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PREFACE

This volume contains articles based on talks given at a vimgxsn Trento, Italy, on

4-5 September 2009, by Frédéric Campana, Paola Frediamiy@eGeemen, Diego
Matessi, and Gregory Sankaran. The diversity of the cantidhs reflects the wide
range of investigations currently dealing with these cdrgubjects relating classical
and modern algebraic geometry, without any pretention topteteness. In addition to
those mentioned above, research talks were also given lieClasagrande, Kieran
O’Grady, and Christian Schnell. The work that they discdssan be found in the
related references [7, 15, 16, 18].

The Workshop followed a School at which Claire Voisin and &dilLooijenga
delivered mini-courses of five lectures, and Christian &drgave two lectures (this
time, in his capacity as course tutor). This material wihagr in a future volume. The
combined meeting was organized by the Centro Internazqrex la Ricerca Matem-
atica (CIRM), as part of their successful programme for 2009

Although not all talks addressed the first topic of the titieedtly, it is as well
to include some introductory remarks about Hodge Theorychvivas originally de-
veloped by W. V. D. Hodge in the 1930's, and is used to relategibometry, analysis
and topology of compact Kahler manifolds through the stuidyammonic forms. His
motivation was to solve a difficult problem posed by Seveduwlithe vanishing of a
double integral of the first kind on an algebraic surface fallloose periods are zero.

In contemporary language, Hodge Theory provides harma@apcesentatives
for Dolbeault cohomology classes(qd, g)-forms on a compact Kéhler manifold. These
representatives constitute finite-dimensional vectocegid % whose dimensions are
denoted byhP9 and called Hodge numbers; placed together they form the &lddg
mond of the manifold. The resulting decomposition expresseh complex De Rham
cohomology “group” as a direct sum of subspakb%? with the property thatH P9
andH%P are complex conjugate. This then serves as a model for areabbktodge
structure on a vector space.

From the historical and scientific viewpoint, the theory afiation of Hodge
structure, as developed by Griffiths and Deligne in the 1976’a powerful tool for
studying algebraic varieties in characteristic zero. tisists mostly in the study of the
(mixed) Hodge structures associated to algebraic vasietied their variations, i.e. a
family of Hodge structures parameterized by some space.sd+salled period map
allows one to study moduli spaces qualitatively, and to émamatural local systems
of cohomology on them. Sometimes, it can even give rise toifaumization of the
relevant moduli spaces.

Another aspect of Hodge theory is the study of the Hodge ctunje and its
variants (the generalized Hodge conjecture and the vamiatiHodge conjecture, to
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200 Hodge Theory and Algebraic Geometry

mention just two). The two aspects are related via the std@i¢jodge loci, which are
natural subvarieties of moduli spaces. The whole subjesants a fascinating mixture
of topology, Lie group theory and algebraic geometry. Th&t e&ample of this is the
fact that the constant local systems underlying variatmfidodge structure are of a
topological nature, while the variation of Hodge structitself and the Hodge bundles
can only be defined within the framework of algebraic geoynetr
Local systems and their monodromy groups actually play gromant role in

the articles of Paola Frediani, of Ricardo Castafio-Bertaad Diego Matessi, and
of Alice Garbagnati and Bert van Geemen. In the paper of Brédlocal systems
and the Gauss—Manin connection allow one to compute thenddfamdamental form
of the period map, using appropriate exact sequences of/eshedastafio-Bernard
and Matessi use the monodromy of the local system to preaéctdpology of the
“lacking” fiber. In the paper by Garbagnati and van Geemes|dhal system allows
one to compute the Picard—Fuchs equations via the Gaussaktamection. As these
authors write, it is important to underline the role of Hodigeory in Mirror Symmetry:

... A spectacular result from Mirror Symmetry is that a ciertolution of
this Picard—Fuchs equation defines a power series in ongblanvhose
coefficientsay allow one to compute the Gromov—Witten invariants of a
quintic threefold, that is, roughly, the number of rationatves of degree

d on a quintic threefold.

Mirror Symmetry is based on a study of Calabi—Yau manifolds play an important

role in theoretical physics, in particular string theorjeh first revealed the conceptin
a heuristic fashion [6]. It predicts the correct numbersadibnal curves on Calabi—Yau
threefolds and relates to variation of Hodge structure emtirror family.

The concept has had profound implications within matheseatind has led
to new areas of research. An axiomatic foundation has be#rthmough the work
of Kontsevich—Manin on Gromov-Witten invariants and quamtcohomology [14],
extending classical enumerative techniques in algebedongtry. In a related direc-
tion, Castafio-Bernard and Matessi give an introductiohécsb-called Gross—Siebert
mirror construction. The work is implicitly related to thergectures of homologi-
cal mirror symmetry, whereby theomplexand symplectidheories of mirror pairs of
Calabi-Yau manifolds are interchanged [12, 13].

The article by Arie Peterson and Gregory Sankaran contgingaf of a special
case of a general theorem taken from the second authort2i@@¥ Inventiones paper
The Kodaira dimension of the moduli of K3 surfa¢gs], and relevant combinatorics.
The moduli of K3 surfaces is closely related to spaces dlasgiHodge structures, in
view of the global Torelli theorem on the injectivity of thengod map that associates
to a K3 surface part of its Hodge structure (see Section 5)icA account of this can
be found in section 10 of [10], cited by Garbagnati—van Geem#iose own article on
the deformations of Calabi—Yau threefolds is also closelgted to the K3 theory.

Campana’s paper concerns a different approach to thefiatasisin of algebraic
manifolds, based on properties of the canonical bundle /itrdgality characterizes
the K3 surfaces and Calabi—Yau manifolds mentioned abdi®therefore concerned
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with birational invariants and versions of the Kodaira dirsien. It is related to Hodge
Theorya posterioriin order to obtain results closer to the results of Viehwegceon-
ing rigid families of varieties, whereby the positivity otartain sheaf can be deduced
by studying the dimension of the image of a moduli map. Thestl is also related to
injectivity properties of Torelli maps.

We quickly examine each of these works in turn, in the ordiggh@betical by
first author) in which they appear in this volume, beginnimgrefore with the one just
mentioned.

1. Birational stability of the cotangent bundle
by F. Campana

This paper complements results in [3] and [5], where cormplefinitions can be found.
Its main object of study is the so-called Kodaira dimensioxX) of a complex projec-
tive manifoldX. This is involved in the litaka conjecture.

The litaka conjecture states that the Kodaira dimensionfitfration is at least
the sum of the Kodaira dimension of the base and the Kodainamion of a general
fiber. This motivates a classification programme for algebrarieties, in which it is
sought to represetq as a fibration over a variety of general type, with typical fibe
Kodaira dimension 0. This is quite a natural idea, given thatapplication of the Proj
construction to the pluricanonical ring should produced@eutive variety in which the
sections of powers of the canonical bunKlécapture” as much as they can about

Also relevant is the conjecture that concerns the vanisbfrtge plurigenera,
namely

K(X)=—0 = X isuniruled.

By assuming one or more selected conjectures, the authalitmorally proves that
the cotangent bundle of a complex projective manifold X isationally” semistable,
unless X is uniruled.

The article’s starting point is the conceptssturatinga line bundle or sheaf.
It contains a simple proof of the pseudo-effectivity of tledative canonical bundle
of a fiber space when its generic fibers are not uniruled. M@eall these notions
are extended to the category of “smooth orbifolds’. The papaudes a wealth of
examples of Fano type.

The author writes:

... Combined with Hodge theoretic arguments, it might irttieermit one
to easily obtain stronger versions, closer to Viehweg'sliss

One link with Hodge theory might be found in Section 8, and diszussion of the
Q-divisor D onY, since Hodge theory deals with the representation of sutdbniz
cycles or divisors using harmonic forms.
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2. The fixed point set of anti-symplectic involutions of Lagrgian fibrations
by R. Castafio-Bernard and D. Matessi

This paper is a review of previous results of the authors eth@topology of the fixed
point locus of anti-symplectic involutions on symplectianifolds. The authors also
report on some work in progress. They write:

...one reason why the fixed point set of an anti-symplectiolirtion is
interesting is that its Floer homology is particularly wielhaved. ..

Many of the results and ideas mentioned here on Lagrangieatifbs are based on,
or inspired by, the work of Mark Gross and Bernd Siebert.

The basic object is the so-called integral affine manifolthvdingularities
(B,A,A). HereB is topological manifoldA is a closed subset & with Bg := B—A
dense irB and A is a atlas 0By whose change of coordinates are (in each connected
component) affine mapsx+ v with A € Sh(Z). The authors explain how to attach a
Lagrangian submersiam, : Xo — Bp to such(B, A, A) and then they point out that:

...we may ask whether we can find a symplectic mani¥land extend
the bundlefy : Xg — Bp to a Lagrangian fibratiori : X — B by inserting
singular Lagrangian fibers over the fet .

Notice thaty comes with a Lagrangian section, namely the zero sectior. anti-
symplectic involutiort on X is the reflectioro — —a.

The so-called Focus-focus example, whBre R? andA = (0,0) is the more
elementary example. This expounds the basic idea whiclvaltme to find the “lack-
ing” fiber overA. Namely, to study the fixed part of the monodromy of the logatam
given by the homology groups of the fibersmef Also this example is very important
since it is the “local model” used to extend a so-cak@tple2-dimensional integral
affine manifolds via a gluing argument. Indeed, the impdrtample in whiclB = §
andA has 24 points is described. In this case the extended tataeXpis diffeomor-
phic to a K3 surface, and it is shown that the fixed point>sef the anti-symplectic
involution has two connected components; one of them iseh@section and the other
is a genus 10 surface.

The connection with Mirror Symmetry is explained. The lisk¢wn by Gross)
comes from the duality between the tangent and the cotabgedte, and the quotients
TBo/A andT*By/A by the pair of dual lattices.

There is a description of Gross'’ results on Leray specti@lseces applied to
the local systems of torus fibrations associated to simpégial affine manifolds. As
a interesting consequence, it is explained why the equaliiy) = 20= h%1(X) is not
a coincidence.

