [19] for a related result). Nevertheless, the orbifold context considerably
extends the range of applicability. Applications wil be given in Section 5. We first
derive some (conditional) conclusions of the conjecture.

We now introduce the two fundamental fibrations of birational classification in
the orbifold context.

The first one is the Iitaka–Moishezon fibrationJ : (X|∆)→ J(X|∆), defined by
a suitable linear systemm.(KX + ∆) when κ(X|∆) ≥ 0. Its two defining properties
are that its generic orbifold fibres(Xj |∆ j) haveκ = 0, and that its base dimension is
κ(X|∆)≥ 0.

ApplyingCorb
n,m to the orbifold Iitaka–Moishezon fibration gives a partial answer

to Conjecture 4:

PROPOSITION1. Assume that the Corb
n,m Conjecture 5 holds. Thenκ∗(X|∆,L f )≤

κ(X|∆) for any fibration f : X 99KY.

The second fundamental fibration is a weak (conditional) version of the “ratio-
nal quotient”. Its existence requires assumingCorb

n,m.

PROPOSITION2. ([7]). Assume Corb
n,m. For any smooth(X|∆), there exists a

(birationally) unique fibration r∗ : (X|∆)→ R∗ := R∗(X|∆) such that:

(1) Its generic orbifold fibres haveκ+ =−∞.

(2) Its orbifold base hasκ ≥ 0, or is a point if and only ifκ+(X|∆) =−∞.

We now reformulate the general (conditional) version of Conjecture 4, in com-
plete analogy with the case∆ = 0:

CONJECTURE 6. AssumeCorb
n,m (it is needed to definer∗). For any smooth

(X|∆), one has:κ++(X|∆) = κ(R∗|∆(r∗|∆)). Here(R∗|∆(r∗|∆)) is simply the orbifold
base of (any neat model of)r∗ : (X|∆) 99K R∗.

REMARK 2. Although the fibrationr∗ andR∗ are well defined up to birational
equivalence, it is not known whether its orbifold base(R∗|∆(r∗|∆)) is uniquely defined
up to birational equivalence. Its Kodaira dimension is however well defined, indepen-
dently of the choices made. See [7].

We shall now reduce this fibration to a composition of fibrations of the LMMP,
and Conjecture 3 to some more standard conjectures.

4. Reduction to two other conjectures

We now formulate three other conjectures, the first two ones being standard in the
LMMP (due to V. Shokurov and C. Birkar).
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CONJECTURE7. Let(X,∆) be an lc pair.

(1) There exists a sequence of divisorial contractions and flipss : X 99K X′ such
that if ∆′ = s∗(∆), then eitherKX′ +∆′ is nef, or there exists a fibrationf : X′ →Y′ with
Fano, positive-dimensional orbifold fibres(X′

y,∆′
y).

(1′) If KX′ +∆′ defined above is nef, it isQ-effective. (It is a weak form of the
Abundance conjecture, formulated in Conjecture 8 below).

(2) If c1(X|∆) = 0, if m> 0 is an integer, and ifC= H1∩·· ·∩Hn−1 is a general
Mehta–Ramanathan curve onX, the restriction of⊗hSmh(Ωph(X|∆)) toC is semi-stable
(i.e., all of its subsheaves have nonpositive degree), for any finite sequence(mh, ph) of
pairs of positive integers.

The first conjecture is known for klt pairs, if the boundary∆ is assumed to
be big, by [3] (see also [2, 20, 27]), the second one a special case of the Abundance
Conjecture, the third one is simply the orbifold version of Miyaoka’s generic semi-
positivity theorem. See [26] for related arguments and considerations.

Let us give first a description of the fibrationr∗ using Conjectures 7 (1), (2).

DEFINITION 5. Let (X|∆) be a smooth projective orbifold. Define the fibration
r = r(X|∆) : (X|∆) 99K (Y|∆Y) to be:

(1) The (orbifold) identity map ifκ(X|∆)≥ 0.

(2) Any neat model of the composition map r:= ( f ◦ s) : X 99K Y′

of Conjecture 7 (1) ifκ(X|∆) =−∞, with orbifold base(Y|∆Y).

Notice that neitherr, nor(Y|∆Y) are uniquely defined, up to birational (orbifold)
equivalence. Nevertheless, the compositionrn, with n= dimC(X), is well defined, by
the following:

THEOREM3. Let(X|∆) be a smooth n-dimensional projective orbifold. Assume
that Conjectures 7 and Corb

n,m hold. Then r∗ = rn (for any possible choice of the sequence
of r’s).

Proof. Because of the uniqueness of the mapr∗ (up to birational equivalence), we
simply need to show that, on any neat model ofrn, we haveκ+ = −∞ for its general
orbifold fibre, andκ ≥ 0 for its orbifold base (on some neat model). Ifκ(X|∆)≥ 0, rn

is the identity map, and the claim is obvious (assigningκ+ = −∞ to orbifold points).
Otherwise, letm> 0 be the smallest integer such thatκ(Y|∆Y)≥ 0, for the base orbifold
of some sequence ofr ’s of lentgh m, and of compositionrm. We then havem≤ n, since
the dimension decreases at each of them steps, since the intermediate orbifold bases
haveκ =−∞. Now, the intermediate fibrations have generic fibres which are birational
to lc Fano orbifold pairs, and have thusκ+ = −∞, by Lemma 2, proved below. Since
a composition of rational fibrations with general orbifold fibres havingκ+ = −∞ also
has this property (by [7], 7.14), we conclude that the general orbifold fibres ofrm also
haveκ+ =−∞.
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A second consequence of Conjecture 7 is:

THEOREM 4. ([8, theorem 10.5]).Assume Corb
n,m and Conjecture 7. Then Con-

jecture 4 also holds.

A stronger (numerical dimension) version will be proved in detail in 7 below,
along parallel lines. We thus do not give the proof again here.

5. The core and its canonical decomposition

DEFINITION 6. We say that(X|∆) is “special” if κ∗(X|∆,L)< p for any p> 0
and any rank-one coherent subsheaf L⊂ Ωp

X.

Equivalently, this means that there is no fibration f: (X|∆) 99KY such that its
orbifold base is of general type (on any holomorphic neat model), withdim(Y)> 0.

REMARK 3. Rank-one coherent subsheavesL ⊂ Ωp
X , p > 0 of maximum pos-

itivity (i.e., with κ∗(X|∆,L) = p) are called “∆-Bogomolov sheaves”. Being special
thus means that there are no such sheaves on(X|∆).

Special orbifolds are natural higher-dimensional generalisations of rational and
elliptic curves, with the same expected qualitative properties. They are the exact oppo-
site of orbifolds of “general type”.

COROLLARY 1 (of Theorem 2).If κ(X|∆) = 0, or if (X|∆) is Fano (i.e., if
−(KX +∆) is ample, then(X|∆) is special.

By the very definition,(X|∆) is special ifκ++(X|∆) = −∞. It is unknown
whetherκ++(X|∆) = −∞ if (X|∆) is Fano. This follows however from Conjecture
7 (2), as we have seen above.

The next result describes unconditionally the structure ofarbitrary smooth orb-
ifolds, in terms of its antithetic maximal parts (special “subobjects” versus general type
“quotients”) :

THEOREM 5 ([7, théorème 10.2]).For any smooth pair(X|∆), there is a (bira-
tionally) unique functorial fibration c: (X|∆)→C(X|∆) =C such that:

(1) Its general (orbifold) fibres are special.

(2) Its orbifold base is of general type (or a point, if and only if(X|∆) is special).

This fibration is called the “core” of(X|∆).

REMARK 4. The fibrationc is determined by the (unique)∆-Bogomolov sheaf
L ⊂ Ωp

X on (X|∆), with p> 0 maximum.

The second structure theorem (conditional onCorb
n,m) is:
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THEOREM6 ([7, theorem 11.3]).Assume the conclusion of Proposition 2 to be
true (since it uses Corb

n,m, we have to assume it). Then, for any smooth pair(X|∆), the
core map of(X|∆) has the following decomposition as a composition of2n canonically
defined fibrations: c= (J◦ r∗)n.

In particular,(X|∆) is special if and only if it is a tower of fibrations with general
orbifold fibres having eitherκ+ =−∞, or κ = 0.

Notice that, even if we are only interested in the case∆= 0, non-trivial orbifold divisors
will usually appear in the above decomposition.

This (conditional) decomposition often permits one to reduce the study of arbi-
trary manifolds to that of smooth pairs of the three basic types: κ+ = −∞, κ = 0, or
of general type. It naturally leads to a conjectural extension of S. Lang’s conjectures
in arithmetics and complex hyperbolicity, for all manifolds and even smooth orbifolds.
See [11] and [7] for details.

6. Numerical dimension version

Let, in this section,X be a complex projective connected,n-dimensionalQ-factorial
normal space,A andD beQ-divisors onX, with A ample.

Thenumerical dimension of Dis defined as the real number

ν(X,D) := sup
k≥0

{
limsup

m>0

{ log(h0(X,mD+A))
log(m)

}}
,

for m> 0 integral and sufficiently divisible.

Easy standard arguments show that:

1. ν(X,D) =−∞, or is real, and lies in[0,n].

2. ν(X,D) does not depend on the choice ofA.

3. ν(X,D)≥ κ(X,D).

4. ν(X,D) =−∞ if and onlyD is not pseudo-effective (this is one of the defini-
tions of pseudo-effectivity).

5. WhenD is nef, it is an easy consequence of Kodaira vanishing and Riemann–
Roch that

ν(X,D) = limsup
m>0

{ log(h0(X,mD+A))
log(m)

}
= ν′(X,D) ∈ {0,1, . . . ,n},

for any ampleA= KX +(n+2)H, whereH is any ample line bundle onX, and where
ν′(X,D) is the largest integerℓ such thatDℓ ∈ H2.ℓ(X,Z) is not numerically zero. The
Kodaira vanishing indeed says thath0(X,mD+A) = χ(X,OX(mD+A)), for anym≥ 0.
WhenD is only assumed to be pseudo-effective, the Nadel vanishingtheorem implies
the same equality, but only after tensorisingOX(mD+A) with the multiplier ideal sheaf
I(mD+A), which cannot be controlled without further ideas.
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6. One may however wonder whetherν(X,D) is not an integer, if nonnegative,
and ifν(X,D) = νA(X,D) for A sufficiently ample (for exampleA=KX +(n+2).H, as
above). And also what is the relationship betweenν(X,D) and the numerical dimension
of D defined by N. Nakayama in [24] and S. Boucksom in [5].

One form of the so-called “Abundance Conjecture” is the following:

CONJECTURE8. Assume(X|D) is a “log-canonical pair”. Then

ν(X,KX +∆) = κ(X,KX +∆).

This is known whenD is “big” and (X|D) is klt ([3] and [25]). This is also
known whenν(X,KX +∆) = 0 if q(X) = 0, as follows from [24] and [5]. When∆ =
0, the caseq ≥ 0 follows from a more general statement in [13, §3]. Whenν = 0,
the general lc case is established (in a more general form) in[12], using the purely
logarithmic case proved in [18].

PROPOSITION3. Assume Conjecture 8 to be true. Then Conjecture Corb
n,m is true.

Proof. See [8, §10] for a proof using the weak positivity of the direct images of the
orbifold pluricanonical sheaves. We give in Section 8 belowa simple proof in the
particular case where∆ = 0, using the pseudo-effectivity off∗(KX/Y) whenXy is not
uniruled.

We shall now state and conditionally prove a “numerical dimension” version of
Theorem 4. For this we first need to define the “numerical dimension” version ofκ++.

DEFINITION 7. Let E. = (Em)m∈N>0 be a family of vector bundles on X, to-
gether with generically isomorphic bundle maps Sm(E1)→ Em for any0< m∈N. Let

L ⊂ E1 be a rank-one coherent susheaf, and letm.L
E. be the saturation of the image of

Symm(L) in Em, for any m> 0.

Let A be an ample line bundle on X. We define

νA(X|E.,L) := limsup
m>0

{ log(h0(X,m.L
E. ⊗A))

log(m)

}
,

andν(X|E.,L) := max
k>0

{νkA(X|E.,L)}.

Of course, we always have:

1. ν(X,D) = −∞, or is real, and lies in[0,n]. Indeedν(X|E.,L) is bounded
by the maximum dimension of the image ofX by the rational map deduced from any
nonzero linear systemh0(X,m.L

E.).

2. ν(X|E.,L) does not depend on the choice ofA.

3. ν(X|E.,L)≥ νA(X|E.,L)≥ κ(X|E.,L) := limsup
m>0

{ log(h0(X,m.L
E.))

log(m)

}

The main examples considered here are:
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EXAMPLE 1. (1)L = E1, andEm := m.E1. This is the standard case.

(2) Let (X|∆) be a smooth orbifold,p > 0, andEm := Sm(Ωp(X|∆)). In this case,
νA(X|E.,L) is denoted byνA(X|∆,L), and similarly forν(X|∆,L). We also denote

m.L
E. by m.L

∆ in this case.

DEFINITION 8. If (X|∆) is a smooth orbifold, then we define:

ν++(X|∆) = max
{p>0,L⊂Ωp

X}
ν(X|∆,L).

We now have the following strengthening of Theorem 4:

THEOREM 7. Assume that Conjectures 8 and 7 are true. Then, for any smooth
orbifold (X|∆), one hasν++(X|∆) = κ++(X|∆) = κ(R∗(X|∆)|∆(r∗|∆)).

Let us remark that, although the base orbifold(R∗(X|∆)|∆(r∗|∆)) is not known to
be birationally well defined, its canonical dimensionκ is well defined.

Proof of Theorem 7.Let (X|∆) be a smooth orbifold withX projective. LetF ⊂ Ωp
X be

a rank-one coherent subsheaf.

Combining Conjectures 7 and 8, we first observe that Theorem 7holds when
κ(X|∆) = 0. Indeed we can assume, using the birational maps : (X|∆) 99K (X′|∆′)
provided by Conjecture 7 (1), withc1(X′|∆′) = 0, in which case the claim immediately
follows from Conjecture 7 (2) by restricting to a general Mehta–Ramanathan curve
C ⊂ X′, by means of Lemma 1 (1) below. From the following Lemma 1 (2),we now
deduce Theorem 7 also whenκ(X|∆) ≥ 0, by using a neat model of the Moishezon–
Iitaka fibration for(X|∆).

LEMMA 1. Let X be smooth projective connected, and E. and L⊂ E1 be as
above. Let C= H1∩ ·· · ∩Hn−1 ⊂ X be a general Mehta–Ramanathan curve on X of
genus g(C).

(1) Assume that L.C≤ 0, and that Hi .C > A.C, for i = 1, . . . ,(n−1). Then, for
each ample A on X, and for any set of(2.g(C)+ (A.C)) distinct points ck on C, the

natural restriction map H0(X,m.L
E. ⊗A) →

k=2.g(C)+A.C⊕
k=1

(m.L+A)|ck
is injective. In

particular, h0(X,m.L
E. ⊗A)≤ (2.g(C)+A.C) for any m> 0, andνA(X|E.,L)≤ 0.

(2) If f : X → Y is a fibration such that, for any integer k> 0, there exists a

bound B(k) such that h0(Xy,(m.L+ k.A)
E.

|Xy
) ≤ B(k) for any m> 0, thenν(X|E.,L) ≤

p := dim(Y).

Proof. (1) It is sufficient to show that the kernel Ker of the restriction map res :
H0(X,m.L

E. ⊗A)→H0(C,m.L
E. ⊗A)|C is zero, since the evaluation map on the points

ck is injective. But Ker= H0(X,m.L
E. ⊗A⊗ IC), whereIC

∼=⊕i=(n−1)
i=1 OX(−Hi) is the

ideal ofC. Thus Ker= {0}, since(m.L+A−Hi).C< 0 for all i’s, andC belongs to an
X-covering family of curves ofX.
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(2) It is sufficient to show thatνA(X|E.,L) ≤ p, and then to replaceA by k.A in the
argument. LetZ := H1 ∩ ·· · ∩Hn−p be the smooth connected complete intersection
of very ample divisors onX, such that the degree of the restricted mapf|Z : Z → Y is
at leastB(1)+1, andZ∩Xy := Zy consists of aB(1)+d,d > 0 pointsck,y in general

position onXy. The restriction mapH0(Xy,m.L
E. ⊗A)Xy) →

k=B(1)+d⊕
k=1

(m.L+A)ck,y is

thus injective, and so therefore is the restriction map

H0(X,m.L
E. ⊗A)→ H0(Z,m.L

E. ⊗A)|Z).

ThusνA(X|E.,L)≤ νA(Z|(E.)|Z,LZ)≤ p= dim(Z).

The general case will result from the following:

PROPOSITION4. Let(X|∆) be smooth. Thenν++(X|∆)= ν++(Y|∆Y), if (Y|∆Y)
is the orbifold base of any neat representative of r∗ : (X|∆)→ R∗(X|∆).

By the preceding arguments, and assuming Conjecture 8, thisproposition in-
deed implies thatν++(X|∆) = ν++(Y|∆Y) = κ(Y|∆Y) = κ(R∗(X|∆)|∆(r∗|∆)), which is
what Theorem 7 claims, sinceκ(Y|∆Y)≥ 0, for (Y|∆Y) as in 4.

Proof (of Proposition 4).Since, by Theorem 3, we haver∗ = rn, for any length-n com-
position of rational fibrations( f ′ ◦s) with log-Fano fibres (in the sense of the statement
of Conjecture 7 (1)), it is sufficient to show that the invariant ν++ is preserved under
such fibrations.

We first establish the statement for smooth pairs(X|∆) which are birational to
log-Fano pairs.

LEMMA 2. Let g: (X|∆)→ (X′|∆′) be a birational map from the smooth orb-
ifold (X|∆) to the log-canonical Fano pair(X′|∆′) such that f∗(∆) = ∆′. Assume that
Conjecture 7 (2) holds. Then, for any polarisations of X′, and any corresponding gen-
eral Mehta–Ramanathan curve C⊂ X′, identified with its strict transform on X, the
following properties hold:

(1) For any finite sequence of pairs of nonnegative integers(Nh,qh),h= 1, . . . ,s,
and any rank-one coherent subsheafF⊂SN1Ωq1(X|∆)⊗·· ·⊗SNsΩqs(X|∆), the restric-
tion det(F)|C has nonpositive degree at most:−[(∑h=s

h=1qh.Nh)−M.n2], M being any
integer such that:−M.(KX′ +∆′) is very ample.

(2) H0(X,SN1Ωq1(X|∆)⊗ ·· · ⊗SNsΩqs(X|∆)⊗A) = {0}, for any ample line
bundle A on X, if(∑h=s

h=1qh.Nh)> M.n2+A.C.

(3) h0(X,m.L
∆ ⊗A) = 0 if m.(∑h=s

h=1qh.Nh)> M.n2+A.C.

(4) ν++(X|∆) =−∞.

Proof. (1) Let G := SN1Ωq1(X|∆)⊗ ·· · ⊗SNsΩqs(X|∆). Let H ′ = ∑ j=n
j=1H j , where the

H j ’s are general members ofM.(−(KX′ +∆′)), M > 0 being a sufficiently large inte-
ger, theH j ’s being chosen so that(X′|∆′ + 1

mn.H
′) := (X′|∆”) is log canonical, with
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(KX′ +∆”) trivial on X′, and such that∆+ := (∆+ 1
mn.H) has normal crossings support,

H being the strict transform ofH ′ in X. ChooseC ⊂ X′ meetingH ′ transversally, but
not meeting the indeterminacy locus ofg−1, and so identified with its strict transform
onX. ThenL ⊂ G+ := SN1Ωq1(X|∆+)⊗·· ·⊗SNsΩqs(X|∆+)|C has nonpositive degree,
by Conjecture 7 (2), since it is a rank one subsheaf of the locally free sheafG+, assumed
to be semi-stable, and with trivial determinant.

Assume now that theH j ’s have been chosen in such a way that they build a
system of coordinate hyperplanes for suitable local coordinates at a generic pointa∈X′

outside of the support of∆′ and the indeterminacy locus ofg−1, and belonging to the
smooth locus ofX′. We choose alsoC in such a way thata∈C. The natural inclusion
G ⊂ G+ now vanishes at order at least[(∑h=s

h=1qh.Nh)−M.n2] at a, as follows from
lemma 3.3 of [8], sinceqh ≤ n, for anyh= 1, . . . ,s. It follows that the degree ofL on
C is nonpositive, and is at most−[(∑h=s

h=1qh.Nh)−M.n2], and so that it is negative if
(∑h=s

h=1qhh.Nh)> M.n2.

(2) This follows from the fact that the restriction of such a section toC vanishes, unless
Nh.qh = 0,h = 1, . . . ,s, since a nonzero section would otherwise generate a (locally
free) rank-one coherent sheaf of negative degree onC, by the previous estimate on the
degree ofFC. The last two assertions are now obvious.

We shall now deal with the (rational) fibrations having log-canonical Fano fi-
bres. Let us first describe the situation provided by Conjecture 7 (1), assuming that
κ(X|∆) =−∞. Applying Conjecture 7 (1), we get a birational maps: (X|∆) 99K (X′|∆′)
and a log-Fano fibrationf : (X′|∆′)→ Y, with dim(Y) < n and(X′

y|∆′
y) log-canonical

and Fano for genericy∈Y. We can moreover assume thats: (X|∆)→ (X′|∆′) is regular
and a log resolution, and also thatf ◦ s : (X|∆)→ (Y|∆Y) is a neat orbifold morphism,
by making a suitable orbifold modification of(X|∆) and choosing appropriate multi-
plicities on the divisors ofX which aref ◦ s-exceptional.

We are thus in the position to apply the following Lemma 3, which implies the
claim, and thus Proposition 4 and Theorem 7. �

LEMMA 3. Let (X|∆) be a smooth orbifold, and f: X →Y be a neat fibration
which is an orbifold morphism with generic smooth orbifold fibre (Xy|∆y) and smooth
orbifold base(Y|∆Y := ∆( f |∆)).

(1) Assume that, for any finite sequence of pairs of positive integers (Nh,qh)
with h= 1, . . . , t, one has: H0(Xy,SN1Ωq1(Xy|∆y)⊗ ·· ·⊗SNt Ωqt (Xy|∆y)) = {0}. Then
f∗(SNΩq(X|∆)) = SNΩq(Y|∆Y), for any integer N> 0 and q> 0.

(2) Assume, additionally, thatν++(Xy|∆y) = −∞. Then, we also have:
ν++(X|∆) = ν++(Y|∆Y).

Proof. (1) This is just lemma 4.23 of [8]. (The statement given thereis global onX,
but its proof applies locally overY).

(2) For any ample line bundleA on X, and any pair(N,q) of positive integers, we
thus haveH0(X,SNΩq(X|∆)⊗A) ∼= H0(Y,SNΩq(Y|∆Y)⊗ f∗(A)). Assume that some
rank-one coherent subsheafF ⊂ Ωq

X is such thatνA(X|∆,F)≥ 0.
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We shall prove first that there existG ⊂ Ωq
Y such that, generically overY, F =

f ∗(G). Otherwise, there would exist a largests> 0, such thatF had nonzero image

Fy in the quotientf ∗(Ω(q−s)
Y )∧Ωs

Xy
∼= (Ωs

Xy
)⊕R,R := (

q−s
p ), of the graduation of the

natural filtration ofΩq
X|Xy

determined byf on its generic orbifold fibre(Xy|∆y) (see

[8, §4]). By the assumption thatνA(X|∆,F) ≥ 0, there are arbitrarily large integers

m such that(m.F)
∆ ⊗A has a nonzero section. But these sections would induce by

projection nonzero sections ofSmΩs(Xy|∆y)⊗AXy contained in(m.Fy)
∆y, contradicting

the hypothesis thatν++(Xy|∆y) =−∞.

From the preceding arguments, we deduce that for anym > 0 we have:

h0(X,(m.F)
∆ ⊗A) = h0(Y,(m.G)

∆Y ⊗ f∗(A)). Let nowB be an ample line bundle on
Y. Since there exists positive integersk andr such that the sheaff∗(A) can be embed-

ded in(k.B)⊕r , we see thath0(Y,(m.G)
∆Y ⊗ f∗(A)) ≤ r.h0(Y,(m.G)

∆Y ⊗ (k.B)). Thus
νA(X|F)≤ νkB(Y|∆Y,G). Since this holds for anyA, the lemma is established.

7. Orbifold rational curves

We shall now provide a conjectural geometric interpretation (see Conjecture 9 below)
of the conditionsκ =−∞ andκ++ =−∞ in the orbifold context, in terms of “orbifold”
rational curves. This interpretation is entirely similar to the case when∆ = 0, once the
notion of orbifold rational curves is defined.

DEFINITION 9 ([7, §6]). Let (X|∆) be a smooth orbifold, with∆ :=
∑ j∈J(1− 1

mj
).D j . Let C be a smooth connected projective curve. A map g: C→ (X|∆)

is a ∆-rational (resp. a∆-elliptic) curve if:

(1) It is birational onto its image, which is not contained inSupp(∆).
(2) deg(KC+∆g)< 0 (resp.deg(KC+∆g) = 0), where∆g is the orbifold divisor

onP1 which assigns to any a∈ P1 the multiplicity1 if g(a) /∈ Supp(∆), and otherwise
the multiplicity mg(a) := max

j∈J(a)
{max{1,

mj
t j,a

}}.

Here J(a) := { j ∈ J|g(a) ∈ D j}, and tj ,a is the order of contact of g and Dj at
a, defined by the equality: g∗(D j ) = t j ,a.{a}+ · · · , if j ∈ J(a).

Notice that C∼= P1 if g is ∆-rational, but that C is either rational or elliptic if g
is ∆-elliptic. If C is elliptic, it is ∆-elliptic if and only if g(C) does not meet the support
of ∆.

There is also a stronger “divisible” version of these notions, which we shall not
define here.

EXAMPLE 2. (1) ∆g = 0, and sog is a ∆-rational curve ift j ,a ≥ mj for any
a ∈ P1 and j ∈ J(a). A special case is whenC ⊂ X is a rational curve meeting each
of theD j in distinct smooth points of Supp(∆), each with multiplicitymj . In this case,
∆g = 0. Such a rational curve will be said “∆-nice” in the sequel. In this case,mj must
divideD j .C, for eachj ∈ J.
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(2) If ∆ = Supp(∆), so logarithmic, a rational curve onX is ∆-rational (resp.∆-elliptic)
if and only if its normalisation meets∆ in at most one point (resp. in exactly two points).