The article includes a discussion of the local models wherBi= 3 and some
comments about the deep results obtained in [2]. Finalbretlis a discussion of the
cohomology of one example of a fixed-point locus of an involut This arises from
the Lagrangian fibration of Schoen’s Calabi—Yau manifold.
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3. The second Gaussian map for curves: a survey
by P. Frediani

Let Aq be the moduli space of principally polarized abelian végof dimensiog and
let j : Mg — Ag be the period map sending a curve to its Jacobligis. an interesting
and classical problem to understand the geometry of the énadigyy in Aq.

On Ay there is a natural metric coming from ti8(2g, R) invariant metric
(unique up to a scalar) on the Siegel spaige= Sp(2g,R)/U (g) of which Aq is the
quotient bySp(2g,Z). An explicit expression for the second fundamental formhef t
immersionj was given in [9].

The second fundamental form of the immersiois the same as that in sub-
manifold geometry. In the present context, it is the diffex@between the Levi-Civita
connection of the Siegel metric d% and the Levi-Civita connection of the induced
(also called Siegel metric) on the smooth partMyf. This is explained in [8, page
1236]. Calculations are carried out in the language of algjelgeometry using, for
example, exact sequences of sheaves. This is in contradst tapproach of differen-
tial geometers, who are used to regarding the second furdahierma (X,Y) of an
immersioni : M — N as the normal component of the ambient covariant derivafive
tangent vector fields, i.e(X,Y) := (OY¥Y)*.

In [9], it was proved that the second fundamental form Iifies second Gaussian
mapyé “12(C) — HO(C,4Kc) of a curveC, a result stated in an unpublished paper of
Green and Griffiths. The present paper is a survey on resbigsned by the author
in collaboration with Elisabetta Colombo and Giuseppe $&rieon the second Gauss
mapyZ of a curveC, and on its relation with the second fundamental form of insiua
given by the period map.

The guiding principle is that information about the mép:an be used to obtain
information about the holomorphic curvature of the Siegetnia onMg. By using the
so-called Schiffer variation&p, the author explains the relation between Weierstrass
points of a hyperelliptic curve or a ramification point of tgﬁeon a trigonal curve on
the one hand, and the holomorphic sectional curvéti(&) on the other.

The article contains a description of results on the secomas&an mapé of
a curveC that is contained in K3 surface. There is also a report about both Gaussian
mapsyg andyé, also called Wahl maps, whéhis contained in an abelian surface.

4. Examples of Calabi—Yau threefolds parametrised by Shimwexieties
by A. Garbagnati and B. van Geemen

The relationship of this topic with Hodge Theory is immedigia the Hodge diamond
and its role in Mirror Symmetry: two mirror CY manifold§,Y satisfy

h>1(X)=h(Y) and  h?}(Y)=h"(X).

At the foot of the article’s second page one finds the statémen
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...In analogy with the case of curves, abelian varietiesk®durfaces,
one studies the Hodge structures on the cohomology groupsdir to
understand these varieties better. For CY threefolds, ldAlig of interest,
asH?(X,C) = HY(X).

A compact Kéhler manifolK carries a Hodge structure, that is, a decomposi-
tion into types of the De Rham cohomology spald@éX, C). Moreover, such a Hodge
structure igolarizedby the intersection forrx . A simplest case is a genus one curve,
i.e. atorus. In this case the Hodge structure determingsthe as a complex manifold
or elliptic curve [19, page 169].

If X is the fiber of a deformatiofX — B, then it is natural to study the Hodge
structures of the fibers in order to have an idea of the passidhplex structures which
X as a manifold can support. Roughly speaking, the pointseop#riod spac® are
the candidate Hodge structures of compact complex masifdiffieomorphic toX.
Inside the period space there is subvariety, also c8lj@dnsisting of all deformations
of X. In caseB is the quotient of a Hermitian symmetric space of non-corhpge,
the deformation space is said to be a Shimura variety.

In this paper, which incorporates notes from talks of théarg, there are sev-
eral explicit examples of Calabi—Yau threefolds whose deédion space is a Shimura
variety.

5. On some lattice computations related to moduli problems
by A. Peterson and G. K. Sankaran, with an appendix by V. Gritenko

Many moduli spaces in algebraic geometry can be describddcafly symmetric
varieties, i.e. quotients\D of a Hermitian symmetric domaif® by an arithmetic
groupl. The problem then is to understand the birational geometrsuoh quo-
tients. For example, to understand if such a quotient is obga type, meaning that
K(M\D) =dim(F\D), wherek(X) indicates the Kodaira dimension Xt

A compact complex surfacgis a K3 surface iSis simply connected and if the
canonical bundle is trivial, that is to say there existsc H?(S,Q?) that is nowhere
zero. For example, a smooth quarticGiP® is a K3 surface and all quartics (modulo
projective equivalence) form a (unirational) space of disien 19.

The period ofSis the pointjws] of the projective spacB(H?(S,C)). By the
Torelli theorem, the period of a K3 surface determines itgnigrphism class. The
moduli space of all K3 surfaces is not Hausdorff, and for tieiason it is better to
restrict to moduli spaces of polarised K3 surfaces.

A polarised K3 surface of degred & a pair(S,H) consisting of a K3 surfacg
and a primitive pseudo-ample divisdron Sof degreeH? = 2d > 0. The moduli space
of such pairs is denoted I3.4. By a result of Piatetskii-Shapiro and Shafarevich [17],
F2.q is the quotient of a classical Hermitian domain of tyje a so-called Lie ball, of
dimension 19, by an arithmetic group. As such, it is a quagjegtive variety, as
follows from the work of [1].
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The main result of this paper is as follows:

THEOREM. The moduli spacé.5, of K3 surfaces with polarisation of degree
104 is of general type.

Its proof uses the method explained in [11], and involvesralmoatorial condition:

...there should exist a vectbiin the root latticeEg (or E7 in the hyper-
kahler case) of squarei2orthogonal to very few roots. ..

As the authors explain, the cade- 52 was omitted in [11], due to an incorrect inter-
pretation of the output of a randomised search.

An appendix of the paper by the third author explains how #sed = 52 could
have been foreseen without the help of a computer. In any taspaper incorporates
some computer code (in the functional programming langitbagekell) that was used
to solve the combinatorial problem addressed in the work.
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BIRATIONAL STABILITY OF THE COTANGENT BUNDLE

Abstract. We introduce a birational invariamt, ;. (X|A) > k(X|A) for orbifold pairs(X|A)
by considering thé-saturated Kodaira dimensions of rank-one coherent saheheonQ.
The difference between these two invariants measures tagobial unstability 0f9<1>q NE
Assuming conjectures of the LMMP, we obtain a simple geoimégscription of the invari-
antk (X|A), as the Kodaira dimension of the orbifold “rational quotiesf (X|A).
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Introduction

Roughly, we shall show, using some standard conjecturasitie cotangent bundle
of a complex projective manifol¥ is “birationally” semi-stable, unless$ is uniruled,
in which case the unstability is controlled by its “ratiomplotient”. More precisely,
we introduce a birational invariamt, , (X) > k(X), the difference measuring the bi-
rational unstability of its cotangent bundle. The invatian, (X) is the maximum
of the “saturated” Kodaira dimensions of rank-one cohesebsheaves of ald}, for
any p > 0. This is a measure of the birational positivity of thesesh@aves, in con-
trast to their “numerical” positivity, by means of polatigm slopes. Conjecturally,
K++(X) = K(R(X)), whereR(X) is the “rational quotient” oiX (see Section 1). For
example, one should have | (X) = —co if and only if X is rationally connected, with
X unstable in this sense if and only if uniruled, but not ragibnconnected. The study
of the Kodaira dimensions of such sheaves was initiated Bpgomolov in [4], where
bounds and a partial geometric description of extremalcasee established.

We extend these notions and conjectures to the categoryrafdth orbifolds”.
These appear naturally in the geometric interpretatiomefsgturation process of the
subsheaves of SYMQY) introduced in the definition af, ;. (X). This category is, on

207



208 F. Campana

the other hand, needed in an essential way for the biratidassification. We then
reduce the above conjecture in the “orbifold” setting toestbtandard conjectures of
the LMMP, and to an extension of Miyaoka’s generic semi-sj for Ic? pairs with
c1 = 0. The notion of rational curve, uniruledness and ratiooaihnectedness will be
introduced in the context of smooth orbifolds as well. Wevgltbe uniruledness of
some peculiar Fano orbifolds by specific elementary methods

We also prove a stronger “numerical dimension” version, elgma . (X) =
K++(X) =k (R(X)) in the orbifold context, conditional on the same set of conjees,
in Section 7 (see the definitions there). The proof simplitiesearlier proof given in
[8] of the weaker result concerning. ;..

We incidentally give in Section 8 a (seemingly) new very dienproof of the
pseudo-effectivity of the relative canonical bundle of adilspace when its generic
fibres are not uniruled. This gives a weakened version of Wegls weak positivity
results, which permits one to deduce Gg Conjecture from the Abundance Conjec-
ture, and is potentially susceptible of further developtaen

As an application outside of the birational classificatio, will mention the
Isotriviality Conjecture for families of canonically palaed manifolds parametrised
by a “special” quasi-projective manifold, which can alsorbduced to the very same
set of conjectures, and thus becomes a problem in biratdasgification.

The present text complements results in [8], [7], and [1Hewe complete def-
initions can be found.

1. Definitions and conjectures

Let X be a complex projective connectadold. The main concern of birational al-
gebraic geometry consists in deducing qualitative biretigeometric properties of
from positivity or negativity properties of the canonicalraleKy. In particular, one
would like to describe in these terms the birational invaiseof manifoldsy which

are “rationally dominated” by, i.e., such that there exists a dominant rational map
f: X --»Y (we then writelY < X), and so the following invariant:.

DEFINITION 1. Let X) = Y)}.
etk (X) {ngxx}{K( )}

Thusn > k4 (X) > k(X), andk(X) = —w if and only if K(Y) = —oo for anyY < X.

This invariant has a conjectural description, in terms of the “rationaltigr”
(or “MRC-fibration” ) rx : X --» R(X). Recall that this rational fibration has rationally
connected (RC, for short) fibres, and non-uniruled B3€) (or is a point if and only
if X is rationally connected) [16]. WheXis not uniruledR(X) = X, andrx is just the
identity map.

1Stands for “log canonical”, see [23], for example, for thigion, as well as for kit pairs. We shall also
use the standard short form LMMP for “log-minimal model piam” below.

2We also trivially havex* (X) > k. (X), if k™ (X) is the invariant defined in [10]. But conjecturally also
these two invariants should always coincide. This couldaat, be shown by the arguments used below.
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CoONJECTUREL. ForanyX, one hax(X) =k (R(X)). In particulark (X) =
K(X) if k(X) > 0.

This conjecture can be reduced to two other quite standan@gcires. Recall
that a (rational) “fibration” means here a surjective (nasi) holomorphic map with
connected fibres.

CONJECTUREZ2. (1) (The C,m Conjecture” of litaka). For any fibration
f: X =Y, one hak(X) > k(Xy) +K(Y). In particulark (X) > k(Y) if K(X) >0, since
thenk(Xy) > 0. HereX, is the generic fibre of.

(2) (The “Uniruledness Conjecture”). kf(X) = —oo, X is uniruled. (The conv-
erse is easy).

Sketch of proof of1) using (2). Assume first thak(X) > 0. TheCnn, Conjecture,
appliedto anyf : X — Y, directly implies the result in this case. In generalrleX — R
be the “rational quotient”. IX is rationally connected is a point, ank  (X) = —oo,
since anyy < X is uniruled. Thus the equality. Otherwise, fetX — Y be any rational
fibration. If the generic fibr&, does not map to a point, is uniruled, an&(Y) = —oo.
ThusY < Rif k(Y) > 0, which is the claim. O

ReEMARK 1. The invariank (X) is “external” in the sense that it uses man-
ifolds Y others thanX. We shall now introduce a second, closely related, invgrian
which is “internal” toX, because it refers only to data definedoitself.

Let f : X — Yy, with p:=dim(Y) > 0, be a “fibration”, and leL¢ be the line
bundle onX defined byL¢ := f*(Ky) C QF. Thus,k(X,Ls) = k(Y), andmL¢ C
Syn"(Q) for all m > 0. We may “saturatefn.Ls in Sym"(QY) and correspondingly
the space of sections ai.L¢, and give the following definition (for any c QF, not
only ones of the forni):

_ DEFINITION 2. Let L QF arank-one coherent subsheaf, and for any-18,
letHO(X, m.L) c HO(X,Sym™(QY)) be the subspace of sections taking values.lnan
Sym™(QY) at the generic point of X. Thus4dX,m.L) ¢ HO(X,m.L), andH%(X,m.L)
is also the space of sections of the saturation df im Sym"(Q%).

Leth® := dimc HO, and set

log(h%(X,m.L))
{ log(m) }

By standard arguments (see [28, 85], for example), one sttwatg*(X,L) is
either —oo Or an integer at mogt. A fundamental theorem of Bogomolov (see [4])
actually asserts that (X) < p, with equality if and only ifL = L+ for some dominant
rational fibrationf : X --» Y,. However,Y does not need to be of general type in this
situation, since due to taking saturatio(X, L) > K(X, f*(Ky)) = k(Y), the first
inequality being strict in many cases. The difference wéllgeometrically described
below.

K*(X,L) :=limsup

m>0



210 F. Campana

DEFINITION 3. For any X, letk . (X) := max {K*(X,L)}.
{p>0, LcQf, rkL=1}

Note thatk; 1 (X) is a birational invariant, witlm > Kk (X) > k. (X) > k(X).
CoNJECTURE3. For anyX, k;(X) = k4 (X) = k(R(X)).

WhenX is rationally connected, it is easy to see tkat (X) = —oo by restrict-
ing QY to a rational curveS with ample normal bundlal, and considering its natural
filtration with quotients Q%) ® (N*)®X. A relative version of this permits one to show
thatk; 1 (X) = k. (R(X)) for any X. See Lemma 3 below. One is thus reduced, by
Conjecture 2 (2), to the special case whief¥) > 0.

Notice that here, however, the casgX) > 0 cannot be derived from th&é, m
Conjecture, since a geometric interpretatior of (X) is lacking. Working in a larger
category will permit us at the same time to give a geomettarpretation ok*(X,L¢),
to formulate a suitable version of tlR m Conjecture, and to give a canonical birational
decomposition of an¥ in terms of “pure” manifolds, for which the canonical bundle
has one of the three basic possible “signs’@, —), in some suitable birational sense.

2. Extension to the category of “smooth orbifolds”

Let f : X — Yp be a fibration, and.s = f*(Ky) C Q. We shall always assume that

f is “neat” (i.e., that the discriminant locus éfis of snc (simple normal crossings),
and that thef -exceptional divisors oX are alsau-exceptional for some birational map
u: X — X/, with X’ smooth). This condition can always be realised, by means of
Raynaud (or Hironaka) flattening theorem, after suitabléifications ofX andY.

The invariank*(X,Ls) > k(X,L¢) = k(Y) can be interpreted geometrically as
follows in terms of the “base orbifold” of.

A Ic pair (X]A) consisting of a projective manifold and of an effective-
divisorA =¥ c;a;.Dj , withaj = (1— mij) will be said to be “smooth” if Supfl\) =
[A] is of snc. We shall writeaj = (1— mij), or equivalently:m; := (1—aj)~1 €
QN {4}, for theA-“multiplicity” of D; (equal to 1 ifD is not one of théDj’s). We
shall also call such a pair a “smooth orbifold”. They intdgie between the “compact”
case in whichA = 0, and the “open” or “logarithmic” case, in whigh= [A] # 0.

DEFINITION 4. The “base orbifold” of f: X — Y is the pair(Y|Af), with

IAVIES %(1— ﬁ).E, E running through the set of all prime divisors of Y. We aefin

m(f,E) :=infiekE){tke}, and ke by the equality f(E) = Y te.Dk+R, K(E)
keK{(E)
being the set of prime divisors X such that {Dy) = E, while R is f-exceptional.

Notice that the sum defining is, in fact, finite, sincan(f,E) = 1 whenE is not a
component of the discriminant locus bf
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The pair(Y|As) is thought of as a “virtual ramified cover” &f eliminating by
base change the multiple fibresfn codimension one.

The geometric interpretation &f (X,L+) is now the following:
THEOREM1. ([7]) For f as above, one has
K*(X,Lt) =K(Y,Ky +Af) = K(Y|Af).

The origin of the difference*(X,L¢) — K(X,L¢) thus lies in the multiple fibres of.
This theorem completes some of the results of [4]. The stddyeinvariant_ (X)
thus leads to the consideration of “smooth” pdiXsA), but for reasons different from
the ones in the LMMP.

These “smooth pairs” can be naturally equipped with lotseafrgetric invari-
ants not considered in the LMMP. We shall briefly list, but define ther:

e Morphisms and birational mapsWe thus obtain a category. ¥f = X —
D is a quasi-projective manifold, with smooth compactificatX and complement
D such that(X|D) is smooth, then the birational class\éfdoes not depend on the
compactifying pair(X|D) in this category.

e Sheaves of symmetric differentials. These are locally free sheaves
S"(QP(X|A)) interpolating between SyR{Q%) and Synf'(Qf (log(Supg4)). When
p =1, in local analytic coordinatess, . . .,X,) “adapted” toA (i.e., in which the sup-
port of A is contained in the union of coordinate hyperplanes, thestplpnex; = 0
having coefficient &< a; < 1), the sheaB™(Q!(X|A)) is generated, as @y —module,

. ENj
by the elementdx™ := @1~} % parametrised by thetuples(N) = (Ng,...,Ny)
X

]
such tham= N; +---+ N,.

In particular,m.(Kx +A) = SY(Q"(X|A)).

Morphismsf : (X]A) — (Y|Ay) functorially induce maps of sheaves of symmet-
ric differentials, moreover, the spadd8(X, S"(QP(X|A))) are birational invariants of
the smooth pai(X|A).

e The “integral” case.WhenA is moreover “integral” (i.e., if ala;’s are of the
“standard” formaj = 1 — mij with m; either integral ort, that ism; = 1), one can
define additionally the 3 following invariantst (X|A), the Kobayashi pseudometric
dxja) on X, and the notion of integral points (over any field of defimjio

The invariants defined above permit one to extend, as folltm’smooth pairs”
(X]A) the birational invarianta > k4 (X]|A) > k4 (X|A) > K(X|A).

Let, indeed, a smooth paiK|A) be given.

e ForanyL c QF, andm> 0, letH(X|A,m.L) € HO(X,S™(QP(X|A))) be the
subspace of sections taking valuesir. ¢ S™(QP(X|A)) at the generic point oX.
Equivalently,HO(X|A,m.L) = HO(X,ﬁA) is the space of sections of the saturation
m.L” of m.L in the sheaB"(QP(X|A)).

3See [7, §2] for the definitions.
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e Define next

log(h°(X|A,m.L)) }

K*(X|A,L) := Iimsup{ log(m)

m>0

e For any neat fibratiof : X — Y, we define an orbifold bas¥ A f|a)) exactly
as above wheA = 0, simply replacing theren(f,E) by

m(110).E) = inf_ {tee.ma(D).

recalling thatma(Dy) is the multiplicity of Dy in A. The notations are those of Def-
inition 4 above. The reason for this definition comes from rerfidla to compute the
orbifold base of the composition of two fibrations. Whers only rational, replace it
first by a “neat” model.

Theorem 1 above still holdg™ (X|A, L) = K(Y[Af|a))-

e Define finallyk  (X|A) := {5n<a§(x}{|<(Y|AmA)))}, and

Kt (X]A) = max {K*(X|A,L)}.
{p>0, LCQY, rkL=1}

Conjecture 3 can now be partially extended to “smooth oltho

CONJECTURE4. For any “smooth pair(X|A) such thak(X|A) > 0, one has
Kes (XIA) = K(X[D).

In general, we shall conjecture that ; (X|A) = K (X]|A) = K(R*[A¢+a)), the
fibrationr* : (X]A) — R, which is a substitute of the rational quotient, being cendi
tionally defined in Proposition 2 whet(X|A) = —oo.

We shall provide in Section 7 a conjectural geometric inetigtion (see Con-
jecture 9 below) of the conditions= —o andk, . = —o in the orbifold context, in
terms of “orbifold” rational curves.

3. Orbifold additivity

Let (X|A) be a “smooth” pair, and : X — Y be a “neat” fibration, with “orbifold base”
(Y|A(f|a))- Notice that the restriction df to a generic fibrex of f induces a smooth
pair (Xy[Ay).