(3) If ∆′ ≤ ∆, then any∆-rational (resp.∆-elliptic) curve is also∆′-rational (resp. either
∆′-rational or∆′-elliptic) .

EXAMPLE 3. (Orbifold-ramified covers). Letu : X′ → (X|∆) be a surjective
finite ramified cover, withX′ smooth connected and(X|∆) smooth. We say thatu is
“orbifold ramified” if the mj ’s are integers, ifu is unramified overX−Supp(∆), and
if, for any j ∈ J, u∗(D j) = ∑k m′

j ,k.D
′
j ,k are such thatmj dividesmj ,k for any j,k. This

cover is “orbifold étale” ifmj = mj ,k, for every j,k.

In general, orbifold-ramified covers do not exist. An example is nevertheless
the following: u : Pn → (Pn|∆), where∆ = ∑ j=n

j=0(1− 1
mj
).H j , theH j being then+ 1

coordinate hyperplanes.

We have then the following result ([7, théorème 6.33]): assume thatu : X′ →
(X|∆) is an orbifold-ramified cover. LetC′ ⊂ X′ be a rational curve not contained in
u−1(Supp(∆)). ThenC := u(C′)⊂ X is a (“divisible”) ∆-rational curve. Conversely, if
C⊂ X is a (“divisible”) ∆-rational curve, any component ofC′ := u−1(C) is rational if
u is orbifold étale.

DEFINITION 10. The smooth pair(X|∆) is uniruled (resp. rationally connected)
if and only if any generic point of X (resp. any generic pair ofpoints of X) is contained
in some∆-rational curve.

EXAMPLE 4. Let (Pn|∆), where∆ = ∑ j=n
j=0(1− 1

mj
).H j , theH j being then+1

coordinate hyperplanes be as in Example 3. Then(Pn|∆) is rationally connected, since
Pn is rationally connected (in the usual sense).

We finish by a last conjecture, which extends to the orbifold context the Unir-
uledness Conjecture, which corresponds to the case∆ = 0:

CONJECTURE9. Let(X|∆) be a smooth pair, then:

(1) κ(X|∆) =−∞ if and only if (X|∆) is uniruled.

(2) κ++(X|∆) =−∞ if and only if (X|∆) is rationally connected.

Of course, one would like to extend to the orbifold setting the many facts known
when∆ = 0. But very few is known in this direction. For example, it is even unknown
whether Fano smooth pairs are uniruled, this even in dimension 2 (but the logarithmic
case is then true, by [20]). The case of Fano orbifolds is the decisive case for the
solution of Conjecture 9, by the Structure Theorem 3, which birationally expresses
orbifolds withκ+ =−∞ as towers of fibrations with Fano orbifold fibres.

REMARK 5. We shall give a counting argument supporting the uniruledness of
Fano smooth orbifolds, by showing that covering families of∆-nice rational curves (see
Example 2 for this notion) should exist in this situation. Let indeedg0 : P1 → X be a



Birational stability of the cotangent bundle 223

nonconstant map withC := g0(P1) ( Supp(∆), going through a general pointa ∈ X.
Assume thatD j .C= k j .mj , for eachj ∈ J, with k j an integer. The variety Homa(P1,X)
of such maps has atg0 dimension dimg0 Homa(P1,X) ≥ −KX.C+ 3. The number of
conditions forC to have order of contact at leastmj at an (undetermined) point ofD j

lying onC is equal tomj −1. The total number of conditions forg0 to be “∆-nice” is
thus∑ j k j .(mj −1) = ∑ j(1− 1

mj
).k j .mj = ∑ j(1− 1

mj
).D j .C= ∆.C.

The expected dimension of the variety of such “∆-nice” rational curves through
a is thus at least−(KX +∆).C+ 3, which thus remains positive after forgetting the
3-dimensional space of parametrisations ofP1, precisely when(X|∆) is Fano.

EXAMPLE 5. Let us consider the case whenX = Pn,n≥ 2, and when the sup-
port of ∆ consists ofk hyperplanesH j in general position, with finiteintegral mul-
tiplicities (m0, . . . ,mk−1), with 2 ≤ m0 ≤ m1 ≤ ·· · ≤ mk−1, in which case we shall
just say that(Pn|∆) is of type (m0, . . . ,mk−1). The condition that(Pn|∆) be Fano
(resp. has trivial canonical bundle) is then just that∑ j(1− 1

mj
) < (n+ 1) (resp. that:

∑ j(1− 1
mj
) = (n+1)). The Fano condition is thus always satisfied whenk≤ (n+1).

Whenk ≤ (n+1) it is not difficult to see (see [7], and Example 3), that, for any finite
set of points ofPn, none of them lying on∆, there is an irreducible∆-rational curve4

containing these points. See Example 6 below for a direct proof of their uniruledness.
By contrast, whenk= (n+2), it is not known whether these Fano orbifolds are ratio-
nally connected. We shall give examples in which it can be shown by specific methods
that they are, at least∆-uniruled (and covered by∆-elliptic curves when their canonical
bundle is trivial). Observe that, for anyn≥ 2, there is anyway only a finite number of
(n+2)-tuples of integers(m0, . . . ,mn+1) such that∑n+1

j=0(1− 1
mj
)≤ (n+1) (of course,

provided that∑n
j=0(1− 1

mj
) ≤ n, see Proposition 6 below for this finiteness statement

and examples).

EXAMPLE 6. Assume first that(Pn|∆) is of type(m0, . . . ,mk), with k≤ n. Then
theH j ’s, for j = 1, . . . ,k−1 intersect in a projective spaceP of dimensionn−(k−1)≥
0. Any projective line meetingP, but not contained inP, meets the support of∆ in at
most 2 points, and has finite∆g multiplicities (m0 and mk−1) there, and is thus∆-
rational, and(Pn|∆) is thus uniruled by the family of lines throughP.

EXAMPLE 7. Assume next that(Pn|∆) is of type(m0, . . . ,mn+1), and that any
smooth orbifold(Pn−1|∆′) of type (m0, . . . ,mn−2,mn−1,mn+1) is ∆′-uniruled (justmn

has been omitted) if∑ j 6=n
1

mj
> 1 . Then(Pn|∆) is ∆-uniruled if ∑ j 6=n

1
mj

> 1. In-
deed, the generic member of the pencil of hyperplanesHs containingP := Hn∩Hn+1 is
naturally equipped with the orbifold structure∆s := ∑ j 6=n(1− 1

mj
).Hs, j , whereHs, j :=

HJ ∩Hs, so thatHs,n+1 = P. Moreover, for each curveg : C → Hs birational onto its
image, not contained in the union of theHs, j , the orbifold divisor onC computed from
(Hs|∆s) and(Pn|∆) coincide (this is an immediate check). Assuming that∑ j 6=n

1
mj

> 1,

we deduce from the assumption made, thatHs is ∆s-uniruled. Thus(Pn|∆) is uniruled,

4And even a “divisible” one, see [7] for this notion.
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too. (The same statement should hold, assuming that∑ j 6=n+1
1

mj
> 1, but no obvious

geometric construction seems to give this.)

EXAMPLE 8. The first case whenk= n+2 is whenX = P2, and∆ = ∑ j=3
j=0(1−

1
mj
).D j is supported on 4 lines in general position, of multiplicities(m0,m1,m2,m3).

Then(X|∆) is Fano if and only if∑ j
1

mj
> 1. This is the case when(m0,m1,m2,m3) =

(2,3,7,41), for example. It is then easy to show that a line is a∆-rational curve if
and if only if it goes through 2 of the 6 double points of the union of the 4 lines, so
there are only 15 such lines. But there is a one-dimensional family of conics which
are∆-rational: the conicsC which are tangent to each of the 4 lines. Indeed, for such
a generic smooth conicg : C → P2, g being the incusion, the divisor∆g is supported
on the 4 points of tangency with multiplicities(m0

2 , m1
2 , m2

2 , m3
2 ), which is an orbifold

rational curve, since

−2+(1− 2
m0
)+ (1− 2

m1
)+ (1− 2

m2
)+ (1− 2

m3
) = 2.[1− ( 1

m0
+ 1

m1
+ 1

m2
+ 1

m3
)]< 0.

This Fano orbifold is thus indeed at least uniruled. By the very same argument, it is
covered by∆-elliptic conics when its canonical bundle is trivial.

We shall now partially extend the preceding example to higher dimensions.

EXAMPLE 9. Let us consider the case whenX = Pn,n≥ 2, and when the sup-
port of ∆ consists of(n+2) hyperplanesH j , j = 0,1, . . . ,(n+ 1) in general position
(i.e., such that the intersection of any(n+1) of them is empty), with finite multiplici-
ties (m0, . . . ,mn+1), such that∑ j(1− 1

mj
) < (n+1), or equivalently, that∑ j(

1
mj
) > 1.

We can, and shall, assume that the first(n+ 1) hyperplanesH j , j = 0, . . . ,n are the
coordinate hyperplanes of equationsXj = 0, and that the last hyperplaneHn+1 has
equationX0+ · · ·+Xn = 0, since all(n+2)-tuples of hyperplanes in general position
are equivalent under homographies.

Remark.Assume thatC ∼= P1 is the normalisation of an irreducible rational curve of
degreed in Pn, meeting each of the hyperplanesH j in a single pointa j , thus with
contact orderd. Let us try to determine a condition ond which implies thatC is ∆-
rational. The orbifold multiplicity at such a pointa j ∈C is thus

mj
d . The corresponding

orbifold divisor onC thus consists of(n+ 2) points with multiplicities
mj
d , and this

curve is thus∆-rational if and only if∑ j
d

mj
> (n+2)−2= n, equivalently, if∑ j

1
mj

> n
d .

Since, by assumption,∑ j
1

mj
> 1, this condition is realised as soon asn

d ≤ 1. We thus
may choosed = n, andC to be a rational normal curve of degreen. Notice, however,
that we did not take into account the fact that the multiplicity ata j is taken to be 1, and
not

mj
d < 1 if mj < d. This is discussed in Example 10 below.

Recall that a normal rational curve of degreen onPn is parametrically given by
P(t) = (P0(t) : . . . : Pn(t)), where thePj(t)’s are linearly independent polynomials of
degreen. All such curves are equivalent under the natural action ofPGl(n+1,C).
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THEOREM 8. For any set of(n+2) hyperplanes Hj in general position onPn,
and for any p= (p0 : . . . : pn) ∈ Pn generic, there exists a rational normal curve C of
degree n onPn, which goes through p, and meets each of the(n+2) hyperplanes Hj in
exactly one point, which lies on the smooth part of the union of the Hj ’s.

Observe however that such a curve is “virtually∆-rational”, but not always∆-rational
if n≥ 3 (see Example 10 below).

Proof. The condition thatC meets each of the coordinate hyperplanesH j in a single
point thus reads asC being given by a parametric representation of the form:P(t) =
(b0.(t +a0)

n, . . . ,bn.(t +an)
n) for nonzero and pairwise distinct complex numbersa j ,

and nonzero complex numbersb j , j = 0, . . . ,n.

The condition thatC meets the(n+2)-th hyperplaneHn+1 translates into the
equation:b0.(t +a0)

n + · · ·+bn.(t +an)
n = b.(t +a)n for nonzero numbersb= ∑b j

anda, the latter being distinct from all of the precedinga j ’s.

Because we also wantC to go through the pointp= (p0, . . . , pn), at timet = ∞
say, we get the additional conditionsb j = p j .

In our situation, thep j ’s are given, and the numbersa,b j ,a j are to be deter-
mined from these algebraic equations. These equations are however of high degree and
difficult to solve. We shall proceed differently: solve for theb j ’s assuminga and the
a j ’s to be given, because this is simply a linear system. And then show thata and the
a j ’s exist for a generic choice of thep j ’s, after projectivisation. This is sufficient to
imply the result, by choosing thep j ’s generically.

Writing the (n+1) coefficients of the two polynomials int on the two side of
the equationb0.(t +a0)

n+ · · ·+bn.(t +an)
n = b.(t +a)n above permits us to rewrite

this equation as a linear system in thep j ’s. In matrix form, it reads asA.v= b.w, with
A the following square complex matrix of size(n+1):

A :=




1 1 · · · 1 1
a0 a1 a2 · · · an

a2
0 a2

1 a2
2 · · · a2

n

· · · · · · · · · · · · ·
an

0 an
1 an

2 · · · an
n



,

tv := (p0, . . . , pn) ∈ (C∗)n+1, and tw := (1,a,a2, . . . ,an) ∈ (C∗)n.

Now Cramer’s rule allows us to express thep j = v j as a quotient of two de-
terminants of Vandermonde type, in terms of theb,a,a j supposed to be given. We
finally get, after some simplification:v j := p j = b.∏h6= j

( a−ah
a j−ah

)
, h running from 0 to

n, avoiding j. Observe that the right hand side is invariant by translation (i.e., takes the
same value when we replacea,a j by a+ t,a j + t, for anyt ∈C).

We are thus reduced, by the above translation invariance, which permits us to
takea= 0, to prove that the following rational mapΦ is dominant.
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The mapΦ : Cn+1
99K Pn is defined byΦ(a0, . . . ,an) := [x0 : . . . : xn], with

x j := ∏
h6= j

( ah
ah−a j

)
= ∏

h6= j

(
(1− ( yh

yj
))−1

)
= Ψ(y1, . . . ,yn),

replacing the(n+1) variablesa0, . . . ,an by then variablesy j := a0
a j

, for j = 1, . . . ,n.

We denote also for notational simplicationy0 := a0
a0

= 1.

Thus Φ is dominant if the determinant det(J) of the Jacobian matrix of the
logarithmic derivatives of then functionsu j :=

xj
x0

does not vanish at some point where
the functionsu j = u j(y1, . . . ,yn) are regular and nonzero.

Let us first rewrite, after some simplification,u j :=−yn
j . ∏

h>0,h6= j

(
1−yh
yj−yh

)
.

Taking logarithmic derivatives now shows that:

• yk

u j
.
∂u j

∂yk
=− (1− y j)

(1− yk)(1− yj
yk
)
) if 1 ≤ j 6= k≥ 1, and that

• y j

u j
.
∂u j

∂y j
= n− ∑

h6= j

(
1− yh

y j

)−1
.

Let us now chooseM > 0, and they j ’s all nonzero in such a way that|y j |> M.|y j−1|
for j = 2, . . . ,n, with M.|yn| < 1. As M tends to+∞, one easily checks, using the
equalities above, and sincey j/yk tends to 0 ifj < k and to∞ if j > k, that

• yk

u j
.
∂u j

∂yk
tends to−1 if j < k, and tends to 0 ifj > k, while:

• y j

u j
.
∂u j

∂y j
tends ton− ( j −1), for any j = 1, . . . ,n.

Thus det(J).y1. · · · .yn tends to det(J0), whereJ0 is the matrix with coefficients−1
below the diagonal, with coefficients 0 above the diagonal, and with coefficient n−
( j −1) on the diagonal, at the intersection of thej-th line andj-th row, for j = 1, . . . ,n.
Since det(J0) = n! 6= 0, det(J) 6= 0 when they j ’s satisfy the above inequalities forM
sufficiently large , which implies the desired assertion that Φ is dominant.

From Theorem 8 above we shall now deduce that smooth orbifolds are covered
by “virtual” ∆-rational or elliptic curves, according to whether they areFano, or have
trivial canonical bundle. We define first these “virtual” notions.

DEFINITION 11. Let (X|∆) be a smooth orbifold, with∆ := ∑ j∈J(1− 1
mj
).D j .

Let C be a smooth connected projective curve. A map g: C → (X|∆) is a “virtual”
∆-rational (resp. a “virtual” ∆-elliptic) curve if:

(1) It is birational onto its image, which is not contained inSupp(∆).
(2) deg(KC+∆∗

g)< 0 (resp.deg(KC+∆∗
g) = 0), where∆∗

g is the orbifold divisor
onP1 which assigns to any a∈ P1 the multiplicity1 if g(a) /∈ Supp(∆), and otherwise
multiplicity mg(a) := maxj∈J(a){

mj
t j,a

}, where J(a), t j ,a are defined as in Definition 9.
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EXAMPLE 10. Assume now that(X|∆) is of type(m0, . . . ,mn+1) on X = Pn,
in the sense of example 5, and thatC is a rational normal curve of degreen meeting
each of the hyperplanesH j in one point with contact orderd, as in Theorem 8. Then
C is virtually ∆-rational or elliptic, according to whether(X|∆) is Fano, or has trivial
canonical bundle (see Corollary 2 below). In general,C will not be ∆-rational, or
elliptic, unlessn= 2. See Proposition 5 below.

COROLLARY 2. Let(Pn|∆) be a smooth orbifold, the support of∆ consisting of
the union of(n+2) hyperplanes Hj in general position. The generic point ofPn is then
contained in a normal rational curve C of degree n which meetseach Hj in a single
point, and such a curve is virtually∆-rational (resp.∆-elliptic) if (Pn|∆) is Fano (resp.
has trivial canonical bundle).

Moreover, if n= 2, or m1 ≥ n, or more generally if∑ j=n+1
j=0

1
m∗

j
> 1 (resp. if

∑ j=n+0
j=0

1
m∗

j
= 1), then C is also∆-rational (resp.∆-elliptic), where m∗j := max{mj ,n}.

Proof. The first assertion follows in the Fano case from Theorem 8 andthe remark
made before its statement. The same computation works in thetrivial canonical bundle
case: letmj be the multiplicities of theH j ’s. The orbifold(Pn|∆) has trivial canonical
bundle if and only if:∑ j

1
mj

= 1. The orbifold multiplicity at a pointa j ∈C is thus
mj
n .

The corresponding orbifold divisor onC thus consists of(n+2) points with multiplic-
ities

mj
n , and this curve is thus∆-elliptic if and only if ∑ j

n
mj

= (n+2)−2= n, which

holds true, since, by assumption,∑ j
1

mj
= 1.

Let us now check the second assertion. Ifm1 ≥ n, thenmj ≥ n,∀ j, so that
mj
n ≥ 1,∀ j, and so no max is needed to compute∆g in Definition 9. The conclusion

thus follows. Notice thatm1 ≥ 2, so that the conclusion always holds whenn= 2.

Now if , for some 1≤ j ≤ n+2, mj < n, taking max{1, mj
t j,a

=
mj
n } amounts to

replacingmj by m∗
j , and so∆∗

g is simply∆g computed for(X|∆∗) instead of(X|∆), with

∆∗ := ∑ j=n+1
j=0 (1− 1

m∗
j
).H j , which implies the conclusion by the first part.

We thus see that the consideration of rational normal curvesof degreen permits
us to show the uniruledness of some Fano smooth orbifolds of type (m0, . . . ,mn+1),
and of all if n= 2. Unfortunately, whenn≥ 3, these are, by far, not all Fano orbifolds
of this type. We shall make now more precise which are the Fanosmooth orbifolds
of dimension 3= n which can be shown to be uniruled by this method, and which are
not. First collecting the results of Theorem 8, Example 7, and Corollary 2, we get the
assertions (1), (2), (3) below:

PROPOSITION5. Let (Pn|∆) be a smooth Fano orbifold of type(m0, . . . ,mn+1).
Then(Pn|∆) is uniruled, unless (maybe) if the following three conditions are realised:

(1) ∑
j

1
mj

> 1

(2) ∑
j 6=(n)

1
mj

≤ 1
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(3) ∑
j

1
m∗

j
≤ 1, where m∗j := max{mj ,n}, if n = 3.

(4) If n = 3, then(P3|∆) is uniruled, unless possibly if m0 = 2,m1 ≥ 3, and
m2 ≥ 4.

Proof. We have only to prove the assertion (4). Ifm0 ≥ 3, thenm∗
j = mj ,∀ j, and so (3)

above contradicts (1). We thus assume thatm0 = 2 in the sequel. In the same way, if
m1 = 2, or if m1 = m2 = 3, then the sum of the first 2 or 3 terms of∑ j

1
mj

is at least 1,
contradicting (2). Thusm2 ≥ 4.

Whenn= 3, the “Fano” types(m0,m1,m2,m3,m4) for which the uniruledness
can (or cannot be) proved by the preceding method can be (lengthily) listed. We shall
give in Example 12 two extremal cases whenn= 3, for which the uniruledness(P3|∆)
cannot be proved by the preceding method.

DEFINITION 12. Let (2≤ a1 ≤ a2 ≤ ·· · ≤ ak) be a finite sequence of positive
integers such that∑ j=k

j=1
1
a j
= 1− 1

b, for some integer b≥ 2. Define inductively for s≥ 1:

ak+1 := b+1, ak+s+1 := ak+s.(ak+s+1)+1. It is then immediate to show inductively
that∑ j=k+s

j=1
1
a j

= 1− 1
ak+s+1−1 for any s≥ 1. Thus

j=k+s
∑
j=1

1
a j
+ 1

ak+s+1−2 = 1+ 1
(ak+s+1−2).(ak+s+1−1) > 1,

for any s≥ 0. This will give us examples of Fano types on projective spaces.

EXAMPLE 11. We look at special cases of the preceding sequences. Theypro-
vide examples of types of Fano orbifolds which are uniruled,by Theorem 8 and its
corollaries.

Let k≥ 1, and choosea1 = · · ·= ak = k+1, so thatb= k+1. We then getak+1 = k+2,
ak+2 = (k+2)(k+3)+1,ak+3 = ak+2.(ak+2+1)+1, . . ..

Whenk = 1, we getd1 = 2, d2 = 3, d3 = 7, d4 = 6.7+ 1 = 43, d4 = 42.43+ 1 =
1807, . . . (settinga j = d j in this case).

Whenk = 2, we gett1 = t2 = 3, t3 = 4, t4 = 13, t4 = 157, . . . (settinga j = t j in this
case).

Whenk= 4, the sequence is:q1 = q2 = q3 = 4, q4 = 5,q5 = 21,q6 = 421, . . . (setting
a j = q j in this case).

Whenk= n−1, the types(m1 = n, . . . ,mn−1 = n, mn = (n+1), mn+1 = n.(n+1)+1,
mn+2 = n.(n+1).(n2+n+1)−2 are the types of Fano orbifolds(Pn|∆) with orbifold
divisor supported on the union of(n+2) hyperplanes in general position, and all such
orbifolds are uniruled, by Theorem 8 and its corollaries.

Specific examples are thus:n = 3, and type(3,3,4,13,155), or: n = 4 and type
(4,4,4,5,21,419).
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PROPOSITION6 (See also [14]).Let N≥ 1 be an integer. There exists a bound
BN < 1 such that if2 ≤ a1 ≤ ·· · ≤ aN is a finite sequence of integers, and if A:=
∑ j=N

j=1
1
a j

< 1, then A≤ BN.

Proof. We assume the existence ofBN < 1 and are going to establish inductively the
existence ofBN+1 < 1. It is plain thatB1 =

1
2 exists. Assume now thatA+ 1

aN+1
:=

A′ = ∑ j=N+1
j=1

1
a j

< 1. We can increase strictlyA′, preserving this last inequality, by

replacingaN+1 by aN+1− 1 (and possibly reordering the terms, in caseaN = aN+1),
unlessBN + 1

aN+1−1 ≥ A+ 1
aN+1−1 ≥ 1. Thus, ifA′ cannot be increased in this way,

as we may assume, we have1
aN+1−1 ≥ (1−BN), andaN+1 ≤ 1+ 1

1−BN
. There are

thus only finitely many values for alla j ’s, and there exists someBN+1 < 1 such that
A′ ≤ BN+1.

EXAMPLE 12. The types(m0,m1,m2,m3,m4) for which (P3|∆) is Fano, but
which cannot be proved to be uniruled by the preceding method, satisfy in particular
m0 = 2,3≤ m1 ≤ 7,4≤ m2 (this is easy, using 5). There are two main cases:

(a) ∑0≤ j≤3
1

mj
< 1. There are only finitely many of them, and thenm3 ≤ d4 =

43, as may be shown using Proposition 6. Then alsom4 < d5−2.

A typical example is(2,3,7,43,1805).

(b) ∑0≤ j≤3
1

mj
≥ 1. There are only finitely many such 4-tuples, since∑0≤ j≤2

1
mj

< 1, as follows from 5.3, and som3 ≤ 42= d4−1. However, for any sufficiently large
m4, the given “type” satisfies the inequalities of 5.

Typical examples are(2,3,7,42,m4), with anym4 ≥ 42.

REMARK 6. To show the uniruledness of Fano orbifolds of type(2,3,m2,m3,
m4) onP3, with m2 ≥ 6, it would be sufficient to show, for any 5-tuple of hyperplanes
H j , j = 0, . . . ,4 of P3, the existence of a rational curveC of degree 6 tangent in 3
points toH0, meetingH1 in two distinct points with order of contact of order 3, and
meeting each one of the three remainingH j ’s in one single point with order of contact
6. Indeed the resultingC multiplicities would then be: 1 for the first 5 points, and

mj
6 ,

for j = 3,4,5, and the last 3 points. This were a∆-rational curve, since

∑2≤ j≤4
6

mj
= 6.[(∑0≤ j≤4

6
mj
)− (1

2 +
1
3)]> 6.(1− 5

6) = 1.

This construction appears to be similar to the one made abovefor the rational normal
curves of degree 3. A simple dimension count shows that such curves should exist.
The general casen≥ 4 seems to require other ideas and techniques, however.

8. Pseudoeffectivity of the relative canonical bundle

In this section, we shall prove by a relative Bend-and-Breaktechnique, that the relative
canonical bundle of a fibration is pseudoeffective if the generic fibre is not uniruled,
and derive from it a weak version of Viehweg’s weak positivity for the direct images of
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pluricanonical sheaves. Although the results are weaker than known ones, the method
of proof is so straightforward, and possibly susceptible offurther developments, that
it seemed worth being written. Combined with Hodge-theoretic arguments, it might
indeed permit one to easily obtain stronger versions, closer to Viehweg’s results.

THEOREM 9. Let f : X → Y be a fibration, with X,Y smooth projective con-
nected. Assume that some smooth fibre Xy of f is not uniruled. Then KX/Y is pseudo-
effective.