CONJECTURES. (“TheCSh Conjecture”)k(X|A) > K(Xy|Ay) +K(Y[Afa))-

Observe that, even whén= 0, this strengthens the litaka Conject@gy (because of
the second term on the right hand side, which takes multipiediinto account).

THEOREM 2. ([7]) When the orbifold base ¢ff |A) is of general type (i.e., if
K(Y[A¢fja)) = dim(Y)), we havek (X[|A) > K(Xy|Ay) +dim(Y).
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The proof is an orbifold adaptation of Viehweg's argumergsduwhem = 0
([29], see also [19] for a related result). Neverthelesspttinifold context considerably
extends the range of applicability. Applications wil beajivin Section 5. We first
derive some (conditional) conclusions of the conjecture.

We now introduce the two fundamental fibrations of biratiarassification in
the orbifold context.

The first one is the litaka—Moishezon fibratidn (X|A) — J(X|A), defined by
a suitable linear systemn.(Kx +A) whenk(X|A) > 0. Its two defining properties
are that its generic orbifold fibrgX;|4;) havek = 0, and that its base dimension is
K(X|A) > 0.

Applying Cﬁfr% to the orbifold litaka—Moishezon fibration gives a partiaever
to Conjecture 4:

PROPOSITIONL. Assume that thef@}?1 Conjecture 5 holds. Thad (X|A, L) <
K(X|A) for any fibration f: X --» Y.

The second fundamental fibration is a weak (conditionaieerof the “ratio-
nal quotient”. Its existence requires assunﬂﬁ{,ﬁ.

PROPOSITIONZ2. ([7]). Assume ﬁ‘rﬁ’] For any smooth(X|A), there exists a
(birationally) unique fibration t : (X|A) — R* := R*(X|A) such that:

(2) Its generic orbifold fibres havie, = —co.

(2) Its orbifold base hag > 0, or is a paint if and only ik (X|A) = —co.

We now reformulate the general (conditional) version of @oture 4, in com-
plete analogy with the cage= 0:

CONJECTURE®6. AssumeCrO,fr?] (it is needed to define*). For any smooth
(X|4), one hask, +(X[A) = K(R*|Aq+ja)). Here(R*[A+a)) is simply the orbifold
base of (any neat model af) : (X|A) --» R*.

REMARK 2. Although the fibratiom* andR* are well defined up to birational
equivalence, it is not known whether its orbifold bd®¥&|A,«|a)) is uniquely defined
up to birational equivalence. Its Kodaira dimension is hesvavell defined, indepen-
dently of the choices made. See [7].

We shall now reduce this fibration to a composition of fibnasiof the LMMP,
and Conjecture 3 to some more standard conjectures.

4. Reduction to two other conjectures

We now formulate three other conjectures, the first two or@sdostandard in the
LMMP (due to V. Shokurov and C. Birkar).
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CONJECTURETY. Let(X,A) be an Ic pair.

(1) There exists a sequence of divisorial contractions apsidt X --» X’ such
that if A = s, (A), then eitheKy: + A’ is nef, or there exists a fibratidn: X’ — Y’ with
Fano, positive-dimensional orbifold fibrex, A)).

(1) If Ky + A’ defined above is nef, it i@-effective. (It is a weak form of the
Abundance conjecture, formulated in Conjecture 8 below).

(2) If c1(X|A) =0, if m> Ois an integer, and € =HiN---NH,_1 is a general
Mehta—Ramanathan curve Bnthe restriction o&pS™(QPr(X|A)) toCis semi-stable
(i.e., all of its subsheaves have nonpositive degree),fpfiaite sequencém,, pn) of
pairs of positive integers.

The first conjecture is known for kit pairs, if the bounddyis assumed to
be big, by [3] (see also [2, 20, 27]), the second one a speasd of the Abundance
Conjecture, the third one is simply the orbifold version oiykbka’s generic semi-
positivity theorem. See [26] for related arguments and iclemations.

Let us give first a description of the fibratiohusing Conjectures 7 (1), (2).

DEFINITION 5. Let(X|A) be a smooth projective orbifold. Define the fibration
r= r(X\A) . (X|A) -—3 (Y|Ay) to be:

(1) The (orbifold) identity map ik (X|A) > 0.

(2) Any neat model of the composition map:= (f os) : X --» Y/
of Conjecture 7 (1) ik(X]A) = —oo, with orbifold basgY|Ay).

Notice that neither, nor(Y|Ay) are uniquely defined, up to birational (orbifold)
equivalence. Nevertheless, the compositidrwith n = dimg(X), is well defined, by
the following:

THEOREMS3. Let(X|A) be a smooth n-dimensional projective orbifold. Assume
that Conjectures 7 and;ﬁ,‘% hold. Thent =r" (for any possible choice of the sequence
of r's).

Proof. Because of the uniqueness of the ntapup to birational equivalence), we
simply need to show that, on any neat modet'yfwe havek, = —o for its general
orbifold fibre, andk > 0 for its orbifold base (on some neat model)k (X|A) > 0, r"

is the identity map, and the claim is obvious (assigrning= —c to orbifold points).
Otherwise, letn> 0 be the smallest integer such tR@Y |Ay) > 0, for the base orbifold
of some sequence o5 of lentgh m, and of compositiar". We then haven< n, since
the dimension decreases at each ofrthsteps, since the intermediate orbifold bases
havek = —co. Now, the intermediate fibrations have generic fibres whietb@ational
to Ic Fano orbifold pairs, and have thus = —o, by Lemma 2, proved below. Since
a composition of rational fibrations with general orbifoldrés havingk, = —o also
has this property (by [7], 7.14), we conclude that the gdreetafold fibres ofr™ also
havek , = —oo, O
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A second consequence of Conjecture 7 is:

THEOREMA4. ([8, theorem 10.5]).Assume ﬁ!,?\ and Conjecture 7. Then Con-
jecture 4 also holds.

A stronger (numerical dimension) version will be proved &tail in 7 below,
along parallel lines. We thus do not give the proof again here

5. The core and its canonical decomposition

DEFINITION 6. We say thatX|A) is “special” if k*(X|A,L) < p forany p>0
and any rank-one coherent subsheat 1Q,.

Equivalently, this means that there is no fibration(X|A) --» Y such that its
orbifold base is of general type (on any holomorphic neatetipdvithdim(Y) > 0.

REMARK 3. Rank-one coherent subsheales QQ, p > 0 of maximum pos-
itivity (i.e., with k*(X|A,L) = p) are called A-Bogomolov sheaves”. Being special
thus means that there are no such sheavéX().

Special orbifolds are natural higher-dimensional gergatibns of rational and
elliptic curves, with the same expected qualitative prtpsr They are the exact oppo-
site of orbifolds of “general type”.

CoOROLLARY 1 (of Theorem 2).If k(X|A) = 0, or if (X|A) is Fano (i.e., if
—(Kx +4) is ample, ther{X|A) is special.

By the very definition,(X|A) is special ifk . (X|A) = —oo. It is unknown
whetherk ; (X|A) = —o if (X|A) is Fano. This follows however from Conjecture
7(2), as we have seen above.

The next result describes unconditionally the structurarbitrary smooth orb-
ifolds, in terms of its antithetic maximal parts (specialb®bjects” versus general type
“quotients”) :

THEOREMS ([7, théoreme 10.2])For any smooth paifX|A), there is a (bira-
tionally) unique functorial fibration ¢ (X|A) — C(X|A) = C such that:

(1) Its general (orbifold) fibres are special.
(2) Its orbifold base is of general type (or a point, if and onlgXfA) is special).

This fibration is called the “core” ofX|A).

REMARK 4. The fibratiorc is determined by the (uniquéyBogomolov sheaf
L c QF on(X|A), with p > 0 maximum.

The second structure theorem (conditionaﬂﬂfﬁ) is:
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THEOREMG ([7, theorem 11.3]) Assume the conclusion of Proposition 2 to be
true (since it uses S;EZ,, we have to assume it). Then, for any smooth p&jn), the
core map of X|A) has the following decomposition as a compositio@ro€anonically
defined fibrations: e= (Jor*)".

In particular, (X|A) is special if and only if it is a tower of fibrations with genera
orbifold fibres having eithek , = —o, ork = 0.

Notice that, even if we are only interested in the dase0, non-trivial orbifold divisors
will usually appear in the above decomposition.

This (conditional) decomposition often permits one to i@the study of arbi-
trary manifolds to that of smooth pairs of the three basiesyp; = —w, K =0, or
of general type. It naturally leads to a conjectural extemsif S. Lang’s conjectures
in arithmetics and complex hyperbolicity, for all manifeldnd even smooth orbifolds.
See [11] and [7] for details.

6. Numerical dimension version

Let, in this sectionX be a complex projective connectaddimensionalQ-factorial
normal spaceA andD beQ-divisors onX, with Aample.

Thenumerical dimension of » defined as the real number

{ log(h°(X,mD+A)) }}

v(X,D):= sup{ limsup log(m)

k>0 m>0

for m> 0 integral and sufficiently divisible.

Easy standard arguments show that:

1. v(X,D) = —oo, oris real, and lies ifi0, n].

2. v(X,D) does not depend on the choicefof

3. v(X,D) > k(X,D).

4. v(X,D) = — if and onlyD is not pseudo-effective (this is one of the defini-
tions of pseudo-effectivity).

5. WhenD is nef, it is an easy consequence of Kodaira vanishing anu&ie—
Roch that

{Iog(hO(X, mD+A))

v(X,D) =limsup log(m)

m>0

}:v'(x,D)e{o,l,...,n},

for any ampleA = Kx + (n+ 2)H, whereH is any ample line bundle oX, and where
V/(X,D) is the largest integet such thaD’ € H?4(X,Z) is not numerically zero. The
Kodaira vanishing indeed says th{X,mD+A) = X (X, Ox(mD+A)), for anym> 0.
WhenD is only assumed to be pseudo-effective, the Nadel vanighegrem implies
the same equality, but only after tensorisiiyg(mD+ A) with the multiplier ideal sheaf
J(mD+ A), which cannot be controlled without further ideas.
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6. One may however wonder whethgX, D) is not an integer, if nonnegative,
and ifv(X,D) =va(X,D) for A sufficiently ample (for exampld =Kx + (n+2).H, as
above). And also what is the relationship betwegx, D) and the numerical dimension
of D defined by N. Nakayama in [24] and S. Boucksom in [5].

One form of the so-called “Abundance Conjecture” is thedielhg:

CONJECTURE8. Assume&X|D) is a “log-canonical pair”. Then
V(X,Kx +4A) = K(X,Kx +4).

This is known wherD is “big” and (X|D) is kit ([3] and [25]). This is also
known whenv(X,Kx +A) = 0 if gq(X) = 0, as follows from [24] and [5]. WheA =
0, the casey > 0 follows from a more general statement in [13, §3]. Whes 0,
the general Ic case is established (in a more general forrf)2l using the purely
logarithmic case proved in [18].

PROPOSITION3. Assume Conjecture 8 to be true. Then Conjectﬁf,%'@true.

Proof. See [8, §10] for a proof using the weak positivity of the diresages of the
orbifold pluricanonical sheaves. We give in Section 8 betbwimple proof in the
particular case wher& = 0, using the pseudo-effectivity df (Ky ) whenX, is not
uniruled. O

We shall now state and conditionally prove a “numerical disien” version of
Theorem 4. For this we first need to define the “numerical dsiwi version ofk., ...

DEFINITION 7. Let E = (Em)men-0 be a family of vector bundles on X, to-
gether with generically isomorphic bundle map¥5;) — En, for any0 < me N. Let

L C E; be a rank-one coherent susheaf, andfeL™ be the saturation of the image of
Synm"(L) in Em, for any m> 0.
Let A be an ample line bundle on X. We define

VA(X|E,L) :=limsup

m>0

andv(X|E,L) = rllw%x{va(X|E_,L)}.
>

log(h°(X,mL™ @ A))
{ log(m) }’

Of course, we always have:

1. v(X,D) = —oo, oris real, and lies if0,n]. Indeedv(X|E,L) is bounded
by the maximum dimension of the image Xfby the rational map deduced from any
nonzero linear systeltnP(X,ﬁE').

2. V(X|E,L) does not depend on the choicefof

{Iog<h°<x,HE->>}

3. V(X|E,,L) > va(X|E,L) > k(X|E,L) :=limsup log(m)

m>0
The main examples considered here are:
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ExampLE 1. (1)L = E;, andEy, := m.E;. This is the standard case.
(2) Let (X|A) be a smooth orbifoldp > 0, andEn, := S™(QP(X|A)). In this case,
va(X|E,L) is denoted bwa(X|A,L), and similarly forv(X|A,L). We also denote
mL- by m.L in this case.

DEFINITION 8. If (X|A) is a smooth orbifold, then we define:

Vi (X]A)= max _ v(X|AL).
{p>0,LcQl}

We now have the following strengthening of Theorem 4:

THEOREM7. Assume that Conjectures 8 and 7 are true. Then, for any smooth
orbifold (X|A), one has;; (X]A) = K+ (X|A) = K(R*(X|A)[A(r+1a))-

Let us remark that, although the base orbif@i(X|A)[A - a)) is not known to
be birationally well defined, its canonical dimensiois well defined.

Proof of Theorem 7Let (X|A) be a smooth orbifold wittX projective. LetF ¢ QF be
a rank-one coherent subsheaf.

Combining Conjectures 7 and 8, we first observe that Theoréolds when
K(X]A) = 0. Indeed we can assume, using the birational mapX|A) --» (X'|4)
provided by Conjecture 7 (1), witty (X’|A") = 0, in which case the claim immediately
follows from Conjecture 7 (2) by restricting to a general N&HRamanathan curve
C c X/, by means of Lemma 1 (1) below. From the following Lemma 1¢&),now
deduce Theorem 7 also wheiX|A) > 0, by using a neat model of the Moishezon—
litaka fibration for(X|A).

LEMMA 1. Let X be smooth projective connected, andakd L C E; be as
above. Let C=Hin---NHy_1 C X be a general Mehta—Ramanathan curve on X of
genus ¢C).

(1) Assume that IC < 0, and that H.C > AC, fori=1,...,(n—1). Then, for

each ample A on X, and for any set(@g(C) + (A.C)) distinct points ¢ on C, the
. k=2.g(C)+AC
natural restriction map IrQ(X,m.LE' Q@A) — &) (mL+A)q is injective. In
k=1

particular, °(X,mL" ®A) < (2.9(C) +A.C) for any m> 0, andva(X|E.,L) < 0.

(2)If f : X =Y is a fibration such that, for any integer=k 0, there exists a
bound Bk) such that R(X,, (mL + k.A)I‘EXy) < B(k) for any m> 0, thenv(X|E ,L) <
p:=dim(Y).

Proof. (1) It is sufficient to show that the kernel Ker of the restdot map res :

HO(X,mL™ @A) — HO(C,mL™ ®A)|c is zero, since the evaluation map on the points

o is injective. But Ker= HO(X,mL™ ® A® Jc), wherelc = @:i(lnfl)ox(—Hi) is the

ideal ofC. Thus Ker= {0}, since(m.L+A—H;).C < O foralli’s, andC belongs to an
X-covering family of curves oK.
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(2) It is sufficient to show thata(X|E,L) < p, and then to replacé by k.A in the
argument. Le¥” :=H;N---NHy_p be the smooth connected complete intersection
of very ample divisors oiX, such that the degree of the restricted nfigp Z — Y is

at leastB(1) + 1, andZnN Xy := Z, consists of &(1) +d,d > 0 pointscyy in general

L k=B(1)+d
position onX,. The restriction mapi®(X,, mL- ®@A)x,) — (ML+A)g,, is
k=1 ’
thus injective, and so therefore is the restriction map

HO(X,ML™ @A) — HO(Z,mL™ @A) ).
Thusva(X|E,L) <Va(Z|(E.)z,Lz) < p=dim(Z). O

The general case will result from the following:

PROPOSITION4. Let(X|A) be smooth. Then, (X|A) =v.. (Y|Ay),if (Y|Ay)
is the orbifold base of any neat representative’of (X|A) — R*(X|A).

By the preceding arguments, and assuming Conjecture 8ptbsition in-
deed implies that, ; (X|A) = v (Y|Ay) = K(Y|Ay) = K(R*(X]A)|A+|a)), Which is
what Theorem 7 claims, sinegY|Ay) > 0, for (Y|Ay) as in 4.

Proof (of Proposition 4)Since, by Theorem 3, we have=r", for any length-n com-
position of rational fibrationéf’ o s) with log-Fano fibres (in the sense of the statement
of Conjecture 7 (1)), it is sufficient to show that the invatia, ; is preserved under
such fibrations.

We first establish the statement for smooth p&¥g\) which are birational to
log-Fano pairs.

LEMMA 2. Let g: (X|A) — (X'|A’) be a birational map from the smooth orb-
ifold (X]A) to the log-canonical Fano paifX’|A’) such that f(A) = A’. Assume that
Conjecture 7 (2) holds. Then, for any polarisations éf ahd any corresponding gen-
eral Mehta—Ramanathan curve € X', identified with its strict transform on X, the
following properties hold:

(1) For any finite sequence of pairs of nonnegative integdksan),h=1,...,s,
and any rank-one coherent subshgat SM1Q% (X|A) @ ---@ S¥eQ%(X|A), the restric-
tion det(J)c has nonpositive degree at most{(S =5 an.Nn) — M.n?], M being any
integer such that—M.(Ky, + 4") is very ample.

(2) HO(X,SHQu(X|A) ®--- @ S=QUB(X|A) @A) = {0}, for any ample line
bundle A on X, if T=5 gn.Ny) > M.n? + A.C.

(3) (X, ML ®A) = 0if m.($'=Sgn.Nn) > M.n2+ AC.
(@) Vi (X|D) = —co.

Proof. (1) Let§ := S4Q%(X|A) ® - © S%Q%*(X|A). LetH’ = F1=7H;, where the
Hj's are general members df.(—(Kx +4')), M > 0 being a sufficiently large inte-
ger, theHj’s being chosen so thdX'|A’ + = H') := (X'|A”) is log canonical, with
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(Kxr +A") trivial on X', and such thah™ := (A+ %.H) has normal crossings support,
H being the strict transform dfi’ in X. ChooseC c X’ meetingH’ transversally, but
not meeting the indeterminacy locus@f?, and so identified with its strict transform
onX. ThenL C 7 := SHQu(X|AT)® --- © SEQ%(X|AT) c has nonpositive degree,
by Conjecture 7 (2), since itis a rank one subsheaf of theliotae sheat™, assumed
to be semi-stable, and with trivial determinant.

Assume now that thélj’s have been chosen in such a way that they build a
system of coordinate hyperplanes for suitable local coatgis at a generic poiate X’
outside of the support @’ and the indeterminacy locus gf !, and belonging to the
smooth locus oK’. We choose als@ in such a way thaa € C. The natural inclusion
G c * now vanishes at order at led$5 =5 gn.Ny) — M.n?] at a, as follows from
lemma 3.3 of [8], sincel, < n, foranyh=1,...,s. It follows that the degree df on
C is nonpositive, and is at most[(31=$ gn.Ny) — M.n?], and so that it is negative if
(zaziqhh.Nh) > M.n2.

(2) This follows from the fact that the restriction of suchegon toC vanishes, unless
Nh.gh = 0,h =1,...,s, since a nonzero section would otherwise generate a (Jocall
free) rank-one coherent sheaf of negative degre€,day the previous estimate on the
degree otic. The last two assertions are now obvious. O

We shall now deal with the (rational) fibrations having lagionical Fano fi-
bres. Let us first describe the situation provided by Conject? (1), assuming that
K(X]A) = —co. Applying Conjecture 7 (1), we get a birational mag X |A) --» (X']|4)
and a log-Fano fibratiof : (X’|A) — Y, with dim(Y) < n and(Xj|A)) log-canonical
and Fano for generige Y. We can moreover assume tisatX|A) — (X'|4) is regular
and a log resolution, and also thiaé s: (X|A) — (Y|Ay) is a neat orbifold morphism,
by making a suitable orbifold modification ¢X|A) and choosing appropriate multi-
plicities on the divisors oK which aref o s-exceptional.