Proof. Assume thatKX/Y is not pseudo-effective. By [6], there exists an algebraicX-
covering family(Ct)t∈T of curves such that−KX/Y.Ct > 0. We can assume that the
generic curve of this family is not rational, since it may be obtained as the direct image
of a complete intersection of very ample divisors on some blow-up of X. Let a ∈ X
be a general point, lying on some smooth fibreXy of f , and also on some nonrational
irreducible memberC of the family(Ct)t∈T . Since−KX/Y.C> 0, there exists, by [15,
Proposition 3.11, p. 70], and the dimension estimate (2.4),p. 47, using the now stan-
dard Mori reductions to characteristicp> 0, a rational curveR⊂ Xy passing through
a. SinceXy is not uniruled, choosinga not lying on any rational curve contained inXy,
we get a contradiction to our initial assumption thatKX/Y is not pseudoeffective.

Observe that the relative Bend-and-Break Lemma used above is the same as the
one used in [9] and [22] to show the rational chain-connectedness of Fano manifolds.

We now deduce from the preceding Theorem 9 a proof of Proposition 3 when
∆ = 0.

COROLLARY 3. Let f : X →Y be a fibration, with X,Y smooth, X projective,
and let Xy be a generic fibre of f . Then

(1) Assumeν(X,KX) = κ(X). Thenκ(X)≥ κ(Xy)+κ(Y).
(2) If Xy and Y are of general type, so is X.

Proof. (1) We can assume thatκ(Y) ≥ 0. Let A be any ample divisor onX. Then
m.KY, and alsom.KX/Y +A are effective, for somem≫ 0, by Theorem 9 above. Thus
mKX +A, and soN.KX is effective, too, for someN ≫ 0, sinceν(X,KX) = κ(X), by
our assumption. The claim then follows from the arguments of[1, lemma 2.4, p. 516],
for example.

(2) This follows from Lemma 4 below, applied toP := KX/Y andD := KY.

LEMMA 4. Let f : X →Y be a fibration. Let P be a pseudo-effective line bundle
on X which is f -big (i.e., big on the generic fibre Xy of X). Then for any bigQ-divisor
D on Y, P+ ε. f ∗(D) is also big.

Proof. P+ f ∗(m.D) is big onX for somem>> 0, by the assumption of relative big-
ness. SinceP is pseudo-effective,(N−1)P+(P+m. f ∗(D)) = N.(P+ m

N . f
∗(D)) is

also big, for anyN ≥ 1. ChoosingN ≥ m establishes the claim.
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REMARK 7. (1) The proof of Theorem 9 does not seem to be able to give the
weak positivity statement given by Viehweg’s theorem. It also does not apply (directly
at least) to the “orbifold” context of pairs(X|∆). In this respect, it is much weaker.

(2) There is one point for which it is, however, more flexible:it does not need the
effectivity of KXy, and its proof also directly gives information on multiplesm.KX/Y,
contrary to Viehweg’s proof which requires two steps: dealing first with m= 1, and
then with arbitrarym’s.

(3) Corollary 3 (2) is known in a much stronger version, by [21], which provesC+
n,m

whenXy is of general type.

9. Families of canonically polarised manifolds

Roughly stated, a generalisation by Viehweg of a conjectureof Shafarevich states that
“the moduli space of canonically polarised manifolds has components of log-general
type”. The initial formulation was that iff : X → B is an algebraic smooth family of
canonically polarised manifolds parametrised by a quasi-projective manifoldB having
generically a “variation” (i.e., a Kodaira–Spencer map) ofmaximal rank, thenB is of
log-general type, considering a smooth compactificationB=Y−D, such that(Y|D) is
smooth, withD reduced and of snc.

This has been shown in low dimension and various formulations by Viehweg–
Zuo, Kebekus–Kovacs, Jabbusch–Kebekus (see [30] and [17] for the appropriate refer-
ences).

The natural formulation of this conjecture seems to be:

CONJECTURE10 (The “Isotriviality Conjecture”). Letf : X → B be as above,
assume thatB is special (i.e., that so is any smooth compactification(Y|D) as above.
Then f is isotrivial (i.e., all fibres off are isomorphic).

This implies Viehweg’s Conjecture, since the moduli map (for arbitrary families
f : X → B) then factors through the core of(Y|D), which is of log-general type.

THEOREM10 ([8]). The Isotriviality Conjecture follows from Conjectures Corb
n,m

and 7.

REMARK 8. The Isotriviality Conjecture is thus reduced to standardconjec-
tures of birational geometry5.

Sketch of proof.The proof rests essentially on the construction by Viehweg–Zuo of
a line bundleL ⊂ Symm(Ω1

Y(logD)) such thatκ(Y,L) = Var( f ) (see [30]). Because,
as a consequence ofCorb

n,m and Theorem 6 we have a canonical decompositionc= (J◦
r∗)n which is the constant map (sinceB = Y−D is special), it is sufficient to show

5It was stated in [8] that the Isotriviality Conjecture follows from Conjecture 3. But it is only true that
it follows from the arguments used to deduce Conjecture 3 from ConjecturesCorb

n,m and 7. The proof given in
the present text simplifies the arguments given in [8].
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the result when eitherκ(B) = 0, or κ+(B) = −∞. In the first (resp. second) case,
we have, by Conjecture 7 (1), the existence of a sequence of divisorial contractions
and flipss : (X|∆) 99K (X′|∆′) such thatc1(X′|∆′) = 0 (resp. such that a non-trivial
fibration f : (Y|D) → Z with Fano orbifold fibres(Y′

z|∆′
z) exists). In the first case,

we directly conclude thatκ(Y,L) ≤ 0, which implies that Var( f ) = 0, as claimed. In
the second case, we are reduced, by the equalityr∗ = rn of Theorem 3 to the case
where(Y|D) is Fano. Considering, as in the proof of Lemma 2, a new orbifold divisor
∆+ = D+ 1

m.n.H > D, with H ∈ |−m.n.(KY +D)|, so thatc1(Y|∆+) = 0, we conclude
κ(Y|D,L)=−∞, sinceκ(Y|∆+)≤ 0, so that the family is isotrivial on these fibres.�
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THE FIXED POINT SET OF ANTI-SYMPLECTIC

INVOLUTIONS OF LAGRANGIAN FIBRATIONS

Abstract. We discuss some results and ideas on the topology of Lagrangian submanifolds
obtained as the fixed point locus of certain anti-symplecticinvolutions preserving the fibres
of a Lagrangian fibrationf : X → B. HereX is a symplectic manifold diffeomorphic to a
Calabi–Yau manifold.

1. Introduction

The fixed point locus of an anti-symplectic involution (i.e.a mapι : X → X such that
ι2 = IdX andι∗ω = −ω) is an interesting type of Lagrangian submanifold of a sym-
plectic manifold(X,ω). An easy, classical, construction of such an involution is given
by complex conjugation whenX is a smooth complex subvariety ofPn cut out by poly-
nomials with real coefficients. In this case the fixed point locus is just the intersection
with RPn. Understanding the topology of such varieties is generallya difficult prob-
lem. One reason why the fixed point set of an anti-symplectic involution is interesting
is that its Floer homology is particularly well behaved ([5,16]). In [3], together with
Jake P. Solomon, we constructed a class of anti-symplectic involutions by requiring
that they preserve the fibres of the Lagrangian fibrationsf : X → B constructed in [2].
In this caseX is diffeomorphic to a Calabi–Yau manifold (of complex dimension 2 or
3), e.g. aK3 surface or a quintic hypersurface inP4.

In this note we review the constructions in [2] and [3] and we report, in an in-
formal way and with almost no proofs, on some work in progresson the topology of
the fixed point locus of these anti-symplectic involutions.Proofs and details, together
with other results, will appear in [1]. Many of the results and ideas mentioned here on
Lagrangian fibrations are based on, or inspired by, the work of M. Gross [6, 7, 8, 10]
and M. Gross–B. Siebert [12]. In particular, it follows fromresults in these articles
and the construction in [2], that in most cases also the mirror Calabi–YauX̌ comes
with a “dual” Lagrangian fibration and anti-symplectic involution. In our fibrations
the general fibre off is a smooth Lagrangian torus, while fibres over points in a set
∆ ⊂ B are singular. In the 2-dimensional case the fibrations we consider are topolog-
ically identical to stable elliptic fibrations, i.e.B= S2 and there are 24 singular fibres
of Kodaira typeI1, i.e. once pinched tori. In the 3-dimensional case the base is home-
omorphic toS3 and the discriminant locus is a 3-valent graph (with the possibility that
some connected components are just circles with no vertices). The singular fibres are
also “stable” in some sense but their topology is more complicated.

The fibrations we consider also have a Lagrangian section, therefore the smooth
fibres have naturally a group structure isomorphic toRn/Zn. The anti-symplectic invo-
lution fixes such a section and restricted to smooth fibres is justα 7→ −α, and therefore
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the fixed point set in each smooth fibre is just 2n points. So, if we callΣ the fixed point
locus, thenΣ is a Lagrangian submanifold ofX and f restricted toΣ is a branched
covering ofB, of degree 2n, branching over∆. In the 2-dimensional case it is not dif-
ficult to show thatΣ has two connected components, one being the fixed Lagrangian
section, the other being a genus 10 curve. In this caseΣ has the largest possible total
cohomology group for the fixed point locus of an involution, and is therefore maximal.
The 3-dimensional case is more complicated. We discuss a long exact sequence linking
theZ/2Z cohomology ofΣ to the cohomology ofX. It is inspired by a Leray spectral
sequence studied by Gross (op. cit.), computing the cohomology of X in terms of the
fibration. As a corollary we obtain that ifX and its mirrorX̌ are simply connected,
thenΣ has just two connected components. Computing theZ/2Z-cohomology ofΣ is
reduced to computing a mapβ appearing in the long exact sequence (cf. Section 3).
When β = 0, Σ has the largest possible total cohomology. We describe an explicit
example coming from the so-called Schoen’s Calabi–Yau, where Σ can be described
in a sufficiently simple way so to apply standard techniques for the computation of
cohomology. The result is that for Schoen’s 3-fold,β is not zero.

A few questions remain open. Can we computeβ explicitly in more compli-
cated known examples such as the quintic or complete intersections in toric manifolds?
What is the relationship betweenΣ and the corresponding fixed point locusΣ̌ inside
the mirror manifoldX̌? What is the relation between the involutions we study and the
more classical ones constructed algebraically, for instance by conjugation inPn? IsΣ
in our case somehow special among other possible constructions, i.e. is it maximal in
some other sense? These and other questions will be addressed in [1] and further work.

Acknowledgments.This project was partially supported by NSF award DMS-0854989:
FRG: Mirror Symmetry & Tropical Geometry. Matessi was partially supported by
MIUR (Geometria Differenziale e Analisi Globale, PRIN07).

2. Lagrangian fibrations and involutions

2.1. Affine manifolds with singularities

Let (X,ω) be a smooth symplectic 2n-dimensional manifold,B a smoothn-dimensional
manifold and∆ ⊂ B a closed subset withB0 = B−∆ dense inB. A Lagrangian fibra-
tion on X is a smooth mapf : X → B such that the fibres off overB0 are Lagrangian
submanifolds (i.e. dimf−1(b) = n andω| f−1(b) = 0), andf restricted toB0 is a submer-
sion. The fibres over∆ are called singular. If the top dimensional stratum of a singular
fibre isn-dimensional, we require the smooth part of it,f−1(b)−{Crit( f )∩ f−1(b)},
to be a Lagrangian submanifold as well. When the fibres are compact and connected,
then the Arnold-Liouville theorem implies that the fibres over B0 are alln-tori. More-
over, we can cover the subsetB0 with an atlas,{(U j ,φ j)} j∈J such that the transi-
tion maps are affine transformations whose linear part has integral coefficients, i.e.
φ j ◦φ−1

k ∈ Rn⋊Sln(Z).

This motivates the definition of anintegral affine manifold with singularities: a
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topological manifoldB with a closed subset∆ ⊂ B, with B0 = B−∆ dense inB, such
that onB0 there exists an atlasA whose change of coordinates are inRn ⋊Sln(Z).
If (y1, . . . ,yn) are affine coordinates, then theZ-linear combinations of the 1-forms
dy1, . . .dyn span a maximal latticeΛ⊂ T∗B0 which is well defined independently of the
chosen affine coordinates (this follows from the fact that the linear part of the change
of coordinates is in Sln(Z)). We can use this to form then-torus bundleX0 = T∗B0/Λ.
The standard symplectic form onT∗B0 descends toX0 so that the standard projection
f0 : X0 → B0 is a Lagrangian submersion.

In general, if we start with a given integral affine manifold with singularities
(B,∆,A), we may ask whether we can find a symplectic manifoldX and extend the
bundle f0 : X0 → B0 to a Lagrangian fibrationf : X → B by inserting singular La-
grangian fibres over the set∆. More precisely we want the following commutative
diagram

(1)

X0
j−−−−→ X

f0

y
y f

B0
i−−−−→ B

where j is a symplectomorphism andi is the inclusion. This is the starting point for
the construction of the Lagrangian fibrations in [2]. If we ask the question at the purely
topological level (i.e. without requiring a symplectic form on X and the Lagrangian
condition onf ) then, for the cases we consider here, the answer was provided by Gross
in [8]. In particular Gross finds a topological torus fibration on the quintic threefold in
P4.

Let us now give some examples of affine manifolds with singularities.

EXAMPLE 1 (Focus-focus). We start with a 2-dimensional example. We define
an affine structure with singularities onB = R2. Let ∆ = {0} and let(x1,x2) be the
standard coordinates onB. As the covering{Ui} of B0 =R2−∆ we take the following
two sets

U1 = R2−{x2 = 0 andx1 ≥ 0},

U2 = R2−{x2 = 0 andx1 ≤ 0}.
Denote byH+ the set{x2 > 0} and byH− the set{x2 < 0}. Let T be the matrix

(2) T =

(
1 0
1 1

)
.

The coordinate mapsφ1 andφ2 onU1 andU2 are defined as follows

φ1 = Id,

φ2 =

{
Id on H̄+∩U2

(T−1)t on H−.
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The atlasA = {Ui ,φi}i=1,2 is clearly an affine structure onB0. We can easily check
that if we consider the 2-torus bundleX0 = T∗B0/Λ, then the monodromy of theH1

homology of the fibres at a pointb∈ B0, associates the matrixT to the anti-clockwise
oriented generator ofπ1(B0).

This is a compact example:

EXAMPLE 2. InR3 consider the 3-dimensional simplexΞ spanned by the points
P0 = (−1,−1,−1), P1 = (3,−1,−1), P2 = (−1,3,−1), P3 = (−1,−1,3). Let B= ∂Ξ.
We explain how to construct an affine structure with singularities onB. Each edgeℓ j

of Ξ has 5 integral points (i.e. belonging toZ3), which divideℓ j into 4 segments. For

eachj = 1, . . . ,6 denote by∆ j
k, k= 1, . . . ,4 the four barycenters of these four segments.

We let
∆ = {∆ j

k; j = 1. . .6 andk= 1, . . . ,4}.
A covering ofB0 = B−∆ can be defined as follows. The first four open sets consist
of the four open facesΣi , i = 1. . . ,4 with the affine coordinate mapsφi induced by
their affine embeddings inR3. Denote byI the set of integral points ofB which lie
on an edge. For everyQ ∈ I we can choose a small open setUQ in B0 such that
{Σi}i=1,...,4∪{UQ}Q∈I is a covering ofB0. Let RQ denote the 1-dimensional subspace
of R3 generated byQ ∈ I . One can verify that ifUQ is small enough, the projection
φQ : UQ → R3/RQ is a homeomorphism. A computation shows that the atlasA =
{Σi ,φi}i=1,...,4∪{UQ,φQ}Q∈I defines an integral affine structure onB0.

In the latter example it can be easily checked that a neighbourhood of the sin-
gular points in∆ is affine isomorphic to a neighbourhood of 0∈ R2 in Example 1.
In dimension 2, an affine manifold with singularities(B,∆,A) is calledsimple if ∆
consists of isolated points and each point has a neighbourhood affine isomorphic to a
neighbourhood of 0 in Example 1.

We now present some 3-dimensional examples.

EXAMPLE 3 (The edge). LetI ⊆ R be an open interval. ConsiderB= R2× I
and ∆ = {0}× I . On B0 = (R2 −{0})× I we take the product affine structure be-
tween the affine structure onR2−{0} described in Example 1 and the standard affine
structure onI .

EXAMPLE 4 (Positive vertex). LetB=R×R2 and let(x1,x2,x3) be coordinates
in B. IdentifyR2 with {0}×R2. InsideR2 consider the cone over three points:

∆ = {x2 = 0, x3 ≤ 0}∪{x3 = 0, x2 ≤ 0}∪{x2 = x3, x3 ≥ 0}.

Now define closed sets inB

R = R×∆,
R+ = R≥0×∆,
R− = R≤0×∆,



Anti-symplectic involutions of Lagrangian fibrations 239

and consider the following cover{Ui} of R3−∆:

U1 = R3−R+,

U2 = R3−R−.

It is clear thatU1∩U2 has the following three connected components

V1 = {x2 < 0, x3 < 0},
V2 = {x2 > 0, x2 > x3},
V3 = {x3 > 0, x3 > x2}.

Take two matrices

(3) T1 =




1 1 0
0 1 0
0 0 1


 , T2 =




1 0 −1
0 1 0
0 0 1


 .

Now onU1,U2 we define coordinate mapsφ1, φ2 as follows

φ1 = Id,

φ2 =






Id on V̄1∩U2

T−1
1 on V̄2∩U2

T2 on V̄3∩U2.

Again we see thatA= {Ui,φi}i=1,2 gives an affine structure onB0 = R3−∆. One can
compute that, if we form the 3-torus bundleX0, given a pointb∈ B0 and two closed
paths generatingπ1(B0), then theH1 monodromy of the fibre ofX0 associates to these
two paths the matrices(T−1

j )t for j = 1,2.

EXAMPLE 5 (Negative vertex). LetB and∆ be as in Example 4. Then,R2−∆
has three connected components, which we denoteC1,C2 andC3. Let C̄j = Cj ∪ ∂Cj .
Consider the following three open subsets ofB0:

U1 = R3− (C̄2∪C̄3),

U2 = R3− (C̄1∪C̄3),

U3 = R3− (C̄1∪C̄2).

Let

V+ = {x1 > 0},
V− = {x1 < 0}.

ClearlyUi ∩U j =V+∪V− wheni 6= j. If T1 andT2 are as in (3), define the following
coordinate charts onU1, U2, U3 respectively:

φ1 = Id,

φ2 =

{
(T−1

1 )t on V̄+∩U2

Id on V̄−∩U2,

φ3 =

{
Id on V̄+∩U3

(T−1
2 )t on V̄−∩U3.



240 R. Castaño-Bernard and D. Matessi

We can check that the affine structure defined by these charts is such that, on the 3-torus
bundleX0, given a pointb∈ B0, then theH1 monodromy of the fibre ofX0 associates to
two generators ofπ1(B0) the matricesTj , j = 1,2. In particular, monodromy is given
by the inverse transpose matrices of the monodromy in the previous example.

These three examples are the building blocks of so-called 3-dimensional simple
affine structures with singularities. A 3-dimensional compact example is the following:

EXAMPLE 6. This three dimensional example is taken from [11, §19.3].Let Ξ
be the 4-simplex inR4 spanned by

P0 = (−1,−1,−1,−1), P1 = (4,−1,−1,−1), P2 = (−1,4,−1,−1),

P3 = (−1,−1,4,−1), P4 = (−1,−1,−1,4).

Let B = ∂Ξ. Denote byΣ j the open 3-face ofB opposite to the pointPj and byFi j

the closed 2-face separatingΣi andΣ j . EachFi j contains 21 integral points (including
those on its boundary). These form the vertices of a triangulation ofFi j as in Figure
1. By joining the barycenter of each triangle with the barycenters of its sides we form
a trivalent graph as in Figure 1. Define the set∆ to be the union of all such graphs in
each 2-face. Denote byI the set of integral points ofB. Just as in the previous example,
we can form a covering ofB0 = B−∆ by taking the open 3-facesΣ j and small open
neighborhoodsUQ insideB0 of Q ∈ I . A coordinate chartφi on Σi can be obtained
from its affine embedding inR4. If we denote again byRQ the linear space spanned by
Q∈ I , as a chart onUQ we take the projectionφQ : UQ →R4/RQ.

−

+

Figure 1: AffineS3 with singularities.
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In the above example one can check that points in the interiorof the edges of the
graph∆ have neighbourhoods which are affine isomorphic to neighbourhoods of points
on the line of singularities in Example 3. The vertices of∆ which are in the interior
of 2-faces have neighbourhoods affine isomorphic to the vertex in Example 5 (these
are called negative vertices), while vertices of∆ on 1-faces have neighbourhoods affine
isomorphic to a neighbourhood of the vertex in Example 4 (positive vertices).

We say that a 3-dimensional affine manifold with singularities issimpleif ∆ is a
3-valent graph, with vertices labelled as positive or negative. The affine structure near
points on the edges of∆ is locally affine isomorphic to Example 3, near positive (resp.
negative) vertices it is locally affine isomorphic to Example 4 (resp. Example 5).

2.2. Glueing singular fibres

Given the symplectic manifoldX0 = T∗B0/Λ, how do we glue singular fibres toX0?
The 2-dimensional case can be achieved as follows. First consider the following exam-
ple of Lagrangian fibration:

EXAMPLE 7. Let X = C2 −{z1z2 + 1 = 0} and letω be the restriction toX
of the standard symplectic form onC2. One can easily check that the following map
f : X →R2 is a Lagrangian fibration:

(4) f (z1,z2) =

( |z1|2−|z2|2
2

, log|z1z2+1|
)
.

The only singular fibre isf−1(0), which has the topology of aI1 fibre (a pinched torus).

This is an example of a fibration of “focus-focus” type. One can explicitly com-
pute the affine coordinates on the base, away from the singular point (0,0) ∈ R2. It
can be shown that this affine structure is isomorphic (in a neighbourhood of(0,0)) to
the one given in Example 1. This implies that given a 2-dimensional, simple, affine
manifold with singularities and a pointp ∈ ∆, we can glue, via a fibre-preserving
symplectomorphism, a neighbourhood of the singular fibre inthe above example to
( f0)−1(U− p)⊂X0 for a suitable neighbourhoodU . For the details of this construction
consult [2]. If we do this at all 24 points in Example 2, in the end we obtain a symplec-
tic manifold diffeomorphic to a K3 surface and a Lagrangian fibration f : X → S2 with
24 singular fibres and a Lagrangian section off .

A similar, but rather more complicated, construction can becarried out in the
case of a 3-dimensional, simple affine manifold with singularities. Thus obtaining a 6-
dimensional (compact) symplectic manifoldX with a Lagrangian fibrationf : X → B,
together with a Lagrangian section. This is the main result of [2]. The idea is to find
suitable models of Lagrangian fibrations with singular fibres which can be glued over∆.
When compactified in this way, Example 6 gives a manifold diffeomorphic to a quintic
in P4. We should warn the reader that in the final result of [2] the map f is not smooth
but just piecewise smooth, it fails to be smooth only along the preimage of small 2-
dimensional discs containing negative vertices. Also, thediscriminant locus∆ has to
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be enlarged slightly, so that near a negative vertex it is a codimension 1 thickening of
the graph. The total spaceX obtained is nevertheless smooth. When the integral affine
base is as the ones considered by Gross and Siebert,X turns out to be diffeomorphic to
a Calabi–Yau.

2.3. Anti-symplectic involutions

An anti-symplectic involutionon a symplectic manifold(X,ω) is a mapι : X → X such
that ι∗ω = −ω and ι2 = IdX. The fixed point set of an anti-symplectic involution is
always a Lagrangian submanifold. In [3], together with JakeP. Solomon, we showed
that, given a Lagrangian fibrationf : X → B with a Lagrangian section constructed as
above, one can also find an anti-symplectic involutionι : X → X which preserves the
fibres and fixes the section. The idea for the construction is as follows. Consider the
fibre-preserving anti-symplectic involutionι0 onT∗B0/Λ induced by(p,α) 7→ (p,−α)
for everyp∈ B0 andα ∈ T∗

p B0. We show thatι0 extends to a smooth fibre-preserving
anti-symplectic involutionι on X. This is done by first studying anti-symplectic invo-
lutions on local models of singular fibres and then refining the gluing by also matching
the involutions.

In this note, we would like to discuss the topology of the fixedpoint set of this
type of involutions. The fixed point setΣ is the closure inX of the image of the set12Λ
insideT∗B0/Λ. The mapf |Σ : Σ → B is a branched covering ofB, branching over∆.
In dimension 2 this branched covering is of degree 4 and of degree 8 in dimension 3.
Let us look more closely at some examples.

EXAMPLE 8. In the “focus-focus” case, i.e. Examples 1 and 7, fix a pointb∈
R2 −{(0,0)}. Then we can find a basis ofΛb with respect to which, monodromy
is the matrix (2). With respect to this basis, we can identifyΛb with Z2. ThenΣ∩
T∗

b B0/Λb consists of pointss0 = (0,0),s1 = (1/2,0),s2 = (0,1/2) ands3 = (1/2,1/2).
As we go around the singular point, monodromy mapss0 ands2 to themselves and
s1 to s3. Therefore, ifU is a neighbourhood of(0,0), f−1(U)∩Σ has 3 connected
components. There are two which map 1 to 1 toU , these are the ones containings0 and
s2 respectively. Then there is one mapping 2 to 1, which contains boths1 ands3. The
map f restricted to this latter component is a 2 to 1 branched covering, with branched
point inside the singular fibre.

EXAMPLE 9. In the case of Example 2, where the compactifiedX is diffeomor-
phic to a K3 surface, the fixed point setΣ is a compact Lagrangian surface. It is not
difficult to check thatΣ has 2 connected components, one of them is the zero section
and the other one is a degree 3 branched covering overS2 with 24 branched points
of ramification index 2. The Riemann–Hurwitz formula tells us that this connected
component is a genus 10 surface.

Observe that in the previous exampleb1(Σ) = 20= h1,1(X). We will discuss in
the following sections the reason why this equality is not a coincidence. Moreover it
is known that the fixed point setΣ of an involutionι : X → X on a compact manifold
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satisfies the following inequality in cohomology (see [4]):

(5) dim

(
∑
∗

H∗(Σ,Z/2Z)

)
≤ dim

(
∑
∗

H∗(X,Z/2Z)

)

In the case of our involution,Σ satisfies the equality, so it is in some sense maximal.