We are thus in the position to apply the following Lemma 3, ebhimplies the
claim, and thus Proposition 4 and Theorem 7. O

LEMMA 3. Let(X|A) be a smooth orbifold, and :fX — Y be a neat fibration
which is an orbifold morphism with generic smooth orbifolatdi(Xy|Ay) and smooth
orbifold base(Y|Ay = A(fm))

(1) Assume that, for any finite sequence of pairs of positiveyénsgNy, gn)
with h=1,...,t, one has: H(X;, SMQu(X,|A)) ® - @ StQ*(X,|A,)) = {0}. Then
f.(SVQY(X|A)) = SVQI(Y|Ay), for any integer N> 0 and g> 0.

(2) Assume, additionally, thav , (Xy|Ay) = —c. Then, we also have:
Vo (X[A) = Vi (Y]Ay).

Proof. (1) This is just lemma 4.23 of [8]. (The statement given thsrglobal onX,
but its proof applies locally ovef).

(2) For any ample line bundla on X, and any pair(N,q) of positive integers, we
thus haveH%(X, SNQI(X|A) ® A) = HO(Y, SVQI(Y|Ay) @ f.(A)). Assume that some
rank-one coherent subsheaf= Qf is such thava(X|A,F) > 0.
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We shall prove first that there exigtC Q$ such that, generically ovéf, F =

f*(9). Otherwise, there would exist a largast 0, such thatF had nonzero image
F, in the quotientf*(Q\7) A Q3, = (Q%,)*R R:= (%), of the graduation of the
natural filtration offzg‘(‘xy determined byf on its generic orbifold fibrgX,|Ay) (see

[8, 84]). By the assumption thata(X|A,F) > 0, there are arbitrarily large integers

—A . . .
m such that(m.F) ® A has a nonzero section. But these sections would induce by

projection nonzero sections 8FQ°(Xy|Ay) @ Ax, contained ir(m.fr"y)Ay, contradicting
the hypothesis that,  (Xy|Ay) = —co.

From the preceding arguments, we deduce that for mny O we have:
O(X, ImF)" @ A) = hO(Y,m8)" @ f.(A)). Let nowB be an ample line bundle on
Y. Since there exists positive integérandr such that the shedf (A) can be embed-
ded in(k.B)®", we see thah®(Y,(m9)" @ f,(A)) < rho(Y,(mS) " @ (k.B)). Thus
va(X]F) < wa(Y]Ay, ). Since this holds for ang, the lemma is established. [

7. Orbifold rational curves

We shall now provide a conjectural geometric interpretafgee Conjecture 9 below)
of the condition = —c andk ;. = —oo in the orbifold context, in terms of “orbifold”
rational curves. This interpretation is entirely similarthe case wheA = 0, once the
notion of orbifold rational curves is defined.

DEFINITION 9 ([7, 86]). Let (X|A) be a smooth orbifold, withA :=
Yiea(l— mij).Dj. Let C be a smooth connected projective curve. A map g (X|A)
is aA-rational (resp. aA-elliptic) curve if:

(1) Itis birational onto its image, which is not containedSupgA).

(2) dedKc +4y) < 0 (resp.deg Kc +4g) = 0), whereAyg is the orbifold divisor
onP! which assigns to any @ P* the multiplicity1 if g(a) ¢ SupgA), and otherwise
the multiplicity ny(a) := J_rgzz\aé{max{1, %}}.

Here Ja) :={j € J|g(a) € D;}, and i 4 is the order of contact of g and Cat
a, defined by the equality:*¢Dj) =tja.{a} +---, if j € J(a).

Notice that C= P! if g is A-rational, but that C is either rational or elliptic if g
is A-elliptic. If C is elliptic, it is A-elliptic if and only if gC) does not meet the support
of A.

There is also a stronger “divisible” version of these notiomhich we shall not
define here.

EXAMPLE 2. (1) Ag =0, and sog is a A-rational curve iftj o > m; for any
acP!andj € J(a). A special case is whe@ C X is a rational curve meeting each
of theDj in distinct smooth points of Sugfy), each with multiplicitym;. In this case,
Ag = 0. Such a rational curve will be said“nice” in the sequel. In this casey must
divide D;.C, for eachj € J.
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(2) If A= SupdA), so logarithmic, a rational curve ofiis A-rational (respA-elliptic)

if and only if its normalisation meefsin at most one point (resp. in exactly two points).
(3) If & < A, then anyA-rational (respA-elliptic) curve is alsaY -rational (resp. either
A'-rational orA'-elliptic) .

ExAampPLE 3. (Orbifold-ramified covers). Leti: X" — (X|A) be a surjective
finite ramified cover, withX’ smooth connected an@k|A) smooth. We say that is
“orbifold ramified” if the m;’s are integers, il is unramified oveiX — SupgA), and
if, forany j € J, u*(Dj) = 3 ,.Dj , are such that; dividesm; i for any j.k. This
cover is “orbifold étale” ifm; = m; x, for everyj, k.

In general, orbifold-ramified covers do not exist. An examigl nevertheless
the following: u: P" — (P"[A), whereA = 3 =5(1~ .).Hj, theH; being then + 1
coordinate hyperplanes.

We have then the following result ([7, théoréme 6.33]): assuhatu : X' —
(X|A) is an orbifold-ramified cover. LeE’ C X’ be a rational curve not contained in
u~1(SupgA)). ThenC :=u(C’) C X is a (“divisible”) A-rational curve. Conversely, if
C c X is a (“divisible”) A-rational curve, any component@f := u=%(C) is rational if
uis orbifold étale.

DEFINITION 10. The smooth paifX|A) is uniruled (resp. rationally connected)
if and only if any generic point of X (resp. any generic paipoints of X) is contained
in someA-rational curve.

EXAMPLE 4. Let(P"|A), whereA = 2}23(17 mij).Hj, theH; being then+ 1
coordinate hyperplanes be as in Example 3. T{##f) is rationally connected, since

P" is rationally connected (in the usual sense).

We finish by a last conjecture, which extends to the orbif@dtext the Unir-
uledness Conjecture, which corresponds to the Aas®:

CONJECTUREY. Let(X]A) be a smooth pair, then:
(1) k(X]A) = — if and only if (X|A) is uniruled.
(2) k++(X|A) = —oo if and only if (X]A) is rationally connected.

Of course, one would like to extend to the orbifold settingitmany facts known
whenA = 0. But very few is known in this direction. For example, it isea unknown
whether Fano smooth pairs are uniruled, this even in dimeribut the logarithmic
case is then true, by [20]). The case of Fano orbifolds is #nasile case for the
solution of Conjecture 9, by the Structure Theorem 3, whichtionally expresses
orbifolds withk . = —co as towers of fibrations with Fano orbifold fibres.

REMARK 5. We shall give a counting argument supporting the unimgsg of
Fano smooth orbifolds, by showing that covering familieAafice rational curves (see
Example 2 for this notion) should exist in this situation.t ireleedgp : P* — X be a
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nonconstant map witl := go(P!) C SupfA), going through a general poiatc X.
Assume thab;.C = k;.m;, for eachj € J, with kj an integer. The variety HogP*, X)
of such maps has ah dimension dirg, Homa(IPl,X) > —Kx.C+ 3. The number of
conditions forC to have order of contact at leas} at an (undetermined) point @f;
lying onC is equal tom; — 1. The total number of conditions fgp to be “A-nice” is
thusy jkj.(mj—1)=3;(1— mij).kj.m,- =y;(1- mij).D,-.c::A.c.

The expected dimension of the variety of suérfice” rational curves through
a is thus at least-(Kx +A).C + 3, which thus remains positive after forgetting the
3-dimensional space of parametrisation®&f precisely wher{X|A) is Fano.

EXAMPLE 5. Let us consider the case wh¥n=P",n > 2, and when the sup-
port of A consists ofk hyperplanedd; in general position, with finiténtegral mul-
tiplicities (mo,...,Mk_1), with 2<mp < m < --- <m_1, in which case we shall
just say that(P"|A) is of type (mp,...,mx_1). The condition tha{P"|A) be Fano
(resp. has trivial canonical bundle) is then just tfiaf1 — mij) < (n+1) (resp. that:

yi(l- mij) = (n+1)). The Fano condition is thus always satisfied wken (n+ 1).

Whenk < (n+ 1) it is not difficult to see (see [7], and Example 3), that, foy &inite

set of points ofP", none of them lying om, there is an irreduciblé-rational curvé
containing these points. See Example 6 below for a direaiffpbtheir uniruledness.
By contrast, whetk = (n+2), it is not known whether these Fano orbifolds are ratio-
nally connected. We shall give examples in which it can bevshioy specific methods
that they are, at leaAtuniruled (and covered -elliptic curves when their canonical
bundle is trivial). Observe that, for amy> 2, there is anyway only a finite number of
(n+ 2)-tuples of integergmy, ..., My 1) such thaty 1*5(1— &) < (n+1) (of course,

m;
provided thaty |_o(1— mij) < n, see Proposition 6 below for this finiteness statement
and examples).

EXAMPLE 6. Assume first thaP"|A) is of type(mo, . .., M), with k < n. Then
theH;’s, for j =1,...,k—1intersectin a projective spaPef dimensiom— (k— 1) >
0. Any projective line meetin, but not contained i, meets the support & in at
most 2 points, and has finiy multiplicities (mg andmy_1) there, and is thua-
rational, andP"|A) is thus uniruled by the family of lines througdh

EXAMPLE 7. Assume next thafP"|A) is of type(my,...,my11), and that any
smooth orbifold(P"1|A") of type (M, ..., My 2,My_1,Mn1) is &'-uniruled (justm,
has been omitted) igj#mij > 1. Then(P"A) is A-uniruled if z#nmij > 1. In-
deed, the generic member of the pencil of hyperpl&heontainingP := HyNHp1 IS
naturally equipped with the orbifold structufg := (1 — mij).HS,j, whereHsj ;=
HjNHs, so thatHs1 = P. Moreover, for each curvg: C — Hs birational onto its
image, not contained in the union of thg j, the orbifold divisor orC computed from
(Hs|As) and(P"|A) coincide (this is an immediate check). Assuming that, m% >1,

we deduce from the assumption made, thais As-uniruled. ThugP"|A) is uniruled,

4And even a “divisible” one, see [7] for this notion.
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too. (The same statement should hold, assumingsza,hlmij > 1, but no obvious
geometric construction seems to give this.)