2.4. Mirror symmetry

For a more thorough explanation of the relevance of affine manifolds with singularities
and Lagrangian torus fibrations in the context of mirror symmetry the reader may con-
sult [9] and the references therein. We just mention a few facts that are related to the
topic of this note. Given an affine manifold with singularitiesB, besidesX0 = T∗B0/Λ,
we can also construcťX0 = TB0/Λ∗, whereΛ∗ is the dual lattice. IfB is simple, then
alsoX̌0 can be topologically compactified. This follows from the Gross’s topological
compactification, in fact in this case the role of vertices isinverted: where we had neg-
ative vertices, we glue fibres of positive type and viceversa. We thus obtain a (compact)
smooth manifoldX̌ together with a torus fibratioňf : X̌ → B. It was shown by Gross
(see next subsection) that the manifoldsX andX̌ satisfy the topological conditions re-
quired for them to be mirror manifolds. In the case of Example6, Gross also shows
thatX̌ is diffeomorphic to the mirror of the quintic.

The existence of a good symplectic structure onX̌ is not immediately appar-
ent from this description, since the tangent bundle does notcarry a natural symplec-
tic structure. To solve this problem one needs the extra dataon B of a (multivalued)
strictly convex functionφ, which can be used to define a symplectic form onTB0.
Equivalently, via the Legendre transform applied toφ, one defines a new affine struc-
ture onB0, giving a new lattice inT∗B0, which we denote by̌Λ. It can be checked that
T∗B0/Λ̌ andX̌0 are isomorphic torus bundles overB0, therefore alsǒX0 has a symplec-
tic structure (inherited fromT∗B0). Thus, alsoX̌0 can be symplectically compactified
to give a Lagrangian fibratioňf : X̌ → B, with a fibre-preserving anti-symplectic invo-
lution. Using ideas from toric geometry, Gross and Siebert also introduce the discrete
Legendre transform, which is a combinatorial version of thestandard Legendre trans-
form. In [10], Gross shows that this construction can be applied to all the examples of
Batirev–Borisov’s pairs of mirror Calabi–Yau’s.

In [3] we also discuss the relevance of our construction of anti-symplectic invo-
lutions in the context of the Homological Mirror Symmetry conjecture. This conjecture
states that given mirror manifoldsX andX̌, there should be an equivalence of categories
between the derived category of coherent sheaves onX̌ and the derived Fukaya cate-
gory onX. The objects in this latter category are Lagrangian submanifolds of X, with
some other data attached. Since the two categories are conjectured to be equivalent, an
autoequivalence on one category should correspond to one onthe other. The category
of coherent sheaves has a natural autoequivalence which consists in mapping a sheaf
to its dual. In [3] we discussed some evidence of a conjectureclaiming that the autoe-
quivalence on the Fukaya category, corresponding to dualization, should be given by
the anti-symplectic involutionι that we constructed, where a Lagrangian submanifold
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is mapped to its image underι.

2.5. Topology of Lagrangian3-torus fibrations

We describe here some of Gross’s results on the Leray spectral sequence applied to
the torus fibrationsf : X → B of the type discussed in the previous section. We as-
sume that(B,∆,A) is a compact simply-connected, 3-dimensional, simple integral
affine manifold with singularities. The arguments are entirely topological, without
any reference to the fact thatX is symplectic and the fibres are Lagrangian. Given an
abelian groupG, we denote byRk f∗G the sheaf associated to the presheaf onB given
by U 7→ Hk( f−1(U),G). The Leray spectral sequence associated tof has asE2 terms
the groupsH j(B,Rk f∗G). We recall Gross’s definition:

DEFINITION 1. Let i : B0 → B be the inclusion. The fibration f: X → B is
G-simple if

i∗Rk f0∗G= Rk f∗G

We will assume in the following thatX is simply connected. For some of the
arguments, this condition can be relaxed, e.g. it could be replaced withH1(X,R) = 0.
In [8] Gross showed that the fibrations considered here are alwaysG-simple, whenG is
Z or Z/nZ. MoreoverZ simplicity impliesQ simplicity. Notice also that, since affine
coordinates onB0 have linear part in Sl(n,Z), the fibres are canonically oriented, so
that

R3 f∗G= G.

Moreover, f has a smooth section (extending the zero section onT∗B0). We also
consider the mirror dual fibratioňf : X̌ → B, which is also aG-simple fibration with a
section and we will assume that alsoX̌ is simply connected.

Now, letG=Q (but the following also holds forG= Z orZ/2Z). By Poincaré
duality applied to the fibres, we have that

(Rj f0∗Q)∨ = Rn− j f0∗Q.

Moreover, from the definition of dual torus fibration, we alsohave:

(Rj f0∗Q)∨ = Rj f̌0∗Q.

By applyingi∗ to the above and usingQ-simplicity we obtain

(6) Rj f̌∗Q= Rn− j f∗Q.

TheE2 page for the Leray spectral sequence forf with G = Q, looks like the
following

Q 0 0 Q
0 H1(B,R2 f∗Q) H2(B,R2 f∗Q) 0
0 H1(B,R1 f∗Q) H2(B,R1 f∗Q) 0
Q 0 0 Q
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For the proof of this, one can argue as follows. Since the fibres are con-
nected, we haveR0 f∗Q = Q. MoreoverR3 f∗Q = Q, as we already mentioned. So,
together with the fact thatB is simply connected, we obtain the zeroes in the top
and bottom row. The zeroes in the first and last column come from the fact that
H1(X,Q) = H5(X,Q) = H1(X̌,Q) = H5(X̌,Q) = 0 together with (6). TheE2 term
for f̌ is obtained by exchanging the first and second row of theE2 term of f .

Gross proved that under these hypotheses the Leray spectralsequences off and
f̌ degenerate at theE2 term, so that whenX is a Calabi–Yau manifold

h1,1(X) = dimH1(B,R1 f∗Q) = dimH1(B,R2 f̌∗Q) = h2,1(X̌).

So the topology of these fibrations onX and X̌ guarantees thatX and X̌ satisfy the
basic topological requirement of mirror symmetry. These arguments also work if we
replaceQ withZ/2Z (except, maybe, the equality with Hodge numbers, due to possible
presence of 2-torsion):

Z/2Z 0 0 Z/2Z
0 H1(B,R2 f∗Z/2Z) H2(B,R2 f∗Z/2Z) 0
0 H1(B,R1 f∗Z/2Z) H2(B,R1 f∗Z/2Z) 0

Z/2Z 0 0 Z/2Z

From which we obtain that

H2(X,Z/2Z)∼= H1(B,R1 f∗Z/2Z)

H3(X,Z/2Z)∼= H1(B,R2 f∗Z/2Z)⊕H2(B,R1 f∗Z/2Z)⊕Z/2Z⊕Z/2Z

H4(X,Z/2Z)∼= H2(B,R2 f∗Z/2Z)

3. A long exact sequence

We now wish to understand theZ2-cohomology of the fixed point locus of the anti-
symplectic involutions constructed in the previous section. We sketch here the con-
struction of a long exact sequence which links the cohomology of the ambient manifold
X with the cohomology ofΣ, details will appear in [1]. The assumptions onf : X → B
are the same as those in the last subsection of the previous section (in particularX is
6-dimensional) and we letΣ be the fixed point locus of the anti-symplectic involution
ι : X → X. Let

σ = f |Σ
and denote byσ0 the restriction ofσ to σ−1(B0). The idea is to consider the spectral
sequence associated to the branched coveringσ : Σ → B and compare it with the one
associated tof . Observe that theE2 term of the spectral sequence ofσ consists of just
one row of elements of the typeH j(B,R0σ∗Z/2Z) and therefore the spectral sequence
degenerates atE2. It can also be shown that, sincef isZ/2Z-simple then alsoσ : Σ→B
is aZ/2Z-simple fibration.
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We can now restrict our attention only to the sheafR0σ0∗Z/2Z. For every point
p∈ B0, σ−1(p) consists of the 8 points in the image of1

2Λp insideT∗
p B0/Λp. Notice

that σ−1(p) has a group structure isomorphic to(Z/2Z)3. Denote this group byG p

and letG be the sheaf overB0 whose stalk isG p. Observe that

(7) G ∼= R2 f0∗Z/2Z,

in factG is naturally isomorphic to(R1 f0∗Z/2Z)∨.

Now let us denote byG ′ the sheafR0σ0∗Z/2Z and observe thatG ′p is just the set
of maps fromG p to Z/2Z. Clearly, constant maps are monodromy invariant, but since
monodromy acts linearly onG p, also the map which is 1 at 0∈ G p and zero elsewhere
is monodromy invariant. Let us denote byC the sheaf generated by the constant maps
and this latter map. Since these maps are monodromy invariant, C is just the constant
sheaf(Z/2Z)2. Also note thatG ∨ is naturally a subsheaf ofG ′. It can be shown that
there is a short exact sequence of sheaves

0→ G ∨⊕ C → G ′ → G → 0.

The mapG ′ → G in the above sequence is defined as follows. Letg∈ G p and denote
by δg ∈ G ′p the map which is 1 atg and zero elsewhere. One can show that every class
in the quotient ofG ′p by G ∨p ⊕ C p is represented by aδg for a uniqueg. So the map
from G ′p to G p maps every element in the class ofδg to g. It can be shown that this
map is linear and that it is a morphism of sheaves. Using (7) and Z/2Z-simplicity the
above exact sequence becomes

0→ (R1 f∗Z/2Z)⊕Z/2Z⊕Z/2Z→ R0σ∗Z/2Z→ R2 f∗Z/2Z→ 0.

The fact that the sequence remains short exact after applying i∗ follows by directly
computing the above maps on elements which are locally monodromy invariant near
pointsp∈ ∆. With some abuse of notation, we continue to denote this sequence by

0→ G ∨⊕ C → G ′ → G → 0.

Passing to the long exact sequence in sheaf cohomology, we obtain

THEOREM1. The sheavesG , G ′ andG ∨ over B satisfy the following long exact
sequence:

0→ H0(B,G ∨⊕ C ) → H0(B,G ′)→ H0(B,G )→

H1(B,G ∨⊕ C ) → H1(B,G ′)→ H1(B,G )
β→(8)

H2(B,G ∨⊕ C ) → H2(B,G ′)→ H2(B,G )→0

Observe that from the Leray spectral sequence forσ, we have that

H j(B,G ′)∼= H j(Σ,Z/2Z).
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and from the definitions ofG , G ∨ andC , for j = 1,2, we have

H j(B,G ∨⊕ C )∼= H j(B,G ∨)∼= H j(B,R1 f∗Z/2Z),

H j(B,G )∼= H j(B,R2 f∗Z/2Z).

So we obtain

COROLLARY 1. Σ has two connected components.

Proof. SinceH0(B,G ) = H0(B,G ∨) = 0 andC ∼= Z/2Z⊕Z/2Z, the first row splits
off from the rest and it tells us thatH0(Σ,Z/2Z) ∼= Z/2Z⊕Z/2Z. HenceΣ has two
connected components.

One of the two components is the zero section, therefore diffeomorphic toS3.
Notice also that the second row tells us thatH1(B,R1 f∗Z/2Z) injects intoH1(Σ,Z/2Z).

COROLLARY 2. With the above hypotheses

dimH1(Σ,Z/2Z)≥ dimH2(X,Z/2Z)

Moreover ifβ = 0, for j = 1,2 we would have

H j(Σ,Z/2Z)∼= H j(B,R1 f∗Z/2Z)⊕H j(B,R2 f∗Z/2Z)

Observe that ifβ = 0 thenΣ satisfies the equality in the inequality (5) and is
therefore maximal. Observe also that in the 2-dimensional case of Example 9, a similar
but smaller spectral sequence gives us:

H1(Σ,Z/2Z)∼= H1(B,R1 f∗Z/2Z)⊕H2(B,R2 f∗Z/2Z).

Since the total space is a K3 surface andΣ is oriented, the above equality holds since
b1(Σ) = 2h1,1(X) = 20, which is what we already noticed.

4. An example: Schoen’s Calabi–Yau

4.1. The manifold and the fibration

At the time of writing this note, we were able to compute the cohomology of only
one example of fixed point locus of an involution of the type described. It comes
from a Lagrangian fibration of the so-called Schoen’s Calabi–Yau. This manifold was
studied in [15], and then described in terms of its associated affine manifold with sin-
gularities by Gross in [10]. Kovalev [13] described a 3-torus fibration, which inspired
the construction we provide here. Considerf1 : Y1 → P1 and f2 : Y2 → P1 two ra-
tional elliptic surfaces with a section, such that there does not existx ∈ P1 for which
f−1
1 (x) and f−1

2 (x) are both singular. Then Schoen’s Calabi–Yau is the fibred product
Y = Y1 ×P1 Y2. It satisfiesχ(X) = 0, h1,1(X) = h1,2(X) = 19. It can also be written
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as a complete intersection inP1×P2×P2 of hypersurfaces of tridegree(1,3,0) and
(1,0,3).

A topological construction can be given as follows. Consider a 4-dimensional
manifold with boundaryM̄ which fibres over the closed 2-discD so that the general
fibre is a 2-torus and such that there are 12 singular fibres of Kodaira typeI1 (pinched
tori) over interior points ofD. Assume also that the boundary of̄M is a trivial 2-torus
bundle over∂D = S1, i.e. ∂M̄ ∼= T ×S1, whereT is a 2-torus. To construct̄M we can
proceed as follows. Take an elliptically or Lagrangian fibred K3, with 24 singular fibres
of Kodaira typeI1. Then consider a simple closed curveγ on the base bounding a 2-disc
D containing images of 12 singular fibres, and such that it doesnot pass through critical
points. If, furthermore, we chooseγ so that along it theH1-monodromy of the fibres is
trivial, then we can takēM to be the union of the fibres overD. Another construction
can be found in [14]. Now consider the 6-manifold with boundary X̄ = M̄×T ′, where
T ′ is a 2-torus. ClearlȳX fibres overD×S1 by taking the product of the given fibration
of M̄ with the standardS1 fibration of T. The boundary ofX̄ is S1×T ×T ′, where
S1×T is the boundary ofM̄. Consider coordinates on∂X̄ given by(φ1,φ2,φ3,θ1,θ2),
whereφ1 is the (angle) coordinate onS1, (φ2,φ3) and(θ1,θ2) are (angle) coordinates
on T andT ′ respectively. Assume that the fibration restricted to∂X̄ is the projection
onto the coordinates(φ1,θ1) ∈ ∂D×S1.

Now consider the homeomorphismΦ : ∂X̄ → ∂X̄ given by

Φ(φ1,φ2,φ3,θ1,θ2) = (θ1,θ2,−φ3,φ1,φ2).

We form the manifoldY by gluing two copies ofX̄ along their boundary using the
homeomorphismΦ, i.e.

Y = X̄⊔Φ X̄.

It turns out thatY is diffeomorphic to Schoen’s Calabi–Yau (see Gross [10] andKovalev
[13]). Notice that if we glue two copies of the baseD×S1 of the fibration onX̄ via
the map(φ1,θ1) 7→ (θ1,φ1), then we obtain a 3-sphereS3 and a 3-torus fibration ofY
on S3 induced from the fibration on̄X. One can show, using the results of [2], that
this fibration can be turned into a (smooth) Lagrangian fibration, by compactifying the
affine manifold with singularities constructed by Gross [10, §4].

4.2. The involution and the fixed point locus

We now describe the involution onY. On M̄ we can construct a fibrepreserving in-
volution, simply by considering the involution on the K3 as described in Example 9
and restricting it toM̄. OnT ′ we take the involution which preserves the fibres of the
fibration onS1, i.e. in coordinates(θ1,θ2), the involution is(θ1,θ2) 7→ (θ1,−θ2). Then
on X̄ = M̄×T ′ we take the product involution. It clearly descends to an involution on
Y.

Let us now describe the fixed point locus of this involution. The fixed point
locus of the involution onM̄ is the disjoint union of a 2-disc, which we denote byS0

(corresponding to the zero section on theK3) and a genus 4 surfaceS1 with 3 open
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discs removed. The boundary of the 2-disc and the three copies of S1 forming the
boundary ofS1 are mapped by the fibration to the boundary of the base∂D. In fact,
we may assume that, with respect to the coordinates(φ1,φ2,φ3) of ∂M̄ = S1×T the
involution is (φ1,φ2,φ3) 7→ (φ1,−φ2,−φ3) so the four circles are given by(φ1,0,0)
(which is the boundary ofS0), (φ1,1/2,0), (φ1,0,1/2), (φ1,1/2,1/2). The latter three
form the boundary ofS1. Now onT ′, the fixed locus of the involution is given by a pair
of circles, corresponding to(θ1,0) and(θ1,1/2). Therefore the fixed point locus of the
involution onM̄×T ′ is given by two copies ofS0×S1 and two copies ofS1×S1, i.e.

Σ̄ = (S0×S1)⊔ (S0×S1)⊔ (S1×S1)⊔ (S1×S1).

Then, the fixed point locus of the involution onY is obtained by gluing together two
copies ofΣ̄ via the the homeomorphismΦ restricted to the boundary components of
Σ̄. The result is a 3-manifoldΣ with two connected components, one of which is
a 3-sphere. According to our computations (based on the Mayer–Vietoris Theorem)
H1(Σ,Z) isZ34. SinceH2(Y,Z) =Z19 andH3(Y,Z) = Z40, in the long exact sequence
of Theorem 1 applied toY andΣ, we have

H1(B,G ) = (Z/2Z)19,

and
dimkerβ = 15.

So this is an example whereβ is not zero.
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THE SECOND GAUSSIAN MAP FOR CURVES:

A SURVEY∗

Abstract. We give an overview of results on the second Gaussian map for curves in relation
to the second fundamental form of the period map. We will alsoconcentrate on the case in
which the curve is contained in an abelian surface, or in a K3 surface. This is an expanded
version of the talk given at the “Workshop on Hodge Theory andAlgebraic Geometry” in
Povo (Trento) on 4–5 September 2009.

1. Introduction

Let Ag be the moduli space of principally polarized abelian varieties of dimensiong and
let j : Mg → Ag be the period map sending a curve to its Jacobian. It is an interesting
and classical problem to understand the geometry of the image ofMg in Ag.

OnAg there is a natural metric coming from the unique (up to scalar) Sp(2g,R)
invariant metric on the Siegel spaceHg ≃ Sp(2g,R)/U(g) of which Ag is the quotient
by Sp(2g,Z). In [12] we studied the metric onMg induced by this metric via the
period map, which we call the Siegel metric. In [14] an explicit expression for the
second fundamental form of the immersionj is given and it is proven that the second
fundamental form lifts the second Gaussian mapγ2

C : I2(KC) → H0(C,4KC), as stated
in an unpublished paper of Green and Griffiths (cf. [16]).

This paper is a survey of results that were obtained in collaboration with Elisa-
betta Colombo and Giuseppe Pareschi in [10, 12, 11, 13] on thesecond Gaussian map
γ2

C of a curveC and its relation to the second fundamental form of the periodmap.

More precisely, in Section 2 we recall the definition of the Gaussian (or Wahl)
maps, while in Section 3 we describe some results of [12] concerning the computation
of the holomorphic sectional curvature ofMg, endowed with the Siegel metric, along
the tangent directions given by the Schiffer variations, interms of the second Gaussian
mapγ2

C.

In Section 4 we first explain some results of [10], namely the computation of
the rank ofγ2

C on the hyperelliptic and trigonal loci. Then from these results and
from the fact (proven in [10]) that for a non-hyperelliptic and non-trigonal curve of
genusg ≥ 5, the image ofγ2

C is base point free, we derive some properties of the
holomorphic sectional curvature ofMg. In particular along a Schiffer variationξP the
holomorphic sectional curvatureH(ξP) of Mg is strictly smaller than the holomorphic
sectional curvature ofAg unlessP is either a Weierstrass point of a hyperelliptic curve
or a ramification point of theg1

3 on a trigonal curve. In these last cases,H(ξP) =−1.

∗The present work took place in the realm of the MIUR research project “Moduli, strutture geometriche
e loro applicazioni” (PRIN 2007)
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In Section 5 we restrict our attention to the hyperelliptic locus and we show
that the holomorphic sectional curvature of the hyperelliptic locus, computed along the
Schiffer variations at the Weierstrass points of the curve is identically equal to−1.

In Section 6 we describe some results of [11] on the second Gaussian map of a
curve in a K3 surface. More precisely we explain the strategyof the proof of the main
result of [11], which asserts that for a general hyperplane section of a general polarized
K3 surface of genusg > 280, γ2

C is surjective. From this and with the help of some
examples that we found in [10], we deduce that for the generalcurve of genusg> 152,
γ2

C is surjective.

Very recently, Calabri, Ciliberto and Miranda in [5] have shown thatγ2
C has

maximal rank for the general curve of any genusg, namely it is injective forg ≤ 17
and surjective forg ≥ 18. Their proof is achieved by degeneration to a stable binary
curve, i.e. a the union of two rational curves meeting atg+1 points.

Finally in Section 7 we report on results on the first and the second Gaussian
map for a curve on an abelian surface obtained in [13].

The main result of [13] roughly says that if a curveC is contained in an abelian
surface, the corank ofγ2

C is at least 2, hence it is never surjective.

Recall that by an important theorem of Wahl ([27]), we know that if a curve is
a hyperplane section of a K3 surface, the first Gaussian (or Wahl) map is not surjective
(cf. also [3]).

In [13] we also proved that for a “sufficiently ample” curveC contained in an
abelian surface the first Wahl map is surjective (see Theorem7.1 for a precise state-
ment).

Finally recall Ciliberto-Harris-Miranda’s theorem ([6],see also Voisin’s proof
in [24]), stating that the first Wahl map of the generic curve of genusg is surjective as
soon as this is numerically possible, i.e. forg≥ 10, with the exception ofg= 11. For
g< 10 andg= 11 it is known that the generic curve lies on a K3 surface ([20]).

Acknowledgments.This survey is an expanded version of the talk given at the Work-
shop on Hodge Theory and Algebraic Geometry, Povo (Trento) 4–5 September 2009.
It is a pleasure to thank the organizers of that conference.

2. Definition of Gaussian maps

Let Y be a smooth complex projective variety and let∆Y ⊂Y×Y be the diagonal. Let
L andM be line bundles onY. For a non-negative integerk, thek-th Gaussian map
associated to these data is the restriction to diagonal map

(1) γk
L,M : H0(Y×Y, Ik

∆Y
⊗L⊠M)→ H0(Y, Ik

∆Y |∆Y
⊗L⊗M)∼= H0(Y,SkΩ1

Y ⊗L⊗M).

Usually first Gaussian maps are simply referred to asGaussian maps. The exact se-
quence

(2) 0→ Ik+1
∆Y

→ Ik
∆Y

→ SkΩ1
Y → 0
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(whereSkΩ1
Y is identified to its image via the diagonal map), twisted byL⊠M, shows

that the domain of thek-th Gaussian map is the kernel of the previous one:

γk
L,M : kerγk−1

L,M → H0(SkΩ1
Y ⊗L⊗M).

In what follows, we will deal with Gaussian maps of order one and two, assuming also
that the two line bundlesL andM coincide. The mapγ0

L is the multiplication map of
global sections

(3) H0(X,L)⊗H0(X,L)→ H0(X,L2)

which obviously vanishes identically on∧2H0(L). Consequently,

H0(Y×Y, I∆Y ⊗L⊠L)

decomposes as∧2H0(L)⊕ I2(L), whereI2(L) is the kernel ofS2H0(X,L)→H0(X,L2).
Sinceγ1

L vanishes on symmetric tensors, one writes

(4) γ1
L : ∧2H0(L)→ H0(Ω1

Y ⊗L2).

Again, H0(Y×Y, I2
∆Y

⊗L⊠L) decomposes as the sum ofI2(L) and the kernel of (4).

Sinceγ2
L vanishes identically on skew-symmetric tensors, one usually writes

(5) γ2
L : I2(L)→ H0(S2Ω1

Y ⊗L2).

(In general, Gaussian maps of even, respectively odd, ordervanish identically on skew-
symmetric, respectively symmetric, tensors.) The second Gaussian mapγ2

C is the sec-
ond Gaussian map of the canonical line bundle. In what follows we will also deal with
the first Wahl map,γ1

C, which is the first Gaussian map of the canonical bundle. We
have:

γ1
C : ∧2H0(KC)→ H0(3KC)

γ2
C : I2(KC)→ H0(4KC).

Let us now also give the expressions ofγ1
C andγ2

C in local coordinates. Fix a
basis{ωi} of H0(KC). In local coordinates, assume thatωi = fi(z)dz. Then we have

γ1
C(ωi ∧ω j) = ( f ′i f j − f ′j fi)(dz)3.

Let Q ∈ I2(KC), Q = ∑i, j ai j ωi ⊗ω j , recall that∑i, j ai j fi f j ≡ 0, and sinceai, j

are symmetric, we also have∑i, j ai j f ′i f j ≡ 0. The local expression ofγ2
C(Q) is

(6) γ2
C(Q) = ∑

i, j

ai j f ′′i f j (dz)4 =−∑
i, j

ai j f ′i f ′j (dz)4.
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3. The Siegel metric

Let Mg, respectivelyM(n)
g , be the moduli space of smooth genusg curves, respectively

of smooth genusg curves with a fixedn-level structure.

Let Ag, respectivelyA(n)
g , be the moduli space ofg-dimensional principally po-

larized Abelian varieties, respectively ofg-dimensional principally polarized Abelian
varieties with an-level structure.

Denote by
Hg := {Z ∈ M(g,C) | Z = tZ, ImZ > 0}

the Siegel space so thatAg is the quotient ofHg by the action ofSp(2g,Z) andA(n)
g is

the quotient ofHg by ker(Sp(2g,Z) → Sp(2g,Z/nZ)). Denote byj : Mg → Ag, and

j(n) : M(n)
g → A(n)

g the period maps which send a curve to its Jacobian.

The Torelli theorem states thatj is injective, whilej(n) is two-to-one on the im-
age and ramified over the hyperelliptic locus. In fact multiplication by−1 in H1(C,Z)
= H1(JC,Z), whereJC is the Jacobian of the curveC, is induced by an automorphism
of abelian varieties but not by an automorphism of non-hyperelliptic curves. The local
Torelli theorem says that outside the hyperelliptic locus and restricted to the hyperel-
liptic locus the period map is an immersion (cf. [21]). From now on we shall work on

M(n)
g andA(n)

g , with n≥ 3, since they are smooth, everything works in the same way on
Mg andAg but in the orbifold context.

We will now define the Siegel metric.

The Siegel spaceHg is a homogeneous space and it can be seen as the quotient
Sp(2g,R)/U(g). We call the unique (up to scalar) invariant metric Siegel metric.