EXAMPLE 8. The first case whek= n+ 2 is whenX = P2, andA = 2}23(1—
mij).Dj is supported on 4 lines in general position, of multiplEst{mg, My, mp, mg).
Then(X]|A) is Fano if and only ify ; m% > 1. This is the case wheimg, my, mp, mg) =

(2,3,7,41), for example. It is then easy to show that a line iA-aational curve if
and if only if it goes through 2 of the 6 double points of theambf the 4 lines, so
there are only 15 such lines. But there is a one-dimensi@maily of conics which
are/A-rational: the conic€ which are tangent to each of the 4 lines. Indeed, for such
a generic smooth conig: C — P2, g being the incusion, the divisdxy is supported

on the 4 points of tangency with multiplicitigs, 2+, %2, 72, which is an orbifold
rational curve, since

2+ (1-F) A=)+ (1-2) + A=) =21~ (5 + i iy T 1)) <O

This Fano orbifold is thus indeed at least uniruled. By the/\same argument, it is
covered byA-elliptic conics when its canonical bundle is trivial.

We shall now partially extend the preceding example to higliraensions.

ExAMPLE 9. Let us consider the case wh¥n=P",n > 2, and when the sup-
port of A consists of(n+2) hyperplane$d;,j =0,1,...,(n+ 1) in general position
(i.e., such that the intersection of afty+ 1) of them is empty), with finite multiplici-
ties (Mo, ...,My; 1), such thaty ;(1— mij) < (n+1), or equivalently, thagj(mij) > 1.
We can, and shall, assume that the first- 1) hyperplanedd;,j = 0,...,n are the
coordinate hyperplanes of equatioXis= 0, and that the last hyperplat, 1 has
equationXp+ - - - + Xp = 0, since all(n+ 2)-tuples of hyperplanes in general position
are equivalent under homographies.

Remark.Assume thaC = P! is the normalisation of an irreducible rational curve of
degreed in P", meeting each of the hyperplanks in a single pointa;, thus with
contact orded. Let us try to determine a condition @hwhich implies thatC is A-
rational. The orbifold multiplicity at such a poiaf € Cis thus%. The corresponding
orbifold divisor onC thus consists ofn+ 2) points with multiplicities%, and this
curve is thud-rational if and only ify | m%- > (n+2)—2=n, equivalently, ify ; m% >0
Since, by assumptiory, ; m% > 1, this condition is realised as soons< 1. We thus
may choose&l = n, andC to be a rational normal curve of degreeNotice, however,
that we did not take into account the fact that the multipfieita; is taken to be 1, and
not% < 1if mj <d. This is discussed in Example 10 below.

Recall that a normal rational curve of degreenP" is parametrically given by
P(t) = (Po(t) : ... : Pa(t)), where thePj(t)’s are linearly independent polynomials of
degreen. All such curves are equivalent under the natural actioh@f(n+ 1,C).
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THEOREMS8. For any set ofn+ 2) hyperplanes Kin general position of",
and forany p=(po: ...: pn) € P" generic, there exists a rational normal curve C of
degree n orP", which goes through p, and meets each of(the 2) hyperplanes Hin
exactly one point, which lies on the smooth part of the unich@H;’s.

Observe however that such a curve is “virtualyational”, but not alwayg\-rational
if n> 3 (see Example 10 below).

Proof. The condition thaC meets each of the coordinate hyperplaHgsn a single
point thus reads &S being given by a parametric representation of the foRft) =
(bo.(t+ap)",...,bn.(t+an)") for nonzero and pairwise distinct complex numbays
and nonzero complex numbdss j =0,...,n.

The condition thaC meets thgn -+ 2)-th hyperplaneH,;1 translates into the
equation:bo.(t +ag)" + - - - + bn.(t +a,)" = b.(t + a)" for nonzero numberks = 3 b;
anda, the latter being distinct from all of the precediags.

Because we also wa@tto go through the poinp = (po, ..., pn), at timet = o
say, we get the additional conditiobhs= p;.

In our situation, thep;’s are given, and the numbeasb;,a; are to be deter-
mined from these algebraic equations. These equation®amver of high degree and
difficult to solve. We shall proceed differently: solve fivetb;'s assuminga and the
a;'s to be given, because this is simply a linear system. And #few that and the
a;'s exist for a generic choice of theg;’s, after projectivisation. This is sufficient to
imply the result, by choosing thg’s generically.

Writing the (n+ 1) coefficients of the two polynomials inon the two side of
the equatiorbg.(t +ap)" + -+ -+ bn.(t +an)" = b.(t + a)" above permits us to rewrite
this equation as a linear system in ghgs. In matrix form, it reads as.v = b.w, with
A the following square complex matrix of size+ 1):

1 1 .- 1 1

G 4 % *
A=| % & & a |,

R R

Y= (po,...,pn) € (C*)™, and'w:= (1,a,&2,...,a") € (C*)".

Now Cramer’s rule allows us to express the= v; as a quotient of two de-
terminants of Vandermonde type, in terms of the,a; supposed to be given. We
finally get, after some simplificatioryj := pj = b. [n; (%), h running from 0 to
n, avoidingj. Observe that the right hand side is invariant by trangid(iie@., takes the
same value when we replaaga; by a+t,a; +t, for anyt € C).

We are thus reduced, by the above translation invariancihwiermits us to
takea =0, to prove that the following rational mapis dominant.
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The mapd : C™1 - PN is defined byd(ap, ...,an) := [Xo : ... : Xn], With

Xj:= 1] (525) = 11 (A=) =P ),

replacing the(n+ 1) variablesay, ..., an by then variablesy; := ? forj=1,.
We denote also for notational simplicatigf:= % =1.

Thus @ is dominant if the determinant déy of the Jacobian matrix of the
logarithmic derivatives of tha functionsu; := % does not vanish at some point where
the functionss; = uj(y1,...,yn) are regular and nonzero.

Let us first rewrite, after some simplificatiom, := —y’j‘. (yl?;;‘ )
h>0hzj VM

Taking logarithmic derivatives now shows that:

o Ve OUi _ a*—M)iflgj?ékzl,andthat
upoyk  (1-yg(1- )
a3 ()
UJ 0y }*;j Yij
Let us now choos#&l > 0, and they;’s all nonzero in such a way that;| > M.|y;_1|
for j =2,...,n, with M.|ys| < 1. AsM tends to+c, one easily checks, using the
equalities above, and singg/yx tends to 0 ifj < kand tow if j > k, that

o Yk 0u;

"y a)/k

YJ

uj ayJ

Thus defJd).yi.--- .yn tends to detly), whereJp is the matrix with coefficients-1
below the diagonal, with coefficients 0 above the diagonad, with coefficient n —
(j—1) on the diagonal, at the intersection of txth line andj-th row, forj =1,...,n

Since det)p) = n! # 0, detJ) # 0 when they;’s satisfy the above inequalities f
sufficiently large , which implies the desired assertiort thas dominant. O

! tends to—1if j < k, and tends to 0 if > k, while:

! tendston—(j —1),foranyj=1,....n

From Theorem 8 above we shall now deduce that smooth orbifotel covered
by “virtual” A-rational or elliptic curves, according to whether they Bago, or have
trivial canonical bundle. We define first these “virtual” iooits

DEFINITION 11. Let (X|A) be a smooth orbifold, withh := ¥ (1 — mij).Dj.
Let C be a smooth connected projective curve. A mag g (X|A) is a “virtual”
A-rational (resp. a “virtual” A-elliptic) curve if:

(1) Itis birational onto its image, which is not containedSupgA).

(2) dedKc +4j) < 0 (resp.deg Kc +4g) = 0), whereAy is the orbifold divisor
on P! which assigns to any a P! the multiplicity1 if g(a) ¢ SupfdA), and otherwise
multiplicity my(a) := max EJ(a){%}, where Ja),tj o are defined as in Definition 9.
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ExAMPLE 10. Assume now thafX|A) is of type (my,...,My1) on X = P,
in the sense of example 5, and titats a rational normal curve of degreemeeting
each of the hyperplands; in one point with contact ordet, as in Theorem 8. Then
C is virtually A-rational or elliptic, according to whethéX|A) is Fano, or has trivial
canonical bundle (see Corollary 2 below). In gene@lvill not be A-rational, or
elliptic, unlessn = 2. See Proposition 5 below.

COROLLARY 2. Let(P"|A) be a smooth orbifold, the supportffconsisting of
the union ofn+ 2) hyperplanes Hin general position. The generic pointBf is then
contained in a normal rational curve C of degree n which meeish H in a single
point, and such a curve is virtuall-rational (resp.A-elliptic) if (P"|A) is Fano (resp.
has trivial canonical bundle).

Moreover, if n=2, or my > n, or more generally i fzj ot L > 1 (resp. if

ZJ nto nf = 1), then C is alsa\-rational (resp.A-elliptic), where ni := max{mJ .n}.
Proof. The first assertion follows in the Fano case from Theorem 8thademark
made before its statement. The same computation works tnivie canonical bundle
case: leim; be the multlpllcmes of théd;’s. The orbifold(P"|A) has trivial canonlcal
bundle if and only if:y ; = mJ = 1. The orbifold multiplicity at a poing; € Cis thus—

The corresponding orbifold divisor dhthus consists ofn+ 2) points with multiplic-
ities % and this curve is thua-elliptic if and only if 3 ; mlj = (n+2)—2=n, which

holds true, since, by assumptidg;, = i_ =1.

Let us now check the second assertion.mif > n, thenm; > n,Vj, so that
mJ > 1,Vj, and so no max is needed to compaggin Definition 9. The conclusion
thus follows. Notice that > 2, so that the conclusion always holds whres 2.

Now if , for some 1< j < n+2,m; < n, taking ma>{1,trj“—él = %} amounts to
replacingnJ by mj’, and s\ is simplyAq computed fofX|A*) instead of(X|A), with

ZJ “*1(1— —) Hj, which implies the conclusion by the first part. O

We thus see that the consideration of rational normal cusi’degreen permits
us to show the uniruledness of some Fano smooth orbifoldgpef (imy, ..., Myt1),
and of all ifn = 2. Unfortunately, whem > 3, these are, by far, not all Fano orbifolds
of this type. We shall make now more precise which are the Eamooth orbifolds
of dimension 3= n which can be shown to be uniruled by this method, and which are
not. First collecting the results of Theorem 8, Example 4 @orollary 2, we get the
assertions (1), (2), (3) below:

PROPOSITIONS. Let(P"|A) be a smooth Fano orbifold of tygen, . .., Mnt1).
Then(P"|A) is uniruled, unless (maybe) if the following three condifi@re realised:

(1)Z_>1
@ 3 w<1

i#(n)



228 F. Campana

(3) % = <1, where nij := max{m;,n}, if n = 3.