Let F be the homogeneous vector bundle onHg associated to the standardg-
dimensional representation ofU(g,C). The Hodge metrich on F is the only (up to
multiplication by scalars) invariant metric on the homogeneous bundleF . Moreover
through the identification

Ω1
Hg

≃ S2F

the Hodge metric onF defines the Siegel metric onHg .

The Siegel metric onHg defines a metric onA(n)
g andAg and, through the period

map, an induced metric onM(n)
g andMg outside the hyperelliptic locus, and on the

hyperelliptic locus itself. We call all these metrics Siegel metrics.

These metrics can be described in terms of polarized variation of Hodge struc-

tures. More precisely, onA(n)
g we have the universal familyφ : A → A(n)

g , and the
polarized variation of Hodge structures associated to the local systemR1φ∗Z. The
associated Hodge bundleF 1 can be identified withφ∗(Ω1

A |A(n)
g
), whereΩ1

A |A(n)
g

is the

sheaf of relative holomorphic one forms. The polarization induces a Hermitian metric
on R1φ∗C and onF 1, which we call the Hodge metric. In fact the pullback ofF 1 on
Hg is the bundleF and the pullback of the metric is the Hodge metric onF . Hence the
Siegel metric is induced by the Hodge metric through the identificationS2F 1 ∼= Ω1

A
(n)
g

.
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On M(n)
g we have the universal familyψ : C → M(n)

g with induced relative du-
alizing sheafK

C |M(n)
g

. The local systemR1ψ∗Z coincides with the pullback ofR1φ∗Z

through the period map: at a point[C] ∈ M(n)
g , we haveH1(C,Z) ∼= H1(JC,Z). The

non-degenerate Hermitian product onH1(C,C), defined by the polarization is the fol-
lowing: for any[η], [ξ] ∈ H1(C,C), we have

〈[η], [ξ]〉= i
∫

C
η∧ξ.

The Hodge bundle can be identified withψ∗(K
C |M(n)

g
), and the corresponding Hodge

metric yields a metric onS2F 1 ∼= j(n)
∗Ω1

A(n)
g

, hence onj(n)
∗
T

A
(n)
g

, and by restriction the

Siegel metric onT
M

(n)
g

.

We finally observe that for the sake of simplicity we defined the Siegel metric

on the fine moduli spaceM(n)
g , but we also have a Siegel metric onMg viewed as an

orbifold.

Recall that outside the hyperelliptic locus we have the sequence of tangent bun-
dles:

(7) 0→ T
M

(n)
g

→ j(n)∗T
A
(n)
g

π→ N → 0,

whose dual, under the identifications

j(n)∗Ω1
A
(n)
g

∼= S2(ψ∗K
C |M(n)

g
), Ω1

M
(n)
g

∼= ψ∗(K
2
C |M(n)

g
),

is

(8) 0→ I2 → S2(ψ∗K
C |M(n)

g
)

m→ ψ∗(K2
C |M(n)

g
)→ 0,

whereI2 := N ∗ andm is the multiplication map.

The Hermitian connection of the variation of Hodge structuresR 1ψ∗C, the
Gauss-Manin connection, defines a Hermitian connection onF 1 = ψ∗K

C |M(n)
g

, thus

onF 1∗, as well asS2F 1 andS2F 1∗ ≃ j(n)∗T
A
(n)
g

, which we denote by∇.

The exact sequence (7) defines a second fundamental form,

σ ∈ Hom(T
M

(n)
g
,N ⊗Ω1

M
(n)
g
), σ : s 7→ π(∇(s)).

Similarly the exact sequence (8) defines the second fundamental form

ρ ∈ Hom

(
I2,ψ∗(K2

C |M(n)
g
)⊗Ω1

M
(n)
g

)
.

Clearlyσ yields a linear map̃σ : T
M

(n)
g

⊗T
M

(n)
g

→ N , andρ : I2 → Ω1
M

(n)
g

⊗Ω1
M

(n)
g

is the

dual ofσ̃.
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In [12] we computed the curvature formR of T
M

(n)
g

in terms of the curvature

form R̃ of j(n)
∗
(T

A
(n)
g
) and the second fundamental formσ. In fact we have

(9) 〈R(s), t〉 = 〈R̃(s), t〉− 〈σ(s),σ(t)〉,

wheres, t are local sections ofT
M

(n)
g

.

The exact sequence (7) at[C] ∈ M(n)
g is

(10) 0→ H1(TC)→ S2(H0(KC))
∗ → I2(C)

∗ → 0,

thusσ yields a homomorphism

(11) σ : H1(TC)→ Hom(I2(KC),H
0(2KC)).

Analogously, at[C] ∈ M(n)
g the exact sequence (8) is:

(12) 0→ I2(KC)→ S2(H0(KC))
m→ H0(2KC)→ 0,

hence the second fundamental formρ gives a homomorphism

(13) ρ : I2(KC)→ Hom(H1(TC),H
0(2KC))

and for everyv∈ H1(TC), and for everyQ∈ I2(C), we have

σ(v)(Q) = ρ(Q)(v).

In [12], to compute the curvature form ofT
M

(n)
g

at [C] ∈ M(n)
g , we used some re-

sults of [14]. Namely in [14] it is proven that the mapρ, whose image is inS2H0(2KC),
is a lifting of the second Gaussian mapγ2

C, as in the following diagram

(14) I2(KC)
ρ

γ2
C

S2H0(2KC)

m

H0(4KC)

where the mapm is given by multiplication.

Moreover in [14] an explicit computation of the image ofρ at the tangent di-
rection given by a Schiffer variation at a pointP of C is given in terms of the second
Gaussian map, namely we have:

(15) ξP(ρ(Q)(ξP)) = 2πiγ2
C(Q)(P),

for every quadricQ∈ I2.

Let us briefly recall the definition ofξP. Consider the exact sequence

0→ TC → TC(P)→ TC(P)|P → 0.
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Notice thatH0(TC(P)|P)∼= C. If we denote the coboundary map by

δ : H0(TC(P)|P)→ H1(TC),

we have dim(Im(δ)) = 1. Any non-zero elementξP in Im(δ) is called a Schiffer varia-
tion. Let us a choose a local coordinatez in a neighborhood ofP. Under the Dolbeault
isomorphismH1(TC)∼= H0,1(TC), it is represented by the formθP = 1

z∂bP⊗ ∂
∂z, where

bP is a bump function aroundP. Notice that if we choosebP to be one in a neighbor-
hood ofP for this choice of local coordinatez, ξP depends only on the choice ofz and
in fact also formula (15) depends onz.

Using these results, in [12] we obtained a closed expressionfor the holomorphic

sectional curvature ofT
M

(n)
g

at [C] ∈ M(n)
g along the tangent directions given by the

Schiffer variationsξP. More precisely, the following holds.

THEOREM1. ([12]) The holomorphic sectional curvature ofT
M

(n)
g

at [C]∈M(n)
g

computed at the tangent vectorξP is given by

H(ξP) =
1

〈ξP,ξP〉〈ξP,ξP〉
〈R(ξP),ξP〉(ξP,ξP)

= −1− 1
64π2(∑ j | f j (P)|2)4 ∑

i
|γ2

C(Qi)(P)|2,

where{Qi} is an orthonormal basis of I2, {ω j} is an orthonormal basis of H0(KC) and
in a local coordinate z around P, we haveω j = f j (z)dz.

In the above formula,−1 is the value of the holomorphic sectional curvature of

A(n)
g calculated along the tangent directions at[C] ∈ M(n)

g given byξP, for all P ∈ C,
while the term− 1

64π2(∑ j | f j (P)|2)4 ∑i |γ2
C(Qi)(P)|2 represents the contribution given by

the second fundamental form.

4. Second Gaussian map and curvature

We first recall some results on the second Gaussian map obtained in [10].

Assume thatC is either a hyperelliptic curve of genusg≥ 3, or a trigonal curve
of genusg ≥ 4. Let |F| denote theg1

2 in the hyperelliptic case, theg1
3 in the trigonal

case. LetφF : C → P1 be the induced morphism andν : P1 →֒ Pg−1 be the Veronese
embedding, so that in the hyperelliptic caseφK = ν ◦ φF , whereφK is the canonical
map. Observe that in the hyperelliptic case the hyperelliptic involution τ acts as−Id
onH0(KC), so we have an exact sequence

0→ I2(KC)→ S2(H0(KC))→ H0(2KC)
+ → 0,

whereH0(2KC)
+ denotes theτ-invariant part ofH0(2KC) whose dimension is(2g−1)

andI2(KC) is the vector space of the quadrics containing the rational normal curve.
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SetL :=KC−F, and fix a basis{x,y} of H0(F), and a basis{t1, . . . , tr} of H0(L)
both in the hyperelliptic and in the trigonal case. We have a linear map

ψ : Λ2(H0(L))→ I2, ti ∧ t j 7→ Qi j = xti ⊙ yt j − xt j ⊙ yti.

In both cases the linear mapψ : Λ2(H0(L)) → I2 is an isomorphism as can be easily
checked or found in [1].

An easy computation in local coordinates shows that we have

γ2
C(Qi j ) = γ1

F (x∧y)γ1
L(ti ∧ t j),

hence, for any quadricQ of rank four, we have

γ2
C(Q) = γ1

F(x∧y)γ1
L(ψ

−1(Q)).

So, if we denote byq1, . . . ,ql the ramification points of either theg1
2, or of theg1

3, we see
that the image ofγ2

C is contained inH0(4KC−(q1+ · · ·+ql )) and rank(γ2
C) = rank(γ1

L).
In fact,

div(γ2
C(Q)) = div(γ1

F(x∧y))+div(γ1
L(ψ−1(Q))) = q1+ · · ·+ql +div(γ1

L(ψ−1(Q)).

Thereforeγ2
C(Q)(qi) = 0 for all i = 1, . . . , l .

Using the above observations and the computation of the rankof the first Gaus-
sian map of the canonical linear series for hyperelliptic curves done in [9], in [10] we
proved the following

PROPOSITION1. ([10, Lem. 4.1, Prop. 4.2]) Let C be a hyperelliptic curve of
genus g≥ 3. Then the rank ofγ2

C is 2g−5 and its image is contained in

H0(4KC− (q1+ · · ·+q2g+2)),

where{q1, . . . ,q2g+2} are the Weierstrass points.

Assume now thatC is non-hyperelliptic trigonal curve of genusg ≥ 4. Let
|F | be theg1

3 on C, assumeF = p1 + p2 + p3, pi ∈ C. Denote byL = KC − F =
KC − p1 − p2 − p3, deg(L) = 2g− 5, h0(L) = g− 2. ThusH0(L) ⊂ H0(KC) and
γ1

L = γ1
K |Λ2H0(KC−p1−p2−p3)

. In [9] it is proven that for the general trigonal curve of

genusg≥ 4, dim(coker(γ1
K)) = g+5, moreover specific examples of trigonal curves

(whose genera are all equal to 1 modulo 3) such that the corankof γ1
K is g+5 are ex-

hibited. Using results of [15], in [4] Brawner proved that dim(coker(γ1
K)) = g+5 for

any trigonal curve of genusg≥ 4.

In [10] we determined the rank ofγ2
C for trigonal curves, computing the rank of

γ1
L and generalizing the computation done in [15] and [4] forγ1

K .

THEOREM2. ([10]) For any trigonal non-hyperelliptic curve C of genus g≥ 4,
the image ofγ2

C is contained in H0(4KC− (q1+ · · ·+q2g+4)), where q1+ · · ·+q2g+4 is
the ramification divisor of the g13.

If g ≥ 8, the rank ofγ2
C is 4g−18.
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We also recall

THEOREM 3. ([10]) Assume that C is smooth curve of genus g≥ 5, which is
non-hyperelliptic and non-trigonal. Then for any P∈ C there exists a quadric Q∈ I2
such thatγ2

C(P) 6= 0. Equivalently, for all P∈C, Im(γ2
C) 6⊂ H0(4KC−P).

Assume[C] ∈ M(n)
g , with g≥ 4,C non-hyperelliptic. Then Theorem 1 allows us

to define a functionF : C→R, given by the holomorphic sectional curvature evaluated
along the tangent vectors given by the Schiffer variations:

F(P) = H(ξP) =−1− 1
64π2(∑ j | f j (P)|2)4 ∑

i
|γ2

C(Qi)(P)|2 ≤−1,

where{Qi} is an orthonormal basis ofI2(KC), {ω j} is an orthonormal basis ofH0(KC),
andω j = f j (z)dz is a local expression aroundP.

PROPOSITION2. ([12])

• If g = 4, the set of points P∈C such that F(P) =−1 is finite, which implies that
F is non-constant.

• If g≥ 5 and C is neither hyperelliptic nor trigonal, then F(P)<−1 for all P∈C.

• If C is a trigonal curve of genus≥ 4, F(P) = H(ξP) = −1 for every P∈ C
which is a ramification point of the g1

3, while there exist points x∈ C such that
F(x)<−1, hence F is not constant.

Proof. AssumeC has genus 4, then the dimension ofI2 is one andI2 can be generated
by a quadricQof rank 4 which has norm 1. SoF(P)=−1− 1

64π2(∑ j | f j (P)|2)4 |γ
2
C(Q)(P)|2

for all P∈C, hence there is a finite number of pointsP such thatγ2
C(Q)(P) = 0, so in

these points we haveF(P) =−1, whileF(P)<−1 elsewhere .

As regards the second statement, we observe thatF(P) = −1 if and only if
γ2

C(Qi)(P) = 0 for all i, where{Qi} is an orthonormal basis ofI2. But then we must
haveγ2

C(Q)(P) = 0 for all Q∈ I2. So the proof follows by Theorem 3.

The last statement follows from Theorem 2 and from the observation that ifx is
a point inC such thatγ2

C(Q1)(x) 6= 0, we haveF(x)<−1.

REMARK 1. The previous statements imply that for any curveC ∈ M(n)
g , not

hyperelliptic, nor trigonal, for every pointP ∈ C the holomorphic sectional curvature

of M(n)
g , atC along the tangent directions given byξP is strictly smaller than the holo-

morphic sectional curvature ofA(n)
g .

On the other hand, in the trigonal case, along the Schiffer variations at the ram-
ification points of theg1

3, (which are a basis of the tangent space to the trigonal locus)

the holomorphic sectional curvature ofM(n)
g , coincides with the holomorphic sectional

curvature ofA(n)
g .
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5. The hyperelliptic locus

We will now explain some results obtained in [10] and [12] on the hyperelliptic locus

HEg ⊂ M(n)
g . Recall that by local Torelli, the restriction of the periodmap toHEg is an

injective immersion (cf. [21]). Therefore we have the exactsequence

0→ THEg → TA(n)
g |HEg

→ N
HEg|A(n)

g
→ 0,

and we denote by
σHE : THEg → Hom(THEg,NHEg|A(n)

g
)

the associated second fundamental form and byρHE the second fundamental form of
the dual exact sequence. At the point[C] ∈ HEg the dual exact sequence is

0→ I2 → S2(H0(KC))→ H0(2KC)
+ → 0,

whereH0(2KC)
+ is the invariant part ofH0(2KC) under the hyperelliptic involution

andI2 is the vector space of the quadrics containing the rational normal curve, so that

ρHE : I2 → Hom(THEg,[C],H
0(2KC)

+).

We recall that the set of Schiffer variations at the Weierstrass pointsPi generates
THEg,[C].

In [12], we observed that we have a formula which is similar to(15) at a Weier-
strass pointP∈C:

ξP(ρHE(Q)(ξP)) = γ2
C(Q)(P)

Let us denote byHHE the holomorphic sectional curvature ofTHEg, if [C] ∈
HEg andP∈C is a Weiestrass point, we have the same expression forHHE(ξP) as in
Theorem 1, namely

(16) HHE(ξP) =−1− 1
64π2(∑ j | f j(P)|2)4 ∑

i
|γ2

C(Qi)(P)|2

where{Qi} is an orthonormal basis ofI2 and{ω j =loc. f j (z)dz} is an orthonormal
basis ofH0(KC).

So, using Proposition 1, we have the following

COROLLARY 1. ([12]) Let [C]∈HEg, then HHE(ξP) =−1, for any Weierstrass
point P∈C.

Proof. The proof immediately follows from (16) and from Proposition 1.

6. Curves on K3 surfaces and results for the general curve

In this section we will explain some results of [11] on the second Gaussian map for
curves on K3 surfaces, from which we have also deduced surjectivity of the 2nd Gaus-
sian map for the general curve of sufficiently high genus. Then we will also discuss a
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theorem of [5] in which, with different methods, they prove that the second Gaussian
map for the general curveC of any genus has maximal rank.

First of all let us recall that Wahl ([27]) has given a deformation theoretic inter-
pretation of the first Gaussian map, showing that if a canonical curve can be extended
in projective space as a hyperplane section of a surface which is not a cone, then the
first Gaussian map is not surjective.

In particular in [27] it is proven that if a curve lies on a K3 surface, the first
Gaussian map cannot be surjective (see also [3]).

The obstruction to the surjectivity of the first Gaussian mapfor a curve in a K3
surface is given by the extension class of the cotangent sequence

(17) 0→ K−1
C → Ω1

X |C → KC → 0,

which is a non-trivial element in the kernel of the dual of thefirst Gaussian map (see
[3]).

To study the second Gaussian mapγ2
C for a curve in a K3 surfaceX it is natural

to consider the “symmetric square” of the cotangent extension

(18) 0→ Ω1
X |C⊗K−1

C → S2Ω1
X |C → K2

C → 0.

This does not give any obstruction to the surjectivity ofγ2
C for the general curve in a

general K3 surface, while it gives an obstruction ifC is any curve in an abelian surface,
as it is proven in [13]. In fact in the next section we will discuss a result obtained in
[13], that asserts that ifC is a curve in an abelian surfaceX, then the corank ofγ2

C is at
least two.

The main result that we obtained for curves in K3 surfaces is the following

THEOREM 4. ([11]) If X is a general polarized K3 surface of degree2g− 2
with g> 280and C is a general hyperplane section of X, thenγ2

C is surjective.

Let us explain the strategy of the proof of Theorem 4. We have the following
commutative diagram

(19) I2(OX(C))

r

γ2
OX(C)

H0(S2Ω1
X ⊗OX(2C))

p1

H0(S2Ω1
X|C⊗K2

C)

p2

I2(KC)
γ2

C

H0(K4
C)
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wherer andp1 are restriction maps, andp2 comes from the conormal extension. More
precisely, consider the second symmetric square of the cotangent exact sequence (18)
tensored byK2

C:

(20) 0→ Ω1
X|C⊗KC → S2Ω1

X|C⊗K2
C → K4

C → 0,

then we have

H0(S2Ω1
X|C⊗K2

C)
p2→ H0(K4

C)→ H1(Ω1
X|C⊗KC)∼= H0(TX|C)

∗,

hencep2 is surjective by the following lemma.

LEMMA 1. If X is a general K3 surface and C a general curve of genus at least
13 in the very ample linear system|OX(C)| then H0(TX|C) = 0.

Proof. By the exact sequence given by restriction ofTX to C, H0(TX|C) injects in
H1(TX(−C)), which vanishes by lemma (2.3) of [8].

The theorem follows if we prove that also the mapsγ2
OX(C)

andp1 are surjective.
In fact in [11] we exhibited examples of pairs(X,C) whereX is a K3 andC is a very
ample curve inX of any genusg sufficiently high (g≥ 281) for whichγ2

OX(C)
andp1

are surjective.

To do this we followed the strategy used in [7] to study the first Wahl map. More
precisely, from the exact sequence

0→ I3
∆X

⊗ p∗(OX(C))⊗q∗(OX(C))→ I2
∆X

⊗ p∗(OX(C))⊗q∗(OX(C))(21)

→ I2
∆X
/I3

∆X
⊗ p∗(OX(C))⊗q∗(OX(C))→ 0

and taking global sections, we see thatγ2
OX(C)

is surjective ifH1(I3
∆X

⊗ p∗(OX(C))⊗
q∗(OX(C))) = 0.

The idea used in [7] is to consider the blow-upY of X×X along the diagonal∆X

and to use Kawamata–Viehweg vanishing theorem ([18, 23]). LetE be the exceptional
divisor and denote byπ : Y → X×X the natural morphism and byf := p◦π, g := q◦π.
Then

H1(I3
∆X

⊗ p∗(OX(C))⊗q∗(OX(C))) ∼= H1(Y, f ∗(OX(C))⊗g∗(OX(C))(−3E))

∼= H1(Y, f ∗(OX(C))⊗g∗(OX(C))⊗KY(−4E)),

sinceKY = OY(E). So by the Kawamata–Viehweg vanishing theorem, it suffices to
prove thatf ∗(OX(C))⊗g∗(OX(C))(−4E) is big and nef.

Now notice that if one decomposesOX(C) as⊗4
i=1Ai, whereAi are line bun-

dles onX, thenL = ⊗4
i=1( f ∗(Ai)⊗g∗(Ai)(−E)). To obtain thatL is big and nef, we

asked suitable conditions on the line bundlesAi , and we studied the sublinear system
of | f ∗(Ai)⊗g∗(Ai)(−E)| given byP(Λ2(H0(Ai))) (cf. lemma 3.3 of [11]).
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Consider now the map

p1 : H0(S2Ω1
X ⊗OX(2C))→ H0(S2Ω1

X|C⊗K2
C).

Clearly p1 is surjective ifH1(S2Ω1
X ⊗OX(C)) = 0.

To prove this vanishing we observed that, given a decomposition of OX(C) as
OX(D)⊗OX(D′), we have

H1(S2Ω1
X ⊗OX(C)) = H1(X×X, I2

∆X
/I3

∆X
⊗ p∗(OX(D))⊗q∗(OX(D

′))),

hence its vanishing is implied by that ofH1(X ×X, I2
∆X

⊗ p∗(OX(D))⊗ q∗(OX(D′)))

and ofH2(X×X, I3
∆X

⊗ p∗(OX(D))⊗q∗(OX(D′))).

So, with the same argument as above, it suffices to show thatf ∗(OX(D))⊗
g∗(OX(D′))(−4E) is big and nef. The strategy is now to chooseOX(D) = ⊗4

i=1Ai and
D′ = D+B with B nef and effective, and takeC∈ |2D+B|.

The above decompositions are shown on concrete examples of K3 surfacesX
and of curvesC in X, which are explicitely constructed via their Picard lattices (cf.
proposition 3.4 of [11]).

Using this result and some examples given in [10], we deduce the following

COROLLARY 2. ([11]) For the general curve of genus greater than152, the
second Gaussian mapγ2

C is surjective.

Proof. By Theorem 4 and the semicontinuity of the corank ofγ2
C, for a general curve

of genus greater than 280,γ2
C is surjective. Surjectivity for the general curve of genus

153≤ g≤ 280 can be proved exhibiting examples of curves of genusg with surjective
second Gaussian map, which are either hyperplane sections of a polarized K3 surface
as in the proof of Theorem 4 given in [11], or lying in the product of two curves as in
[10, theorem 3.1].

More precisely letC1, C2 be two smooth curves of respective generag1, g2,
choose divisorsDi on Ci of degreedi , i = 1,2. SetX = C1 ×C2, let C ∈ |p1

∗(D1)⊗
p2

∗(D2)| be a smooth curve, wherepi is the projection fromC1×C2 onCi , theng(C) =
1+(g2−1)d1+(g1−1)d2+d1d2.

In [10] we proved that if eitherg1,g2 ≥ 2, di ≥ 2gi + 5, i = 1,2, or g1 ≥ 2,
g2 = 1, d1 ≥ 2g1+5, d2 ≥ 7, org2 = 0, d2 ≥ 7, d2(g1−1)> 2d1 ≥ 4g1+10, thenγ2

C
is surjective.

Then one has to check directly that these values ofg(C) cover all the remaining
integers between 153 and 280.

Note that, for dimensional reasons, surjectivity can be expected for a general
curve of genus at least 18, and in fact recently in [5] Calabri, Ciliberto and Miranda
showed that for the general curve of genusg≥ 18, the second Gaussian map is surjec-
tive. More precisely they proved the following

THEOREM 5. ([5], Theorem 1). The second Gaussian mapγ2
C : I2(KC) →
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H0(C,4KC) for C a general curve of any genus g has maximal rank, namely itis injec-
tive for g≤ 17and surjective for g≥ 18.

The proof they gave in [5] relies on the study of the limit of the second Gaussian
map when the general curve of genusg degenerates to a general stable binary curve, i.e.
the union of two rational curves meeting atg+1 points. The theorem then follows by
upper semicontinuity. For such a stable binary curveC they explicitly write down the
ideal I2(KC) and they first describe the 2nd Gaussian map forC modulo torsion, then
they deal with the torsion part. By direct computations performed with Maple, they
verify the injectivity for a general binary curve of genusg≤ 17 and the surjectivity for
g= 18. Finally they complete the argument by induction ong, for g≥ 19.

We have observed in the proof of Corollary 2 that examples of curves whose
second Gaussian map is surjective were already given in [10](for curves in the prod-
uct of two curves) and we recall that other examples were given in [2] (for complete
intersections). Notice that using complete intersectionsit is not possible to deduce sur-
jectivity for the general curve of any sufficiently high genus, due to restrictions on the
genus.

On the other hand, Theorem 4 shows that general curves on K3 surfaces of
sufficiently high genus behave as general curves in the moduli space, with respect to
the second Gaussian map.

Finally, we also observe that with the method used in [11] to prove Theorem
4 it is impossible to reach the optimal lower bound for the genus of the curveC, in
fact the conditions that we gave on the line bundlesAi and the decompositionOX(C) =
OX(2D+B) force the genus ofC to be high.

Moreover, the vanishing ofH1(S2Ω1
X ⊗OX(C)) itself, already implies that the

curveC must be of genus at least 31, as one can check looking at the restriction of
Ω1

X ⊗Ω1
X(C) to C and the induced cohomology exact sequence.

7. Curves on abelian surfaces

In this section we discuss some results obtained in collaboration with E. Colombo and
G. Pareschi in [13] on the first and the second Gaussian map forcurves on abelian
surfaces.

The first result says that the first Gaussian map for a “sufficiently ample” curve
in an abelian surface is surjective. In fact we have the following

THEOREM 6 ([13]). Let C be a smooth irreducible curve contained in an
abelian surface X. Assume that the first Gaussian map of the line bundleOX(C) on
the surface X is surjective and that the multiplication map

γ0
X,C : H0(X,OX(C))⊗H0(C,KC)→ H0(K2

C)

is surjective (for example, both conditions hold ifOX(C) is at least a5-th power of an
ample line bundle on X, see [22]). Then the first Gaussian map of C is surjective.
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REMARK 2. Recently in [19] it is shown that for a curveC of genusg > 145
sitting on a very general abelian surfaceX, the first Gaussian map of the line bundle
OX(C) on the surfaceX is surjective. Hence by Theorem 6 we obtain the surjectivity
of the first Gaussian map ofC, and therefore a new proof of the surjectivity of the map
γ1

C for the general curve of genus> 145.

The main theorem of [13] asserts that if a curveC is contained in an abelian
surface, the second Gaussian mapγ2

C is not surjective. More precisely, let us introduce
the following notation. Given a subspaceW ⊂ H0(KC), we will denote

S2W ·H0(K2
C)

the image ofS2W⊗H0(K2
C) in H0(K4

C) via the natural multiplication map. IfW is 2-
dimensional and base point free, the base-point-free pencil trick implies thatS2W ·
H0(K2

C) has codimension 2 inH0(K4
C). If C is embedded in abelian surface, then

H0(Ω1
X) is naturally a (base-point-free) 2-dimensional subspace of H0(KC). We have

the following

THEOREM7. ([13]) Let C be a curve contained in abelian surface X. Then the
image of the second Gaussian mapγ2

C is contained in S2H0(Ω1
X) ·H0(K2

C) (notation as
above). Therefore the corank ofγ2

C is at least2. Moreover, if the second Gaussian map
of the surface X is surjective, then the image of the mapγ2

C concides with S2H0(Ω1
X) ·

H0(K2
C).

The above theorem can also be stated as follows. Given a subspaceV ⊂H1(OC),
let V ⊂ H0(KC) be its conjugate.

COROLLARY 3. ([13]) Let C⊂ Pg−3 be a canonically embedded curve of genus
g, obtained from the complete canonical embedding C⊂ PH1(OC) = Pg−1 by projec-
tion from a linePV ⊂ PH1(OC), dimV = 2. If C is a hyperplane section of an abelian
surface X⊂ Pg−2 then

Im(γ2
C)⊆ S2V ·H0(K2

C).

The proofs of the above results rely on cohomological methods, which are sim-
ilar to the ones used in [3].

Let us sketch the proof of Theorem 7.

First of all let us see the Gaussian maps defined as theH0 of maps of coherent
sheaves on the varietyY. This is achieved as follows: letp andq be the two projections
of Y×Y. Applying p∗ to the exact sequences (2) tensored by a line bundleM one gets
the exact sequences

(22) 0→ p∗(I
k+1
∆Y

⊗q∗M)→ p∗(I
k
∆Y

⊗q∗M)
ϕk

→ SkΩ1
Y ⊗M.

The Gaussian mapsγk
L,M of (1) are obtained by tensoring withL and takingH0(L⊗ϕk).

Let us spell out how the Gaussian mapsγ1
C look like in this setting. LetRC be
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the kernel of the evaluation map ofKC:

(23) 0→ RC
f→ H0(KC)⊗OC → KC → 0

(i.e. sequence (22) forY = C, M = KC, k = 0). By (22) (same setting) fork = 1 we
have the natural map

(24) RC
g→ K2

C.

Tensoring withKC and takingH0 one obtains the first Wahl map

(25) γ1
C : H0(RC⊗KC)→ H0(K3

C).

One has the exact sequence

(26) 0→ I2
∆C

→ OC×C → O∆2
C
→ 0

where∆2
C denotes the first infinitesimal neighborhood.

Tensoring sequence (26) withq∗KC and applyingp∗, wherep andq are the two
projections fromC×C, one gets the exact sequence

(27) 0→ R2
C

f ′→ H0(KC)⊗OC
ev→ PC(KC)

where

(28) R2
C = p∗(q∗(KC)⊗ I2

∆C
),

and
PC(KC) = p∗(q

∗(KC)⊗O∆2
C
)

is the bundle of principal parts ofKC.

REMARK 3. We have the commutative diagram

0 0

R2
C

= R2
C

0 RC

g

H0(KC)⊗OC

ev

KC

=

0

0 K2
C PC(KC) KC 0

.

Notice that the mapg of (24) is surjective if and only if the evaluation mapev is sur-
jective. This is in turn equivalent to the immersivity of thecanonical map, which holds
if and only ifC is non-hyperelliptic.
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Sequence (22) fork= 2,Y =C andM = KC provides the natural map

(29) R2
C

g′→ K3
C.

Tensoring withKC and takingH0 one obtains the second Wahl map

(30) γ2
C : H0(R2

C⊗KC)→ H0(K4
C),

The coboundary map of the exact sequence (20),

fe′ : H0(K4
C)→ H1(Ω1

X ⊗KC)∼= H1(KC)
⊕2 ∼= C⊕2

is identified, by Serre duality, to the extension classe′ ∈ Ext1(K3
C,Ω

1
X |C) of sequence

(18). The first part of the statement of Theorem 7 is equivalent to:

(31) fe′ ◦ γ2
C = 0.

Let us work in the dual setting.

Applying Ext1(·,Ω1
X |C) to the mapg′ of (29) one gets the map

φ : Ext1(K3
C,Ω

1
X |C)→ Ext1(R2

C,Ω1
X |C)

(which is identified to two copies of the dual map of the secondWahl map) and it is
easily seen that (31) is equivalent to the fact that

(32) φ(e′) = 0.

Applying Ext1(·,Ω1
X|C) to the mapf ′ of (27) we get the map

ψ : Hom(H0(KC),H
1(Ω1

X|C)) = Ext1(H0(KC)⊗OC,Ω1
X|C)→ Ext1(R2

C,Ω
1
X|C).

Now let us denote bỹδ the composition of the coboundary mapH0(KC)→ H1(OX) of
the standard exact sequence

0→ OX → OX(C)→ KC → 0,

and the mapH1(d) : H1(OX) → H1(Ω1
X|C), induced by the derivationd : OX → Ω1

X.

Note thatH1(d) is the zero map since the Hodge–Frölicher spectral sequencedegener-
ates at level ofE1. Hence the map̃δ is equal to zero.

To conclude the proof of the first part of Theorem 7, we showed the following
result, whose proof can be found in [13].

CLAIM . φ(e′) = ψ(δ̃) = 0.
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The last part of the statement follows from the commutative diagram (con-
structed as diagram (19))

(33) I2(OX(C))
γ2
OX(C)

H0(S2Ω1
X ⊗OX(2C))

H0(S2Ω1
X|C⊗K2

C)

I2(KC)
γ2

C

H0(K4
C)

This completes the proof of Theorem 7.

Finally, in [22, Th. 2.2] it is shown that, ifOX(C) is at least a 7-power of a (nec-
essarily ample) line bundle onX, then the second Gaussian mapγ2

OX(C)
is surjective.

Hence we have the following

COROLLARY 4. ([13]) Let X be an abelian surface, letL be an ample line
bundle on X and let k≥ 7. Then, for every smooth and irreducible curve C∈ |L k|, the
image of second Wahl map

γ2
C : I2(KC)→ H0(K4

C)

is the 2-codimensional subspace S2H0(Ω1
X) ·H0(K2

C).

REMARK 4. 1. Using Proposition 3.2 of [19] as in Remark 2, one can prove
that for a curve sitting on a very general abelian surface of genusg > 257 the
second Gaussian mapγ2

OX(C)
is surjective, hence the image of second Wahl map

γ2
C : I2(KC)→ H0(K4

C) is the 2-codimensional subspaceS2H0(Ω1
X) ·H0(K2

C).

2. Assume thatX =E1×E2, with Ei elliptic curves, letpi : X →Ei be the projection
maps,Di divisors of degreedi on Ei . As in theorem 3.1 of [10], one shows that
if C∈ |p∗1(D1)⊗ p∗2(D2)|, anddi ≥ 7, thenγ2

OX(C)
is surjective, hence also in this

case the image ofγ2
C is the 2-codimensional subspaceS2H0(Ω1

X) ·H0(K2
C).
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EXAMPLES OF CALABI–YAU THREEFOLDS

PARAMETRISED BY SHIMURA VARIETIES

Abstract. These are notes from talks of the authors on some explicit examples of families of
Calabi–Yau threefolds which are parametrised by a Shimura variety. We briefly review the
periods of Calabi–Yau threefolds and we discuss a recent result on Picard–Fuchs equations
for threefolds which are hypersurfaces with many automorphisms. Next various examples of
families parametrised by Shimura varieties are given. Mostof these are due to J.C. Rohde.
The examples with an automorphism of order three are given insome detail. We recall that
such families do not have maximally unipotent monodromy andthat the Shimura varieties in
these cases are ball quotients.

Introduction

Calabi–Yau threefolds have been intensively studied in thecontext of Mirror Symme-
try, which originated in theoretical physics. The most basic version of this principle
states that given a CY threefoldX, there should exist a CY threefoldY, the Mirror
of X, with h1,1(X) = h2,1(Y) andh2,1(X) = h1,1(Y). A further requirement is that the
variation of Hodge structures on the third cohomology groupin the deformations of
X is related, in specific way, to the Kähler cone in the second cohomology group of
the deformations ofY. There are now quite a few cases where such Mirror pairs have
been found and where profound aspects of Mirror Symmetry, like the relation with
Gromov–Witten invariants, have been verified.

As CY threefolds are assumed to be projective (or at least Kähler), in case
h2,1(X) = 0 there cannot exist a Mirror ofX. Quite a few of such (rigid) threefolds
X are known and a modification of Mirror Symmetry, in one specific case, was pro-
posed in [6]. The expected relation between deformations ofX and the Kähler cone
of Y requires that there exist boundary points in the (complex structure) moduli space
of X where the variation of Hodge structures on theH3 has maximally unipotent mon-
odromy. It was recently pointed out by J.C. Rohde [25] that there do exist families of
CY threefolds which do not admit such boundary points. The moduli spaces of the
families in question are Shimura varieties. No modificationof Mirror Symmetry in
these cases is known to us.

Having a base which is a Shimura variety is otherwise a quite desirable property
because then one has a very good control over the variation ofthe Hodge structures.
Moreover, the so-called CM points (cf. [4, 24]) will be densein the moduli space.
Physicists expect the field theory on the corresponding Calabi–Yau threefolds to be
simpler [19].

In these notes, we give various examples of CY threefolds whose moduli space
is a Shimura variety. A very simple example, where the Shimura variety is the moduli
space of elliptic curves, is given in Section 2.3. The CY threefolds are of Borcea–
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Voisin type and it is easy to see that the family does not have maximally unipotent
monodromy.

In Section 3 we discuss various examples, due to J.C. Rohde, of CY threefolds
with an automorphism of order three. Their moduli spaces areShimura varieties which
are ball quotients and they do not have maximally unipotent monodromy. We show,
in all cases but one, that Rohde’s CY threefolds are desingularizations of a quotient
of a product of two fixed elliptic curves with another curve ofhigher genus. These
curves of higher genus also have an automorphism of order three. The moduli space of
CY threefolds is, locally at least, the moduli space of such pairs(C,β) whereC is the
higher genus curve andβ is its automorphism of order three. This allows one to write
down the Picard–Fuchs equation for the variation of Hodge structures explicitly in one
case, see Section 3.3. New examples similar to these, but using an automorphism of
order four, can be found in [13].

1. Periods of Calabi–Yau threefolds

Good references for CY threefolds and Mirror Symmetry are the overview of M. Gross
in [18] and the book [9].

1.1. Calabi–Yau threefolds

In these notes, a Calabi–Yau threefoldX is a smooth, three-dimensional (complex)
projective variety with trivial canonical bundle

Ω3
X
∼= OX, and H1(X,OX) = 0.

Using Serre duality one then finds that

H2(OX)∼= H1(Ω3
X)

∗ = H1(OX) = 0 and H3(OX)∼= H0(Ω3
X)

∗ ∼= C.

Examples of CY threefolds are quintic hypersurfaces inP4 and complete inter-
sections of two hypersurfaces of degree three inP5. Many more families of CY three-
folds can be found as hypersurfaces in four-dimensional toric varieties [20]. There
are obvious restrictions on the topology ofX, in fact Hodge theory easily implies that
H1(X,C) = 0 and dimH3(X,C) ≥ 2. As X is projective, one has dimH2(X,C) ≥ 1.
Poincaré duality implies thatbi = b6−i, but no further restrictions on the Betti numbers
bi := dimH i(X,C) of X are known.

In analogy with the case of curves, abelian varieties and K3 surfaces, one studies
the Hodge structures on the cohomology groups in order to understand these varieties
better. For CY threefolds, onlyH3 is of interest, asH2(X,C) = H1,1(X).
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1.2. The polarized Hodge structure onH3

The Hodge structure onH3(X,Z)/torsion is the decomposition of its complexification:

H3(X,C) = H3,0(X)︸ ︷︷ ︸
F3

⊕H2,1(X)

︸ ︷︷ ︸
F2

⊕H1,2(X) ⊕H0,3(X), H p,q(X) = Hq,p(X).

From theF2 of the Hodge filtration, one recoversH3(X,C) = F2 ⊕ F2. The intersec-
tion form onH3(X,Z), which factors overH3(X,Z)/torsion, defines a polarizationQX

on this Hodge structure:

QX : (H3(X,Z)/torsion) × (H3(X,Z)/torsion) −→ Z,

QX(θ1,θ2) :=
∫

X
θ1∧θ2,

where we identifiedH3(X,Z)/torsion with the image ofH3(X,Z) in H3(X,R) ∼=
H3

DR(X), the de Rham cohomology group. The polarizationQX is a symplectic form
(so it is non-degenerate, unimodular and alternating). It extends to a Hermitian form
HX(θ1,θ2) := iQX(θ1,θ2) (i :=

√
−1∈ C) on H3(X,C) for which the Hodge decom-

position is orthogonal:

HX(v,w) = 0 if v∈ H p,q(X), w∈ Hr,s(X) and (p,q) 6= (r,s)

and which is positive/negative definite on theH p,q(X):

HX := iQX is

{
> 0 on H3,0(X), (< 0 on H0,3(X)),

< 0 on H2,1(X), (> 0 on H1,2(X)).

1.3. The Period domain

Let N = b3 be the rank ofH3(X,Z) and letQ be a (fixed) symplectic form onVZ :=
ZN. Then we consider the period spaceD =DN of all polarized weight three Hodge
structures on(VZ,Q) of CY type. An element ofD is a decomposition

VC := VZ⊗ZC = V3,0⊕V2,1⊕V1,2⊕V0,3, V p,q = Vq,p,

such that the Hermitian formH(v,w) := iQ(v,w), with v,w ∈ VC and whereQ is ex-
tendedC-linearly, is positive definite onV3,0,V1,2 and negative definite onV2,1,V0,3.
Moreover we require dimV3,0 = 1 and we denoteq := dimV2,1 (soN = 2+2q).

The (q+ 1)-dimensional subspacesW of VC on whichH is positive are para-
metrised by a(q+2)(q+1)/2-dimensional variety (it is isomorphic to the Siegel half
space of(q+1)×(q+1) complex symmetric matrices with positive definite imaginary
part). The one dimensional subspacesW1 of such a subspaceW are the points ofPW
and thus are parametrised by aq-dimensional variety. GivenW1 ⊂ W, let W⊥

1 be the
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orthogonal complement ofW1 in W. Then we obtain a polarized Hodge structure on
VZ by defining:

V3,0 := W1, V2,1 := W⊥
1 , V1,2 := W⊥

1 , V0,3 := W1.

Conversely, any polarized Hodge structure on(VZ,Q) defines a complex lineW1 in a
positive(q+1)-dimensional subspaceW, hence we get

dimD = q+ (q+2)(q+1)/2 = (q2+5q+2)/2,

whereq := dimV2,1.

1.4. The Period map

A marking of the CY threefoldX is a symplectic isomorphism

(H3(X,Z)/torsion)→VZ.

TheC-linear extension of this isomorphism maps the Hodge decomposition ofH3(X,C)
to a decomposition ofVC. In this way we obtain a polarized Hodge structure onVZ. In
particular, we get a pointP(X) ∈D, the period point ofX.

1.5. Deformations ofX

An important result, due to Bogomolov, Tian and Todorov, on CY varieties is that
the deformations are unobstructed. The first order deformations of a complex variety
are parametrised by the cohomology groupH1(X,TX), whereTX is the holomorphic
tangent bundle ofX. AsX is a CY threefold, the cup product pairingΩ1

X×Ω2
X → Ω3

X
∼=

OX gives a dualityTX
∼= (Ω1

X)
∗ ∼= Ω2

X and thusH1(X,TX) ∼= H1(X,Ω2
X)

∼= H2,1(X).
The unobstructedness asserts that there is a neighbourhoodB of 0 ∈ H1(X,TX) and
there is a family of CY threefoldsπ : X → B with fiber π−1(0) = X, such that the
period mapP : B→D has an injective differential:

(dP)0 : T0B = H1(X,TX) ∼= H2,1(X) −→ TP(X)D is injective.

Here we used Ehresmann’s theorem which asserts that, ifB is chosen small enough,
there is a diffeomorphismφ :X→B×X such thatπBφ= π. Asφ induces isomorphisms
H3(Xb,Z) ∼= H3(X,Z) for any Xb := π−1(b), we can extend the marking onX to a
marking(H3(Xb,Z)/torsion)→VZ and thus we get the period mapP : B→D.

Any family of CY threefolds which containsX is locally nearX obtained as
the pull-back from the familyX→ B. Therefore the image of the period map of any
family has dimension at mostq = dimH2,1(X) and the image ofB has codimension
(q+2)(q+1)/2 in D. Recent studies of the geometry ofD and these subvarieties are
[7] and [21].
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1.6. The Picard–Fuchs equation

In this section we will assume for simplicity thatq= dimH2,1(X) = 1. With the no-
tation of section 1.5, the diffeomorphismφ : X → B×X induces an isomorphism of

sheavesR3π∗Z
∼=→H3(X,Z)B onB, where the last sheaf is just the locally constant sheaf

defined by the abelian groupH3(X,Z). Using the markingH3(X,Z)/torsion∼=VZ and
the Hodge decomposition ofH3(Xt ,C) for each deformationXt of X, we obtain a (triv-
ial) vector bundleVC×B overB with holomorphic subbundles

F
3 ⊂ F

2 ⊂ F
1 ⊂ F

0 ∼=VB :=VC×B, F
3
t = H3,0(Xt),

where we identifyVC×{t} with H3(Xt ,C).

The period mapP describes the variation of these subbundles inside the trivial
bundleVC×B. Another way to describe this variation is to take a non-vanishing section
ω of the rank one bundleF3, soω(t) is a basis ofH3,0(Xt) for all t ∈B. The trivial bun-
dleVB comes with the Gauss–Manin connection∇ which maps the horizontal sections
sv := t 7→ (v, t) to zero, wherev∈VC:

∇ = ∇∂/∂t : VC×B −→ VC×B.

Applying the connectioni times to the sectionω, we get a section∇iω. As dimVC =
2+2q= 4, there must be a linear relation, with coefficientspi(t) which will be holo-
morphic int:

Dω = 0, D :=
4

∑
i=0

pi(t)∇i .

This linear relation is known as the Picard–Fuchs equation.

Instead of considering this rank four bundle with its section ω, one can also
choose a basisγ1, . . . ,γ4 of H3(X,Z)/torsion and define four holomorphic functions
ϕi(t) :=

∫
γi

ω(t) onB, whereγi is identified with a cycle inH3(Xt ,Z)/torsion using the
diffeomorphismφ. These four functions are a basis of the solutions of the degree four
differential operator∑4

i=0 pi(t)(d/dt)i which is also called the Picard–Fuchs equation
for the familyX→ B.

1.7. An example

The Dwork pencil of quintic threefolds inP4 is defined by the equation

Xt : X5
1 + . . .+X5

5 − 5tX1X2 · · ·X5 = 0.

For generalt ∈C, the varietyXt is a CY threefold withh1,1(Xt) = 1 andq= h2,1(Xt) =
101. However, there is a finite subgroupG ∼= (Z/5Z)3 acting onP4 which induces
automorphisms on eachXt and the third cohomology group splits under this action:

H3(Xt ,Q) = Tt ⊕ St ,

with
Tt := H3(Xt ,Q)G ∼= Q4, H3,0(Xt)⊂ Tt ⊗QC.
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Thus theG-invariant part of the cohomology gives a four-dimensionalvariation of
polarized Hodge structures and thus it gives a degree four Picard–Fuchs equation.

In the context of Mirror Symmetry, it was observed that the (singular) quotient
varietyXt/G has a resolution of singularitiesMt which is a CY threefold, moreover its
Hodge numbers are:

h1,1(Mt ) = 101, h2,1(Mt) = 1, Mt := X̃t/G.

Note thathp,q(Mt) = h3−p,q(Xt), which is one of the requirements for the (101-dimen-
sional) family of quintic CY threefolds and the one parameter family of Mt ’s to be
Mirror CY families.

The quotient map induces an isomorphismTt
∼= H3(Mt ,Q). In particular, the

degree four Picard–Fuchs equation obtained from the variation of theTt is the Picard–
Fuchs equation of the one parameter family of CY threefoldsMt . A spectacular result
from Mirror Symmetry is that a certain solution of this Picard–Fuchs equation defines a
power series in one variable whose coefficientsad allow one to compute the Gromov–
Witten invariants of a quintic threefold, that is, roughly,the number of rational curves
of degreed on a quintic threefold.

In the paper [16], Greene, Plesser and Roan verify that thereis an action of the
groupH ∼= Z/41Z onP4 such that each member of the pencil of quintic threefolds

Yt : X1X4
2 +X2X4

3 + . . .+X5X
4
1 − 5tX1X2 · · ·X5 = 0

is invariant underH. This leads, as above, to a splitting

H3(Yt ,Q) = T ′
t ⊕ S′t ,

where
T ′

t := H3(Yt ,Q)H ∼= Q4, H3,0(Yt)⊂ T ′
t ⊗QC.

Moreover, the degree four Picard–Fuchs equation defined by the variation of the Hodge
structuresT ′

t is the same as the Picard–Fuchs equation obtained from the variation of
the Tt

∼= H3(Mt ,Q). In [11] more such examples are given. A possible explanation
would be that the CY threefoldMt is birationally isomorphic to a desingularization of
Yt/H.

This is indeed the case. Using results of Shioda, in the recent paper [3] it is
shown that there is a commutative diagram, where the arrows are rational maps which
are quotients by certain finite groups on suitable Zariski open subsets:

X̃dI,t

ւ ց
Xt Yt ,

ց ւ
Mt

where
X̃dI,t : Xd

1 + . . .+Xd
5 − 5t(X1X2 · · ·X5)

d/5 = 0,
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andd = 52 ·41= 1025. Using the full diagram, one can show that the mapYt → Mt

has degree 41 and factors overYt/H. Thus there is a birational isomorphism between
Yt/H andMt .

More generally, one can replaceYt by a family with an equation

5

∑
j=1

5

∏
i=1

X
ai j
i − 5tX1 · · ·X5

for suitable 5×5 matrices with integer coefficientsai j . This again can be generalized
to any number of variables. A further generalization to weighted projective spaces is
given in [2].

2. CY threefolds parametrised by Shimura varieties

The period spaceD=DN parametrises the polarized weight three Hodge structures of
CY type on(VZ

∼=ZN,Q). Given a CY threefoldX and a marking, the unobstructedness
of the deformations ofX implies that the period points of all deformations ofX are the
points of aq= (N−2)/2-dimensional subvarietyB of D.

On the other hand, there are many Hermitian symmetric domains which parame-
trise Hodge structures of CY type. Such a domain is of the formG(R)/K, whereG(R)
is a real reductive Lie group which is the group of real pointsof an algebraic group
defined overQ, andK is maximal compact subgroup ofG(R). Given(VZ,Q), there is
a fixed representation ofG(R) onVR such that the image ofG(R) is contained in the
symplectic groupSp(Q,R). One considers the homomorphisms of real Lie groups

h : S1 = {z∈ C : |z|= 1} −→ G(R)

such that the eigenvalues ofh(z) are zpz̄q with non-negative integersp,q such that
p+q = 3. Each such homomorphism gives a Hodge structure of weight three onVZ

by definingV p,q to be the eigenspace with eigenvaluezpz̄q. The groupG(R) acts on
the set of such Hodge structures by conjugationh 7→ ghg−1 with g ∈ G(R). See for
example [24], Chapter 1.

Changing the marking corresponds to an action of an element of Γ := Sp(VZ,Q)
onD. The moduli space of the Hodge structures of deformation ofX is thus the quo-
tient ofB by the subgroupΓB of Γ which mapsB into itself. Not much is known about
the subgroupsΓB, see however [12, 23] for a study in the caseN = 4. In caseB is a
Hermitian symmetric domain andΓB is an arithmetic subgroup ofG(Q) one obtains a
Shimura varietyΓB\B= ΓB\G(R)/K which parametrises the deformations ofX.

Below we will review various examples from [24]. In general it is not easy to
decide if the deformations of a CY threefold are parametrised by a Shimura variety. See
[15] for a family of CY threefolds which are not parametrisedby a Shimura variety.
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2.1. Example

The reference is [4, §3]. LetEi , i = 1,2,3 be elliptic curves and letιi : Ei → Ei be the
inversionz 7→ −z for the group law onEi . Let

G4 := 〈 ι1× ι2×1E3, ι1×1E2 × ι3〉 ⊂ Aut(E1×E2×E3).

Then the (singular) variety(E1×E2×E3)/G4 has a resolution of singularities which
is a CY threefoldX with h2,1 = 3 (andh1,1 = 51). Thus the deformation space ofX
is three dimensional. Obviously, it contains the CY varieties obtained by deforming
the three elliptic curves. Thus the period points of deformations ofX are inB = H3

1,
whereH1 is the upper half plane which parametrises elliptic curves.Thus these CY’s
are parametrised by a Shimura variety.

2.2. Examples of Borcea–Voisin type

Let Sbe a K3 surface admitting an involutionαS such thatH2,0(S) is in the eigenspace
of the eigenvalue−1 for the action ofα∗

S on H2(S,C). We will assume moreover that
the fixed locus of the involutionαS is made up ofk rational curves. The dimension
of the family of K3 surfaces admitting an involution acting non trivially on H2,0 and
fixing k rational curves is 10−k and such a family is parametrised by a Shimura variety
associated toSO(2,10− k).

Let E be an elliptic curve and letι be the involutionz 7→ −zonE. The quotient
threefold(S×E)/(αS× ι) admits a desingularization which is a CY threefoldX (this
construction is called Borcea–Voisin construction). In [29, 5] the Hodge numbers ofX
are computed:

h1,1(X) = 15+5k, h2,1(X) = 11− k.

Hence the dimension of the family of the Calabi–Yau threefolds determined byX is
the sum of the dimension of the family of the K3 surfaces with involution and the di-
mension of the family of elliptic curves. Thus these CY threefolds are parametrised by
the product of the Shimura varieties parametrising these two families, see [24, Section
11.3].

Example 2.1 is a particular case of this construction, indeed the desingulariza-
tion of the quotient(E1 ×E2)/(ι1 × ι2) is a K3 surfaceS (in fact, it is a Kummer
surface). The automorphismαS induced onS by 1E × ι acts non trivially onH2,0(S)
and fixes 8 rational curves. Hence(S×E3)/(αS× ι) is birational to(E1×E2×E3)/G4.
For the Shimura varieties, one should remember that the realLie groupsSO(2,2)0 and
SL(2,R)×SL(2,R) are isogeneous and thus the Shimura variety associated toSO(2,2)
is indeed a quotient ofH1×H1.

2.3. The easiest case

Another particular case of the Borcea–Voisin constructionis obtained by choosingS
to be the unique K3 surface with an automorphismαS which fixesk = 10 rational
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curves. This K3 surfaceS is well known. It is described, for example, in [26] as the
desingularization of the quotient

(E√
−1×E√

−1)/(γE × γ3
E), with E√

−1 := C/(Z+
√
−1Z)

andγE is the automorphism ofE√
−1 defined byz 7→

√
−1z.

The third cohomology group ofX is:

H3(X,Q) ∼=
(
TS⊗H1(E,Q)

)αS×ι ∼= TS⊗H1(E,Q),

where
TS := H2(S,Q)αS=−1 ∼= Q2.

As S, and thus the Hodge structure onTS, is fixed, the variation of Hodge structures in
H3(X,Z) comes from the variation of Hodge structures onH1(E,Z). This rankN = 4
variation is the direct sum of two (identical) rank two deformations, and is parametrised
byH1. In particular, this variation of Hodge structures does nothave maximally unipo-
tent monodromy, instead the monodromy operators have 2× 2 diagonal blocks in a
suitable basis, cf. [25, Example 1]. We will see more examples of variations without
maximally unipotent monodromy in Section 3.2.

Any CY threefold from this family is also birationally isomorphic to a double
cover ofP3 branched along the union of eight planes As such it appears asentry no. 13
in the table in Section 4.2.5 of the book [22]. To obtain this double cover, one uses that
S is a double cover ofP2 branched over six lines. Putting one line “at infinity” inP2, a
birational model ofS is (cf. [28, 5.1, 5.2]):

S: s2 = xy(x−1)(y−1)(x− y).

An elliptic curveE can be defined byt2 = u(u−1)(u−λ) for a suitableλ ∈C. Hence
X, a desingularization ofS×E by the involution which fixesx,y,u and mapss, t 7→
−s,−t, has a birational model defined by

X : w2 = xyu(x−1)(y−1)(u−1)(x−y)(u−λ).

A suitable coordinate transformation onP3 will map the branch locus to the one in
Meyer’s book [22].

2.4. CY-type Hodge structures parametrised by Shimura varieties

There are many Shimura varieties which do parametrise variations of Hodge structures
of CY type, but where it is not known if these Hodge structurescome from CY three-
folds.

For example, letA be an abelian threefold and letL ∈ H2(A,Z) be an ample
divisor class. Note thatA is not a CY sinceh1,0 = h2,0 = 3. One hasH3(A,Z) =
∧3H1(A,Z) and the primitive cohomology

H3(A,Z)prim
∼= H3(A,Z)/

(
L∧H1(A,Z)

)
(∼= Z14)
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is a polarized Hodge structure of CY type withq = h2,1
prim = 9− 3 = 6. The moduli

spaceA3,L of polarized abelian threefolds with the same polarizationtype as(A,L)
(these are all deformations ofA) is the quotientΓL\H3 of the Siegel half space by a
discrete subgroupΓL ⊂ Sp(6,Q). The image ofH3 in D14 parametrises the polarized
Hodge structures of CY typeH3(At ,Z)prim for deformations(At ,Lt) of (A,L), so these
Hodge structures are parametrised by a Shimura variety. To the best of our knowledge,
it is not known if there exists a family of CY threefoldsXt such thatH3(At ,Z)prim

∼=
H3(Xt ,Z)/torsion fort in an open, dense, subset ofH3.

A family of polarized CY-type Hodge structures, withh2,1 = 27, parametrised
by the Hermitian symmetric domain associated to the Lie group of typeE7 is defined
in [17]. It is not yet known if there is a family of CY threefolds with these Hodge
structures.

3. Examples with automorphisms of order three

3.1. Rohde’s construction

In the paper [25], J.C. Rohde constructs families of CY threefolds withq= h2,1 = 6−k,
for 0 ≤ k ≤ 6, which are parametrised by aq-dimensional Shimura variety, in this
case a ball quotient. They are obtained as the desingularization of the quotient of a
productE×S by an automorphism of order three, whereE is a certain elliptic curve
and S is a K3 surface which admits an automorphism of order three which fixes k
rational curves andk+ 3 isolated points. These K3 surfaces were classified in [1].
A similar construction with an automorphism of order four isdiscussed in [13], and
various examples are given.

Let ξ ∈ C be a primitive cube root of unity and consider the elliptic curve

E := C/Z+Zξ, End(E) = Z[ξ].

We letαE be the automorphism ofE defined byz 7→ ξz. A Weierstrass equation ofE is
y2 = x3−1 andαE : (x,y) 7→ (ξx,y). The automorphismαE gives the decomposition
into eigenspaces, with eigenvaluesξ andξ respectively:

H1(E,C) = H1,0(E)ξ ⊕ H0,1(E)ξ.

For any integerk with 0≤ k≤6, there exist K3 surfacesSwith an automorphism
of order threeαS such that the second cohomology group splits as:

H2(S,Q) = TS ⊕ NS,

where
NS := H2(S,Q)αS ∼=Q8+2k, H2,0(S)⊂ TS⊗C.

As dimH2(S,Q) = 22, it follows that dimTS= 14−2k and the Hodge numbers of the
weight two polarized Hodge structureTS areh2,0(TS) = 1,h1,1(TS) = 12−2k= 2q. The
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action ofα∗
S onTS defines a structure ofQ(ξ)-vector space onTS. The eigenspaces for

this action are
TS⊗C = T2,0

S,ξ
⊕ T1,1

S,ξ︸ ︷︷ ︸
TS,ξ

⊕ T1,1
S,ξ ⊕ T0,2

S,ξ︸ ︷︷ ︸
TS,ξ

,

and
dimT1,1

S,ξ
= dimT1,1

S,ξ = 6− k= q.

The moduli space of such K3 surfaces isq-dimensional, and it is a quotient of theq-ball
in Cq, see Section 3.5, and it is a Shimura variety.

The weight three polarized rational Hodge substructure ofα := αS×αE-in-
variants in the tensor productH2(S,Q)⊗H1(E,Q) is then of CY type. Rohde shows
that it is isomorphic to the third cohomology group of a CY threefoldXS which is a
desingularization of the (singular) quotient variety(S×E)/(αS×αE):

H3(XS,Q) ∼=
(
H2(S,Q)⊗H1(E,Q)

)α
=

(
TS⊗H1(E,Q)

)αS×αE .

Here it is important that the fixed point locus of the automorphismαS on Sconsists of
(smooth) rational curves and isolated points.

The CY threefoldXS still has an automorphismαXS of order three which is
induced by 1S×αE (or, equivalentlyα−1

S ×1E). As the eigenspaces ofαE onH1(E,Q)
areH1,0(E) andH0,1(E) we obtain the decomposition intoαXS-eigenspaces:

H3(XS,C) ∼=
(

TS,ξ ⊗H1,0(E)ξ

)
⊕

(
TS,ξ ⊗H0,1(E)ξ

)
= F2 ⊕ F2

where the last equality follows by inspection of the Hodge decomposition ofTS:

H3,0(XS) ∼= T2,0
S,ξ

⊗H1,0(E)ξ ⊂ TS,ξ ⊗H1,0(E)ξ,

and similarly

H2,1(XS) ∼= T1,1
S,ξ

⊗H1,0(E)ξ and thus dimH2,1(XS) = q.

As the moduli ofSalready provide aq-dimensional deformation space ofXS, one finds
that all the deformations ofXS are of this type. Therefore these CY threefolds are
parametrised by the same Shimura variety as the K3 surfacesS.

3.2. No maximal unipotent monodromy

A peculiar feature of these families of CY threefolds is thatthey do not have a large
complex structure limit. In other words, their Picard–Fuchs equations do not have
singular points with maximally unipotent monodromy. To seewhy, recall thatF2 =

H3(XS,C)ξ andF2 = H3(XS,C)ξ are the eigenspaces ofαXS. The non-vanishing sec-

tion ω of F3 ⊂ F2 = F2
ξ is always in theξ-eigenspace, which has dimension 1+ q.
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Therefore its derivatives under the Gauss–Manin connection remain in this eigenspace.
Instead of a degree 2(1+q)Picard–Fuchs equation one now finds an equation of degree
1+q. This implies that the “standard” recipe for Mirror Symmetry cannot be applied
to these families. In the caseq= 1, this equation was given explicitly in [14], see also
the next section. We already saw another example of this in Section 2.3.

3.3. The caseq= 1

We recall our explicit description from [14] of the K3 surfaces from Section 3.1 in the
case the associated CY threefolds haveq= h2,1 = 1.

One starts with a polynomialf = gh2 ∈ C[t] with g,h of degree two such that
f has four distinct zeroes, so up to the action of Aut(P1) we have only one parameter.
The K3 surfaceSf has an elliptic fibrationπ : Sf → P1 with a section. Its Weierstrass
model is:

St : Y2 = X3+ f (t)2, f = gh2, deg(g) = deg(h) = 2,

wheret is the coordinate onP1. This surface has an automorphism of order three

α f : Sf −→ Sf , (X,Y, t) 7−→ (ξX,Y, t)

which does act asξ onH2,0(Sf ) = Cdt ∧dX/Y. Explicit computations show that

H2(Sf ,Q) = Tf ⊕ Nf ,

where
Nf = H2(Sf ,Q)α f ∼= Q18, H2,0(Sf )⊂ Tf ⊗C,

and thatα f fixes only five rational curves and eight isolated points. Thecomplexifica-
tion of Tf splits into four one-dimensional spaces:

Tf ⊗C = T2,0
f ,ξ

⊕ T1,1
f ,ξ

⊕ T1,1
f ,ξ ⊕ T0,2

f ,ξ .

Rohde’s construction now produces a CY threefoldXf , the desingularization of the
quotient ofSf ×E by the automorphismα = α f ×αE and

H3(Xf ,Q) ∼= (Tf ×H1(E,Q))α

=
(
T2,0

f ,ξ
⊕ T1,1

f ,ξ

)
⊗H1,0(E)ξ ⊕

(
T1,1

f ,ξ ⊕ T0,2
f ,ξ

)
⊗H0,1(E)ξ.

The Hodge structuresTf can be understood better by observing that all the
smooth fibers of the elliptic fibrationπ : Sf → P1 are isomorphic (they are elliptic
curves withj-invariant 0, so are isomorphic toE). Thus the elliptic fibration is isotriv-
ial and becomes birationally isomorphic to a product after abase change. For this, we
define a curve

Cf : v3 = f (t)
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which is a 3:1 cyclic cover ofP1 with covering automorphism

β f : Cf → Cf , (t,v) 7−→ (t,ξv).

Substitutingf = v3 in the Weierstrass equation ofSf , one finds the birational isomor-
phism:

Cf ×E −→ Sf ≈ (Cf ×E)/(β f ×αE),

((t,v),(x,y)) 7−→ (X,Y, t) = (v2x,v3y, t).

The automorphismα f onSf is induced byαE. This leads to an isomorphism of Hodge
structures:

Tf
∼=

(
H1(Cf ,Q)⊗H1(E,Q)

)β f ×αE ,

which implies another isomorphism of Hodge structures:

H3(Xf ,Q) ∼=
(
H1(Cf ,Q)⊗H1(E,Q)⊗H1(E,Q)

)H
,

whereH ∼= (Z/3Z)2 is generated by the automorphismsβ f ×αE ×1E and 1Cf ×αE ×
α−1

E of Cf ×E×E. This shows that the variation of the Hodge structuresH3(Xf ,Q) is
entirely coming from the variation of the Hodge structures of the curvesCf . Note that

H3,0(Xf ) ∼= H1,0(Cf ,Q)ξ ⊗H1(E,Q)ξ ⊗H1(E,Q)ξ.

The Picard–Fuchs equations for the variation of Hodge structures of the curves
Cf is explicitly given in [14]. One can parametriseP1 in such a way thatg(t) = t(t −
1) andh(t) = (t − λ) (and the other zero ofh is at ∞), thusCf

∼= Cλ with defining
equationv3 = t(t −1)(t −λ)2. The holomorphic one forms on this curve are dt/v and
(t−λ)dt/v2, note that they have distinct eigenvaluesξ,ξ for the automorphismβ f . The
Picard–Fuchs equation forη := dt/v∈ H1(Cf ,Q)ξ turns out to be:

(
λ(1−λ)

∂2

∂λ2 +(1−2λ)
∂
∂λ

− 2
3

)
η = 0.

This is also the Picard–Fuchs equation for the holomorphic three form on the corre-
sponding family of CY threefolds.

Rohde computes the Hodge numbers of these CY threefoldsXf and finds:

dimH1,1(Xf ) = 73, dimH2,1(Xf ) = 1.

Any CY threefoldY from the Mirror family, if it exists, should thus haveh1,1(Y) = 1
andh2,1(Y) = 73. At least three families of CY threefolds with these Hodgenumbers
are known: the complete intersections of type(3,3) in P5, (2,2,3) in P6 and(4,4) in
the weighted projective spaceP5(1,1,1,1,2,2). But in these cases the Mirror families
are known and they have maximally unipotent monodromy (cf. [8]), hence they cannot
be the Mirrors of the family of theXf .



284 A. Garbagnati and B. van Geemen

3.4. The caseq> 1

In caseq≤ 5, we again find that the K3 surfaceShas an isotrivial fibration with smooth
fibers isomorphic toE, but we could not find such a fibration in caseq= 6. The CY
threefoldXS is then again a desingularization of a quotient of the product of a curveC
with two copies of the fixed elliptic curveE. The variation of Hodge structures of the
XS is obtained from the deformations ofC.

Forq≤ 3, we consider the surface (cf. [14])

Sf : y2 = x3+ f (t)2, f = gh2, deg( f ) = 6,

such thatg andh have no common zeros and no multiple zeros. The curveCf : v3 =
f (t) has the automorphismβ f : (t,v)→ (t,ξv). As in 3.3, Rohde’s CY threefoldXf is
the desingularization of(Cf ×E×E)/H, whereH = 〈β f ×αE ×1E,1Cf ×αE ×α−1

E 〉
(see [14, Remark 1.3]). The Hodge numbers ofXf and the genusg(Cf ) of Cf are as
follows:

deg(g) deg(h) g(Cf ) q= h2,1(Xf ) h1,1(Xf )

6 0 4 3 51

4 1 3 2 62

2 2 2 1 73

0 3 1 0 84

The last line corresponds to a rigid CY threefoldXf whereCf ≃ E, andXf is
the desingularization of the quotientE×E×E by 〈α−1

E ×αE ×1E, 1E ×αE ×α−1
E 〉.

In this case, the K3 surfaceSf is described in [26].

In caseq= 4, we consider the curve

Cl : v6 = l(t) deg(l) = 12

such thatl(t) has 5 double zeros. It admits the automorphismβl : (t,v) 7→ (t,ξv). The
quotient(Cl ×E)/(βl ×αE) has a desingularizationSl which is a K3 surface having an
elliptic fibration with Weierstrass equationY2 = X3+ l(t), whereX := v2x, Y := v3y.
The surfaceSl admits an automorphismαl of order 3 induced byαE. The fixed locus of
α f consists of 2 rational curves and 5 points. Applying Rohde’sconstruction to the K3
surfaceSl one obtains a CY threefoldX such thath2,1(X) = q= 4 andh1,1(X) = 40.

In caseq = 5, one needs a K3 surfaceS with an automorphismαS of order 3
which fixes one rational curve and 4 points (cf. [25]). In [1] aprojective model of such
a surface is given: it is a (singular) complete intersectionin P4 with equations

{
F2(x0, . . . ,x3) = 0,
G3(x0, . . . ,x3) = x3

4,
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whereF2 andG3 are homogeneous polynomials of degree 2 and 3 respectively.More-
over, the curveV(F2)∩V(G3) has 4 singular points of typeA1. The surfaceS is clearly
a triple cover of the quadric definedF2 = 0 in P3 branched over the curve which is
the intersection of this quadric with the cubic surface defined byG3 = 0 in P3. The
inverse image inS of a line in a ruling of the quadric inP3 is an elliptic curve with a
covering automorphism of order three which fixes the ramification points. Hence such
an elliptic curve is isomorphic toE. ThusS admits an isotrivial fibration (in general
without section) with general fiber isomorphic toE. In this case Rohde’s CY threefold
hash1,1(X) = 29.

3.5. The complex ball

We briefly recall why the CY-type Hodge structuresH3(XS,Z) are parametrised by a
complexq-ball. More generally, with the notation from Section 1.3, consider polarized
weight three Hodge structures on(VZ

∼=Z2(1+q),Q) of CY type which, moreover, admit
an automorphism of order threeφ:

φ : VZ −→ VZ, Q(φx,φy) = Q(x,y), φC(V p,q) = V p,q, φ3 = 1VZ .

Then we have a decomposition ofVC into φ-eigenspaces, and we assume, as
in the examples above, that the eigenspace ofφ with eigenvalueξ is exactlyF2, so
F2 = F2

ξ . Then theV p,q are alsoφ-eigenspaces:

VC = Vξ ⊕ Vξ = V3,0
ξ ⊕ V2,1

ξ ⊕ V2,1
ξ

⊕ V0,3
ξ

.

In particular, the subspaceF2, being an eigenspace of the fixed automorphismφ of VZ,
is now fixed inVC. It remains to find the moduli ofV3,0 insideF2 =V3,0⊕V2,1. Recall
the Hermitian formH onVC which is positive definite onV3,0 and negative definite on
V2,1. These two subspaces are perpendicular forH. Thus the unitary group ofH|F2

is isomorphic to the groupU(1,q). It is well-known that this group acts transitively
on the orthogonal decompositionsF2 = W⊕W⊥ with H|W > 0 (and thusH|W⊥ < 0).
The stabiliser of a given decomposition is the subgroupU(1)×U(q), hence the moduli
space of these decompositions is the Hermitian symmetric domain

U(1,q)/(U(1)×U(q)) ∼= Bq = {w∈ Cq : ||w||< 1}.

It is easy to check that these decompositions correspond to the Hodge structures un-
der consideration, hence theq-ball is also the moduli space of these CY-type Hodge
structures.

More explicitly, the Hermitian formH has signature(1+,q−) on the com-
plex subspaceF2 ∼= C1+q. ThusF2 has a basis on which we haveH(z,z) = |z0|2 −
∑n

j=1 |zj |2. In a Hodge decomposition, we must haveV3,0 = Cw′ for a non-zerow′ =
(w0,w1, . . . ,wq) ∈ F2 such thatH(w′,w′) > 0, that is,|w0|2 > ∑n

j=1 |wj |2. In particu-
lar, w0 6= 0 and so we may assume thatw0 = 1. Thenw′ is determined by the point
w := (w1, . . . ,wq) ∈ Cq with ∑n

j=1 |wj |2 < 1, that is, a point of theq-ball. Conversely,
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givenw ∈ Bq, let w′ = (1,w) and defineV3,0 = Cw′, V2,1 = (V3,0)⊥, the orthogonal
complement, w.r.t.H, in F2 of V3,0 and defineV1,2,V0,3 usingV p,q =Vq,p. One easily
checks that this gives a polarized Hodge structure on(VZ,Q) which admits the auto-
morphismφ.

As we observed before in Sections 3.3, 3.4, the ball also parametrises families
of curves, like theCf , and K3 surfaces, like theSf . Equivalently, it also parametrises
certain Hodge structures of weight one and two. The relationbetween these Hodge
structures is given by the “half twist” construction, see [27, 10].
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ON SOME LATTICE COMPUTATIONS

RELATED TO MODULI PROBLEMS

Abstract. The method used in [6] to prove that most moduli spaces of K3 surfaces are of
general type leads to a combinatorial problem about the possible number of roots orthogonal
to a vector of given length inE8. A similar problem arises forE7 in [8]. Both were solved
partly by computer methods. We use an improved computation and find one further case,
omitted from [6]: the moduli spaceF2d of K3 surfaces with polarisation of degree 2d is also
of general type ford= 52. We also apply this method to some related problems. In Appendix
A, V. Gritsenko shows how to arrive at the cased = 52 and some others directly.

Introduction

Many moduli spaces in algebraic geometry can be described aslocally symmetric vari-
eties, i.e. quotients of a Hermitian symmetric domainD by an arithmetic groupΓ. One
method of understanding the birational geometry of such quotients is to use modular
forms for Γ to give information about differential forms onΓ\D. In [6] this method
was used to prove that the moduli spaceF2d of polarised K3 surfaces of degree 2d is
of general type in all but a few cases. The method works if there exists a modular form
of sufficiently low weight with sufficiently large divisor. In [6], and again in [8] where
a similar method was applied to certain moduli of polarised hyperkähler manifolds, the
required modular form is constructed by quasi-pullback of the Borcherds formΦ12.

A suitable quasi-pullback exists if a combinatorial condition is satisfied: there
should exist a vectorl in the root latticeE8 (or E7 in the hyperkähler case) of square
2d, orthogonal to very few roots. This is evidently the case ifd is large, but for smalld
the search for such anl invites the use of a computer. This was done in both [6] and [8]
by a randomised search, relying on the large Weyl group to ensure that in practice no
cases would be missed.

Here we present an exhaustive search carried out by the first author. For the
hyperkähler case the exhaustive search confirmed the results of the earlier randomised
search, but in the K3 case one previously overlooked value ofd with a suitable vector
was found, namelyd = 52. In fact it turned out that the randomised search had indeed
found this value, and the omission of the cased = 52 from [6] happened because the
output had been interpreted incorrectly (by GKS).

Nevertheless the following result is true and has not previously appeared in the
literature.

THEOREM 1. The moduli spaceF2·52 of K3 surfaces with polarisation of de-
gree104is of general type.

289
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combinatorial problem is and how it arises, and give some more general combinatorial
problems of the same nature. In Section 2 we describe the theoretical and computa-
tional methods used to solve it, along with some other results obtained in the same
way. In Appendix A, Valery Gritsenko explains how the cased = 52 could have been
foreseen without the help of a computer. Some of the relevantcomputer code is given
in Appendix B.

Acknowledgements. Part of this paper forms part of A. Peterson’s Masters’ thesis.
He would like to thank Gerard van der Geer for his supervision, and the University of
Amsterdam for the nice environment it provides. The second author would like to thank
the Fondazione Bruno Kessler in Trento and the Max-Planck-Institut für Mathematik
in Bonn for support, and Valery Gritsenko for helpful conversations.

1. Combinatorial problems and moduli

In this section we first give a list of combinatorial questions and then explain the ge-
ometry that originally motivated them. First we fix some terminology. We say thatL
is a lattice of signature(a,b) if L ∼= Za+b and we fix a bilinear form( , ) : L×L → Z
of signature(a,b). If x ∈ L we refer to(x,x) asx2 and call it thelengthof x. If the
length of x is 2 thenx is called aroot. If the roots ofL generateL as an abelian
group thenL is called aroot lattice. A latticeL is unimodularif it is equal to its dual
L∨ = Hom(L,Z)⊇ L. We do not assume thatL is always unimodular but for simplicity
we do assume thatL is even, i.e. thatx2 is always an even integer.

E8 denotes the unique even unimodular positive-definite lattice of rank 8, i.e.
with signature(8,0): this is the sign convention of [3] and is also used in [6]. Ifn∈ 2Z
then〈n〉 is the rank 1 lattice spanned by a vector of lengthn, andU denotes the integral
hyperbolic planeZe+Z f with e2 = f 2 = 0 and(e, f ) = 1. The symbol⊕ denotes
the orthogonal direct sum of lattices. IfΛ is a lattice andn ∈ Z, thenΛ(n) denotes
the same lattice with the quadratic form multiplied byn. In particular,E8(−1) is the
negative-definite even unimodular lattice of rank 8.

1.1. Combinatorial problems

Let Λ be a root lattice (usually it will beE8 or E7) and denote byR(Λ) the set of its
roots, i.e.R(Λ) = {r ∈ Λ | r2 = 2}. The combinatorial questions arising in [6] and [8]
are special cases of the following.

QUESTION 1. Given integersp > q ≥ 0, what are the values ofd for which
every vector of length 2d that is orthogonal to at least 2q roots is orthogonal to at least
2p roots?

More generally we may ask about all possibilities.

QUESTION2. Given an even natural number 2d, what are the possible numbers
of roots orthogonal to a vector of length 2d?
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If l ∈ Λ we denote byR(l⊥) the system of roots ofΛ orthogonal tol . We denote
the answer to Question 2 byP(Λ,d): that is

(1) P(Λ,d) := {m∈ Z | ∃l ∈ Λ l2 = 2d, #R(l⊥) = m}.

ThusP(Λ,d) is a finite set of even non-negative integers. We call this theroot typeof
the non-negative even integer 2d for the latticeΛ

There are some immediate restrictions on what the root type can be: for exam-
ple, if Λ = E8 then the largestm that can occur is 126, whenR(l⊥) ∼= E7; but in that
casel ∈ (E7)

⊥
E8

∼= A1, sod must be a square.

Especially forΛ = E8, the value ofm0(d) = minP(E8,d) is of interest as it
determines the lowest weight of modular form obtained by quasi-pullback (see Equa-
tion (2) below). Ifm0(d) = 0 then this form will not be a cusp form, so the value of
m1(d) = minP(E8,d)∩N is also significant. We should also like to know whether this
form is unique. So we also have the following questions.

QUESTION 3. For givend andΛ, how can we computem0(d)?

QUESTION 4. For givenm, what is the smallest valued(m) of d for which
m1(d)≤ m?

If in Question 4 we replacem1 by m0, then the casem= 0 asks for the length
of shortest vectors in the interior of a Weyl chamber: these are the Weyl vectors, which
are well known.

If m∈ P(Λ,d) there is a further natural refinement.

QUESTION 5. How many Weyl group orbits of vectorsl with l2 = 2d and
#R(l⊥) = mare there?

Some values ofmare of particular interest for geometric reasons: for instance, if
14∈P(E8,d) then quasi-pullback ofΦ12 gives a canonical form onF2d (see Section 1.2
below). This leads us to the following variant of Question 1.

QUESTION 6. For givenm and Λ, what are the values ofd such thatm ∈
P(Λ,2d)?

We can compute the answers to some cases of these questions bythe methods
described in Section 2.

1.2. Moduli

The following construction describes several moduli spaces in algebraic geometry, in-
cluding the moduli of polarised K3 surfaces.

Let L be an even lattice of signature(2,n). The Hermitian symmetric domain
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associated withL isDL, one of the two connected components of

DL ∪DL = {[w] ∈ P(L⊗C) | w2 = 0, (w,w)> 0}.

The group O(L) of isometries ofL acts on this union and we denote by O+(L) the
index 2 subgroup preservingDL. The action is discontinuous, with finite stabilisers, so
if Γ is any finite index subgroup of O+(L) then

FL(Γ) := Γ\DL

is a complex analytic space. In fact it is a quasi-projectivevariety, having a min-
imal projective compactification, the Baily-Borel compactification FL(Γ)∗, obtained
by adding finitely many curves (called 1-dimensional cusps)meeting at finitely many
points (0-dimensional cusps). It is often preferable to work with a toroidal compact-
ificationFL(Γ), which is a modification ofFL(Γ)∗ depending on some combinatorial
choices at the 0-dimensional cusps.

A modular form forΓ of weightk and characterχ : Γ → C∗ is a holomorphic
functionF on the affine coneD•

L ⊂ L⊗C such that

F(tZ) = t−kF(Z) ∀t ∈ C∗ and F(gZ) = χ(g)F(Z) ∀g∈ Γ.

F is a cusp form if it vanishes at every cusp. For the cases we shall consider the only
possible characters are 1 and det(g), and the order of vanishing at a cusp is an integer:
see [7].

The aim of [6] is to show that the moduli spaceF2d of polarised K3 surfaces of
degree 2d is of general type for most values ofd ∈ N. Using the Torelli theorem for
K3 surfaces one can show that

F2d = FL2d(Õ
+
(L2d)),

whereÕ
+
(L) is the finite index subgroup of O+(L) that acts trivially on the discrimi-

nant groupL∨/L and
L2d := 2U ⊕2E8(−1)⊕〈−2d〉.

Modular forms of suitable weight can be interpreted as differential forms on the moduli
space provided that they have sufficiently large divisor. Therefore, to prove that the
moduli space is of general type it is enough to give a sufficient supply of such modular
forms. There are several technical difficulties here, one ofwhich is the presence of
singularities. A sufficient condition, however, was given in [6].

THEOREM 2. Suppose that n≥ 9 and that there exists a nonzero cusp form Fa

of weight a< n and characterχ ≡ 1 or χ(g) = det(g), vanishing along any divisor
H ⊂DL fixed by reflections inΓ. ThenFL(Γ) is of general type.

The formFa is then used to give many forms of high weight with sufficiently
large divisor, of the formF = Fk

a F(n−a)k, and these in turn give pluricanonical forms on

a smooth model ofFL(Γ).
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To apply this in specific cases such asF2d one must therefore constructFa.
The method used in [6] to do this is quasi-pullback of the Borcherds formΦ12. This
construction first appeared in [2]. The Borcherds form itself was constructed in [1] by
means of a product expansion, whereby its divisor is evident. It is a modular form (not
a cusp form) of weight 12 and character det for the group O+(II2,26). The latticeII2,26

of signature(2,26) is 2U ⊕N(−1), whereN is any one of the 24 Niemeier lattices,
positive definite unimodular lattices of rank 24: see [4]. For our purposes the correct
choice ofN is 3E8. A choice of a (not necessarily primitive) vectorl ∈ E8 of length 2d
gives an embedding

L2d = 2U ⊕2E8(−1)⊕〈−2d〉 →֒ II2,26= 2U ⊕3E8(−1)

which in turn gives an embedding

D
•
L2d

→֒D
•
II2,26

.

Denote the images of these embeddings byL2d[l ] andD•[l ] respectively.

If r ∈ L is a root it determines a Heegner divisorH•
r ⊂D•

L, given by the equation
(Z, r) = 0. The Borcherds form vanishes (to order 1) along all the Heegner divisors
for L = II2,26 and in particular its restriction toD•[l ] vanishes, as needed to apply
Theorem 2. However,Φ12|D•[l ] may well be zero, since ifr is a root ofII2,26 orthogonal
to L2d[l ] thenD•[l ]⊂H•

r .

Instead we take the quasi-pullback, simply dividing by the equation of each such
H•

r , noting thatH•
−r =H•

r . We put

Rl = {r ∈ R(II2,26) | (r,L2d[l ]) = 0} ∼= {r ∈ R(E8) | (r, l) = 0}

and define the quasi-pullback to be

(2) F[l ] =
Φ12

∏±r∈Rl
(r,Z)

∣∣∣∣
D•[l ]

.

This is a nonzero modular form, and one can show that it is a cusp form provided
Rl 6= /0. It vanishes along all the Heegner divisors fixed by reflections in O+(L2d).

The weight, however, goes up by 1 every time we divide, so the weight ofF[l ]
is 12+ 1

2#Rl . We can therefore show thatF2d is of general type if we can find anl ∈ E8

of length 2d with 2≤ #Rl < 2(n−12) = 14. Moreover, if we can find a cusp form of
weight preciselyn= 19 then, by a result of Freitag [5],F2d haspg > 0 and in particular
is not uniruled.

This leads us to Question 1, withq= 1 andp= 7 or p= 8, for Λ = E8. In [8],
similar considerations about the moduli of some hyperkähler manifolds with a certain
type of polarisation lead to Question 1 withq= 1 andp= 6 or p= 7, for Λ = E7.

2. Solving the combinatorial problems

The specific combinatorial problems encountered in [6] and [8] can be solved in princi-
ple by first boundingd. It is clear that for sufficiently larged an l will exist orthogonal
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to a number of roots in the required range: indeed, for sufficiently larged we can find
l orthogonal to exactly two roots. An explicit bound, followed by a finite calculation,
will solve the problem. Neither is entirely straightforward, though. In [6] a counting
argument is used to show that anl ∈ E8 with l2 = 2d, orthogonal to at least two and at
most 12 roots, exists (and thereforeF2d is of general type) unless

(3) 28NE6(2d)+63ND6(2d)≥ 4NE7(2d),

whereNL(2d) is the number of ways of representing 2d by the quadratic formL. The
inequality (3) certainly fails for larged, but to obtain an effective bound ond one must
boundNE6(2d) andND6(2d) from above andNE7(2d) from below by explicit functions.
This is a non-trivial problem in analytic number theory but it can be done, and after
some refinements it gives a reasonable bound of aroundd = 150. It would be possible
to resort to direct computation at that point, but there is noneed yet. Some integers in
that range are excluded from the list of possibly non-general type polarisations because
the inequality (3) (or another similar inequality) in fact fails. Others can be excluded
by inspection, actually producing a vectorl by guessing the root systemR(l⊥E8

). The
root systems used in this way in [6] were 4A1, 2A1⊕A2, A3 andA1 ⊕A2. The root
systems 3A1⊕A2 and 2A2 were not tried: see Appendix A.

In [8] a similar procedure was used, although there is an extra difficulty caused
by the opposite parity of the rank: working inE7, one needs to estimateNR(2d) from
above for some odd-rank root systemsR, and this problem is not so well studied as in
the even rank case.

In either case, eventually one is left with a residual list ofvalues ofd for which
the problem has not been settled. In [6] it consists of most integers between 15 and 60
(for very smalld the moduli space is known to be unirational). The residual problem
in the hyperkähler case considered in [8] is much smaller.

Now, if we want to be (reasonably) sure that no cases have beenmissed, we do
need a computer. Moreover, the methods we now use to solve this problem can also be
used to give answers to question such as those posed in Section 1.1.

2.1. Algorithms

We begin by representingE8 in the usual way, as the set of pointsl = (l1, . . . , l8) ∈ R8

such that thel i are either all integers or all strict half-integers (i.e. either l i ∈ Z for all
i or 2l i is an odd integer for alli) and∑ l i ∈ 2Z, with the standard Euclidean quadratic
form onR8.

We need a very rough upper bound onNE8(2d), because we want to know
whetherNE8(2d) is small enough to allow a brute-force search forl ∈ E8 with l2 = 2d
having 2≤ #R(l⊥)≤ 12. We can easily find such a bound by noting that ifl2 = 2d then
each of the 8 componentsl i of l must havel2i ≤ 2d, so−

√
2d ≤ l i ≤

√
2d, and must be

a half-integer: that gives

(4) NE8(2d)≤ (2⌊2
√

2d⌋+1)8

Ford = 52, this bound is about 8·1012.
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If we are a bit more precise, and note that the components ofl are either all
integers, or all proper (i.e. non-integer) half-integers,we save a factor 27, giving a
bound of about 5·1010. This is within reach of a brute-force search, but it is stillhigh,
especially considering that we have to do some substantial work for each candidate
(compute the inner product with 240 different vectors1).

Thus an exhaustive search of all vectors inE8 of length≤ 60 is not computa-
tionally impossible but it would be cumbersome and would notextend to even slightly
larger problems such as other cases of Question 1. The Weyl groupW(E8) has order
214·35 ·52 ·7= 696729600 and should be used to reduce the size of the problem. There
are two approaches to doing this.

(A) Randomised search.This is what was actually done in [6] and [8]. Since the non-
existence of a vectorl gives no information about the moduli space, we are willing to
accept a very small probability of failing to detect such a vector. We therefore choose
a large number of vectors of length less than 2·61 at random and expect that, as the
Weyl group orbits are large, every orbit will be represented.

This approach worked very fast, using only a laptop computerand immediately
available software (Maple). A search of twenty thousand randomly chosen vectors
found all the pairs(d,#R(l⊥)) in the ranges wanted within the first two thousand iter-
ations, in approximately two minutes. That is fairly convincing practical evidence that
there are no more. Unfortunately the output was then mistranscribed, leading to the
omission of the cased = 52 and the erroneous (but not really misleading) statement in
[6] that “an extensive computer search for vectors orthogonal to at least 2 and at most
14 roots for otherd has not found any”.

It is noteworthy that a similar search in the caseΛ = E7 did find some cases
not discovered analytically, and for which a constructive method of findingl is still
not known. In other words, some cases of the main theorem of [8] still have only a
computer proof, although oncel has been found it is easy enough to verify its properties
by hand.

It is not so easy to estimate the probabilitya priori that a Weyl orbit might
be missed. The Weyl group ofR(l⊥), which is a subgroup of the Weyl group ofE8,
obviously stabilisesl and has order no more than 24 if #R(l⊥)≤ 12, but in principle the
stabiliser ofl in W(E8) could be much larger. In that case the Weyl group orbit would
be small and more easily missed. In practice the randomised method seems to find all
the orbits.

(B) Exhaustive search.The first author organised an exhaustive search, exploitingthe
Weyl group by searching a fundamental domain for the subgroupH <W(E8) generated
by permutations of the eight componentsl i and sign changes of an even number of
components. This subgroupH has size 27 ·8!, so index 135 inW(E8): it gives us most
of the symmetries, with very little effort.

1We can be a lot more efficient than that, and skip most of these inner products, but even then we still
have to compute dozens of inner products per candidate vector.
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We say thatl ∈ E8 is in normal formif its components are all nonnegative (ex-
cept possibly the first,l1) and the squares of the components are nondecreasing from
low index to high index. By acting with an element ofH, we can translate anyl ∈ E8

to one in normal form: first permute the components, so their squares are in order; then
make them all (butl1) nonnegative, by changing the sign of every negative component
(exceptl1), and flipping the sign ofl1 once for every such change.

It is straightforward to enumerate the elements of length 2d in E8 that are in
normal form. For brevity, we will describe this only for the ones having integer com-
ponents (one can get the ones with proper half-integer components in a very similar
manner).

Step 1.For every indexi 6= 1, in descending order, we consider all the possible values
of l i : we requirel i to be a non-negative integer such that

• its square, added to the sum of the squares of the coordinatesthat have been
chosen (i.e. thel2j with j > i), does not exceed 2d (otherwisel2 > 2d, for any
further choice of coordinates); and

• (unlessi = 8) it is not greater thanl i+1 (otherwisel would not be in normal form).

In other words, we letl i take any values∈ Z such that

(5) 0≤ s≤ min
{

l i+1,
√

2d−∑ j>i
l2j

}
.

Step 2.See if 2d−∑8
j=2 l2j is a perfect squarem2. If so, let l1 take values−mandm; if

not, discard this choice of coordinates.

Step 3.Check whether thel so obtained are inE8, i.e. whether∑8
j=1 l j ∈ 2Z. Discard

any that are not inE8.

We must then filter these enumeratedl ∈ E8 to find the ones with #R(l⊥) in
the required range (2≤ #R(l⊥) ≤ 12 for the case considered in [6]): this part of the
procedure is exactly the same as for the randomised version.Since the roots come in
pairs±r it is enough to take inner products with a prepared list of positive roots (120
or them), and of course we can stop examiningl as soon as we find a seventh pair of
roots orthogonal to it.

The first author implemented this search in a high-level programming language
(Haskell). Without spending much time optimising, this runs fast enough (a second or
so on commercial hardware, for each of the low values ofd we are interested in, namely
d ≤ 60). The partial use of the symmetries ofE8 is crucial, though: to go through all
the vectors of given length 2d would have taken weeks or months for a single value
of d.

This program discovered the lost cased = 52 and therefore Theorem 1. A
variant of it forE7 reconfirmed the results obtained by the randomised method in[8].
The code used for theE8 case is given in Appendix B.
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2.2. Further results

The exhaustive algorithm (B) from Section 2.1 can be modifiedto compute, in reason-
able time, answers to some of the questions from Section 1.1 for small values of the
parameters. We investigated Question 2 and Question 6 for small mandd with Λ = E7

andΛ = E8. ForΛ =E8 we also investigated Question 5 for the particular casem= 14,
corresponding to canonical forms onF2d.

Specifically, we have so far computed the root typeP(Λ,2d) for Λ = E7 and
Λ = E8 and d ≤ 150, and the first part of the root type (whetherm∈ P(Λ,2d) for
2≤ m≤ 20, say) for largerd, up to about 300 (further for some values ofd). This part
of the computation is fairly fast and only minor changes to the program are needed.

A little more work, and more computer time, is needed for Question 5. We must
work now withW(E8), not with H, and we first compute a transversal forW(E8) : H
(representatives for each of the 135 left cosets ofH) and then reduce each of the 135
translates of eachl to standard form before comparing them.

The outcome counts the number of ways of obtaining a canonical form onF2d

by quasi-pullback ofΦ12. There is no assurance either that the forms so obtained are
linearly independent or that there are not more canonical forms that do not arise this
way. The results are nevertheless intriguingly unpredictable. There are no such vectors
for d < 40. There is such a vector ford = 40, and also ford = 42, 43, 48 (two orbits),
49, 51–54, 55 and 56 (two orbits each), 57 and 59. There is no such vector for d = 60,
but for 61 there are three orbits and thereafter the number oforbits drifts upwards
irregularly. Without further comment, we tabulate below the numberν14 of W(E8)
orbits of length 2d vectors inE8 orthogonal to exactly 14 roots for 61≤ d ≤ 150.

d ν14 d ν14 d ν14 d ν14 d ν14 d ν14

61 3 76 1 91 5 106 2 121 4 136 8

62 1 77 2 92 3 107 6 122 5 137 7

63 2 78 1 93 2 108 3 124 5 138 5

64 2 79 4 94 4 109 6 124 3 139 11

65 0 80 2 95 3 110 0 125 6 140 5

66 2 81 2 96 4 111 6 126 8 141 6

67 1 82 2 97 2 112 6 127 6 142 8

68 2 83 3 98 3 113 5 128 6 143 3

69 2 84 5 99 2 114 3 129 7 144 8

70 1 85 4 100 4 115 7 130 4 145 8

71 2 86 4 101 5 116 6 131 9 146 7

72 2 87 3 102 5 117 2 132 2 147 11

73 1 88 2 103 5 118 6 133 8 148 5

74 3 89 3 104 4 119 9 134 9 149 10

75 3 90 2 105 4 120 8 135 5 150 6
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Appendix A. d = 46, 50, 52, 54, 57, by V. Gritsenko

In this appendix we find a vectorl ∈ E8 of square 2d orthogonal to exactly 12 roots in
E8, whered is as in the title of the appendix. (See [6] and [8] for the general context of
this question.) We use below the combinatorics of the Dynkindiagram ofE8. We take
the Coxeter basis of simple roots inE8 as in [3]:

t

α1
-t

α3
-t

α4

?t

α2

-t

α5
-t

α6
-t

α7
-t

α8

where(e1, . . . ,e8) is a Euclidean basis in the latticeZ8 and

α1 =
1
2
(e1+e8)−

1
2
(e2+e3+e4+e5+e6+e7),

α2 = e1+e2, αk = ek−1−ek−2 (3≤ k≤ 8).

The latticeE8 contains 240 roots. We recall that any root is a sum of simple roots with
integral coefficients of the same sign. The fundamental weightsω j of E8 form the dual
basis inE8 = E∨

8 , so(αi , ω j) = δi j . The formulae for the weights are given in [3, Tabl.
VII]. The Cartan matrix of the dual basis is

(6) ((ωi , ω j)) =




4 5 7 10 8 6 4 2
5 8 10 15 12 9 6 3
7 10 14 20 16 12 8 4
10 15 20 30 24 18 12 6
8 12 16 24 20 15 10 5
6 9 12 18 15 12 8 4
4 6 8 12 10 8 6 3
2 3 4 6 5 4 3 2




.

We consider the two following cases when the orthogonal complement of a vectorl in
E8 contains exactly 12 roots:R(l⊥E8

) = A2⊕3A1 or A2⊕A2. (We note that #R(A1) = 2
and #R(A2) = 6.)

The casesd = 46, 50, 54, 57. There are four possible choices of the subsystemA2⊕3A1

inside the Dynkin diagram ofE8 according to the choices of simple roots ofA2, namely

A(1,3)
2 = 〈α1,α3〉, A(2,4)

2 = 〈α2,α4〉, A(5,6)
2 = 〈α5,α6〉 or A(7,8)

2 = 〈α7,α8〉. If A2 is fixed
then the three pairwise orthogonal copies ofA1 in the Dynkin diagram are defined
automatically.

First, we considerA(5,6)
2 = 〈α5,α6〉. Then 3A(5,6)

1 = 〈α2〉⊕ 〈α3〉⊕ 〈α8〉. More-

over A(5,6)
2 ⊕ 3A(5,6)

1 is the root system of the orthogonal complement of the vector
l5,6 = ω1 +ω4 +ω7 ∈ E8. In fact, if r = ∑8

i=1xiαi is a positive root (xi ≥ 0) then

(r, l5,6) = x1+x4+x7 = 0. Thereforex1 = x4 = x7 = 0 andr belongs toA(5,6)
2 ⊕3A(5,6)

1 .
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Using the Cartan matrix (6) we obtain thatl25,6 = 2·46. Doing similar calculations with
the other three copies ofA2 given above we find

l1,3 = ω4+ω6+ω8, l2,4 = ω3+ω5+ω7, l7,8 = ω1+ω4+ω6

with l21,3 = 2 ·50, l22,4 = 2 ·54 andl27,8 = 2 ·57.

The cased = 52. We consider the sublatticeM = A2⊕A2 = 〈α3,α4〉⊕ 〈α6,α7〉 in E8.
ThenM is the root system of the orthogonal complement of the vectorlM = ω1+ω2+
ω5+ω8 with l2M = 2 ·52.

Appendix B. The computer code

Below is the code used to check the combinatorial problem from [6], and thus to
find Theorem 1. The programs were written in the functional programming language
Haskell (http://www.haskell.org). The web page

http://people.bath.ac.uk/masgks/Rootcounts

contains links to further code and output.

{-# LANGUAGE TypeSynonymInstances,NoImplicitPrelude #-}

module E8 where

import qualified Algebra.Ring

import Control.Applicative ((<$>),(<*>))

import qualified Data.Vector as V

import Data.List (intercalate,nubBy)

import qualified Data.MemoCombinators as Memo

import Data.Ratio

(Ratio,numerator,denominator,(%))

import qualified Data.Set as Set

import Data.Typeable (Typeable)

import Math.Combinatorics.Species

(ksubsets,set,ofSize,enumerate,Set(getSet,Set),Prod(Prod))

import MyPrelude hiding (numerator,denominator,(%))

import qualified Prelude

import System.Environment (getArgs)

import qualified Algebra.Additive

-- Some types and helper functions for dealing with

-- "vectors" (implemented as arrays of rational numbers).

type Coordinate

= Ratio Int
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type Vector

= V.Vector Coordinate

-- Inner product.

inp :: Vector -> Vector -> Coordinate

inp a b = V.sum (V.zipWith (*) a b)

half :: Coordinate

half = 1 % 2

-- Product of scalar with vector.

l :: Coordinate -> Vector -> Vector

l = V.map . (*)

instance Algebra.Additive.C Vector where

(+) = V.zipWith (+)

(-) = V.zipWith (-)

negate = l (-1)

zero = V.fromList [0,0,0,0,0,0,0,0]

-- Some data regarding E_8

delta :: (Eq a,Algebra.Ring.C b) => a -> a -> b

delta i j = if i == j then 1 else 0

-- ’e i’ gives the i’th standard basis vector of R_8.

e :: Int -> Vector

e i = V.fromList $ map (delta i) [1 .. 8]

-- This is the usual integral basis of the lattice E_8.

basis :: [Vector]

basis =

[

l half $ (e 1 + e 8) - (sum $ map e [2 .. 7])

, e 1 + e 2

] ++ map (\ i -> e (i - 1) - e (i - 2)) [3 .. 8]

roots :: [Vector]

roots = d8 ++ x118 where

d8 = concatMap ((\ [a,b] ->

[a + b,a - b,b - a,negate a - b]) . map e . getSet) $

enumerate (ksubsets 2) [1 .. 8]

x118 = map (\ (Prod (Set neg) (Set pos)) ->

l half $ sum (map (negate . e) neg) + sum (map e pos)) $

enumerate ((set ‘ofSize‘ even) * set) [1 .. 8]
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-- ’posRoots’ contains exactly one of every pair

-- (a,-a) of roots.

posRoots :: [Vector]

posRoots = nubBy (\ a b -> a == b || a == negate b) roots

-- Generate elements l of the E_8 lattice with the property

-- that l^2 = 2 d. We need only one element of each orbit

-- under the action of the Weyl group. In particular, we

-- may assume that all coordinates but one (say, the first)

-- are nonnegative, and that the successive coordinates are

-- nondecreasing. We generate exactly one element of each

-- H-orbit, where H is the subgroup of permutations and even

-- sign changes.

gen :: Int -> [Vector]

gen d = genInt d ++ genHalfInt d

genInt :: Int -> [Vector]

genInt d = map (V.fromList . map fromIntegral) $ go [] 0 where

-- Given the length of a partial vector, compute the maximal

-- new coordinate which does not increase the length of the

-- vector beyond 2 d.

maxCoord :: Int -> Int

maxCoord s = floor (sqrt (fromIntegral $ dD - s) :: Double)

dD :: Int

dD = 2 * d

-- We maintain a list of coordinates chosen so far, every

-- one together with the sum of squares of the coordinates

-- up to and including that coordinate.

-- The generated vectors are elements of E_8, because the

-- sum of the squares of their components is even, hence

-- the sum of the components as well.

go :: [(Int,Int)] -> Int -> [[Int]]

-- We have fixed all eight coordinates.

go fixed@((_,sq) : ps) 8

-- The vector has the right length; add the relevant

-- solutions (using ’vary’), and continue searching.

| sq == dD = vary (map fst fixed) ++ lower ps 7

-- The vector has the wrong length, continue searching.

| otherwise = lower ps 7

go fixed n = let

(m,s) = case fixed of
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[] -> (maxCoord 0,0)

(c,s) : _ -> (Prelude.min (maxCoord s) c,s)

in

go ((m,s + m ^ 2) : fixed) (n + 1)

-- Lexicographically decrease the given vector, and continue

-- the generation from there.

lower :: [(Int,Int)] -> Int -> [[Int]]

lower [] _ = []

lower ((x,s) : ps) n

| x == 0 = lower ps (n - 1)

| otherwise = go ((x - 1,s + 1 - 2 * x) : ps) n

vary :: [Int] -> [[Int]]

vary (x : xs) = if x == 0

then [0 : xs]

else [x : xs,negate x : xs]

-- For vectors with all coordinates half-integers, we work

-- with the doubles of the coordinates.

genHalfInt :: Int -> [Vector]

genHalfInt d = map (V.fromList . map (% 2)) $ go [] 0 where

maxCoord :: Int -> Int

maxCoord = Memo.integral m where

m s = f $ floor (sqrt (fromIntegral $ dE - s) :: Double)

f k = if odd k then k else k - 1

dE :: Int

dE = 8 * d

go :: [(Int,Int)] -> Int -> [[Int]]

go fixed@((_,sq) : ps) 8

| sq == dE = filter e8 (vary $ map fst fixed)

++ lower ps 7

| otherwise = lower ps 7

go fixed n = let

(m,s) = case fixed of

[] -> (maxCoord 0,0)

(c,s) : _ -> (Prelude.min (maxCoord s) c,s)

in

go ((m,s + m ^ 2) : fixed) (n + 1)

-- Decides whether a given vector is an element of E_8

e8 :: [Int] -> Bool

e8 = (== 0) . flip rem 4 . sum



On some lattice computations 303

lower :: [(Int,Int)] -> Int -> [[Int]]

lower [] _ = []

lower ((x,s) : ps) n

| x == 1 = lower ps (n - 1)

| otherwise = go ((x - 2,s + 4 - 4 * x) : ps) n

vary :: [Int] -> [[Int]]

vary (x : xs) = [x : xs,negate x : xs]
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