—H

(4) If n = 3, then(P3|A) is uniruled, unless possibly if gn= 2,m; > 3, and
m > 4.

Proof. We have only to prove the assertion (4)m > 3, thenmj = m;,Vj, and so (3)
above contradicts (1). We thus assume that= 2 in the sequel. In the same way, if
my = 2, or if my = mp = 3, then the sum of the first 2 or 3 terms@fmij is at least 1,
contradicting (2). Thugp > 4. O

Whenn = 3, the “Fano” typegmg, my, mp, mg, my) for which the uniruledness
can (or cannot be) proved by the preceding method can betligndisted. We shall
give in Example 12 two extremal cases whea 3, for which the uniruledneg®3|A)
cannot be proved by the preceding method.

DEFINITION 12. Let (2<a; < ap < --- < &) be a finite sequence of positive

integers such thaz}ja—lj =1- £, for some integer br 2. Define inductively for & 1:

a1 :=b+1, arsr1 = ks (&is+ 1) + 1. Itis then immediate to show inductively

j=k+s 1 1
thaty |~y = 1— 5= forany s> 1. Thus

1 1 1
Z a; + Aisi1—2 1+ (Bktsr1—2)-(Akysr1—1

)>1,

for any s> 0. This will give us examples of Fano types on projective space

ExampLE 11. We look at special cases of the preceding sequences.pfrey
vide examples of types of Fano orbifolds which are uniruled,Theorem 8 and its
corollaries.

Letk>1, and choosa; =--- =ax=k+1, so thab=k+ 1. We then gety. 1 = k+2,
a2 = (k+2)(k+3)+1, a3 = ay2. (a2 + 1) +1,...

Whenk=1,we getd; =2, d2 =3, d3=7, dg =6.7+1=43,d4 = 4243+ 1=
1807,... (settinga; = d; in this case).

Whenk =2, we gett; =t> = 3,t3 =4, t4 = 13,14 = 157,... (settinga; = t; in this
case).

Whenk = 4, the sequenceish = g2 =3 =4,0q4 = 5,05 = 21,0 = 421 ... (setting
a; = g; in this case).

Whenk=n—-1,thetypesmi =n,....mM_1=n,my=(n+1), My1=n.(n+1)+1,
Mhi2 = N.(n+1).("*+n+ 1) — 2 are the types of Fano orbifold®"|A) with orbifold
divisor supported on the union ¢fi+ 2) hyperplanes in general position, and all such
orbifolds are uniruled, by Theorem 8 and its corollaries.

Specific examples are thus1 = 3, and type(3,3,4,13,155), or: n= 4 and type
(4,4,4,5,21,419).
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PROPOSITIONG (See also [14]) Let N> 1 be an integer. There exists a bound
By < 1 such that if2 < a < --- < ay is a finite sequence of integers, and if-A
Z}i?a—lj < 1, then A< By.

Proof. We assume the existence®§ < 1 and are going to establish inductively the
existence oBy.1 < 1. Itis plain thatB; = % exists. Assume now that+ —1— =

) an+1
A = z}ﬂ“a—lj < 1. We can increase strictliY, preserving this last inequality, by

replacingan+1 by an+1 — 1 (and possibly reordering the terms, in cage= an+1),

l . / . . .
unlessBy + ETE] > A+ a1 > 1. Thus, if A’ cannot be increased in this way,

as we may assume, we hayel— > (1-By), andan+1 < 1+ ;. There are

thus only finitely many values for adlj’s, and there exists sonfé.1 < 1 such that
A <Bny1. O

ExAMPLE 12. The typedmy, my,mp, mg,my) for which (]P’3|A) is Fano, but
which cannot be proved to be uniruled by the preceding metbatisfy in particular
mp =2,3<m <7,4<mp (this is easy, using 5). There are two main cases:

(@) Yo<j<3 m% < 1. There are only finitely many of them, and theg < d4 =
43, as may be shown using Proposition 6. Then aige: ds — 2.

A typical example ig2,3,7,43,1805).

() So<j<s mi > 1. There are only finitely many such 4-tuples, sifyge <> m%
< 1, as follows from 5.3, and soz < 42=ds — 1. However, for any sufficiently large
my, the given “type” satisfies the inequalities of 5.

Typical examples aré2,3,7,42 my), with anymy > 42.

REMARK 6. To show the uniruledness of Fano orbifolds of ty@e3, mp, ms,
my) onP3, with my > 6, it would be sufficient to show, for any 5-tuple of hyperpan
Hj,j =0,...,4 of IP3, the existence of a rational cure of degree 6 tangent in 3
points toHp, meetingH; in two distinct points with order of contact of order 3, and
meeting each one of the three remainkhgs in one single point with order of contact
6. Indeed the resulting multiplicities would then be: 1 for the first 5 points, al%—j,
for j = 3,4,5, and the last 3 points. This werdaational curve, since

Socj<am = 6[(Socj<arm) — (3+3)]>6.(1-3) =1

This construction appears to be similar to the one made afoovke rational normal
curves of degree 3. A simple dimension count shows that suokes should exist.
The general case> 4 seems to require other ideas and techniques, however.

8. Pseudoeffectivity of the relative canonical bundle

In this section, we shall prove by a relative Bend-and-Bteaknique, that the relative
canonical bundle of a fibration is pseudoeffective if theegenfibre is not uniruled,
and derive from it a weak version of Viehweg'’s weak posivdr the direct images of
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pluricanonical sheaves. Although the results are wealaar kmown ones, the method
of proof is so straightforward, and possibly susceptibléuother developments, that
it seemed worth being written. Combined with Hodge-theoratguments, it might
indeed permit one to easily obtain stronger versions, claséiehweg’s results.

THEOREM9. Let f: X — Y be a fibration, with XY smooth projective con-
nected. Assume that some smooth firefxf is not uniruled. Then Ky is pseudo-
effective.

Proof. Assume thaKy y is not pseudo-effective. By [6], there exists an algebxaic
covering family (G )tet of curves such that-Ky .Gt > 0. We can assume that the
generic curve of this family is not rational, since it may liained as the direct image
of a complete intersection of very ample divisors on somevhlp of X. Leta € X
be a general point, lying on some smooth filgeof f, and also on some nonrational
irreducible membe€ of the family (G )iet. Since—Ky y.C > 0, there exists, by [15,
Proposition 3.11, p. 70], and the dimension estimate (p.4%47, using the now stan-
dard Mori reductions to characterisgic> 0, a rational curvé&k C X, passing through
a. SinceXy is not uniruled, choosing not lying on any rational curve containedxy,
we get a contradiction to our initial assumption thaty is not pseudoeffective. [

Observe that the relative Bend-and-Break Lemma used abdlre same as the
one used in [9] and [22] to show the rational chain-connewted of Fano manifolds.

We now deduce from the preceding Theorem 9 a proof of Prapositwhen
A=0.

COROLLARY 3. Let f: X — Y be a fibration, with XY smooth, X projective,
and let X, be a generic fibre of f. Then

(1) Assumey (X, Kx ) = K(X). Thenk(X) > K(Xy) +K(Y).

(2)If Xy and Y are of general type, so is X.

Proof. (1) We can assume tha{Y) > 0. Let A be any ample divisor oiX. Then
mKy, and alsan.Ky vy + A are effective, for somen > 0, by Theorem 9 above. Thus
mKx + A, and soN.Ky is effective, too, for somé&l >> 0, sincev(X,Kx) = K(X), by
our assumption. The claim then follows from the argumen{4 demma 2.4, p. 516],
for example.

(2) This follows from Lemma 4 below, applied B:= Ky y andD := Ky. O

LEMMA 4. Let f: X — Y be afibration. Let P be a pseudo-effective line bundle
on X which is f-big (i.e., big on the generic fibrg of X). Then for any big)-divisor
DonY, P+e.f%(D) is also big.

Proof. P+ f*(m.D) is big onX for somem >> 0, by the assumption of relative big-
ness. Sinc® is pseudo-effectivefN — 1)P+ (P+m.f*(D)) = N.(P+ §.f*(D)) is
also big, for anyN > 1. Choosing\N > mestablishes the claim. O
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REMARK 7. (1) The proof of Theorem 9 does not seem to be able to give the
weak positivity statement given by Viehweg’s theorem. $oadloes not apply (directly
at least) to the “orbifold” context of pais<|A). In this respect, it is much weaker.
(2) There is one point for which it is, however, more flexibledoes not need the
effectivity of Kx,, and its proof also directly gives information on multiplesky v,
contrary to Viehweg’s proof which requires two steps: daaliirst withm= 1, and
then with arbitrarym’s.

(3) Corollary 3(2) is known in a much stronger version, by][24&hich provesC,{m
whenXy is of general type.

9. Families of canonically polarised manifolds

Roughly stated, a generalisation by Viehweg of a conjeatfi&hafarevich states that
“the moduli space of canonically polarised manifolds hasgonents of log-general
type”. The initial formulation was that if : X — B is an algebraic smooth family of
canonically polarised manifolds parametrised by a quegeptive manifoldB having
generically a “variation” (i.e., a Kodaira—Spencer mapjraximal rank, therB is of
log-general type, considering a smooth compactificalienY — D, such thatY|D) is
smooth, withD reduced and of snc.

This has been shown in low dimension and various formulatimnViehweg—
Zuo, Kebekus—Kovacs, Jabbusch—Kebekus (see [30] anddd ifjé appropriate refer-
ences).

The natural formulation of this conjecture seems to be:

CONJECTURELO (The “Isotriviality Conjecture”). Lef : X — B be as above,
assume thaB is special (i.e., that so is any smooth compactificafié|D) as above.
Thenf is isotrivial (i.e., all fibres off are isomorphic).

This implies Viehweg's Conjecture, since the moduli map éiditrary families
f : X — B) then factors through the core ©f|D), which is of log-general type.

THEOREM10 ([8]). The Isotriviality Conjecture follows from Conjecture%}h:
and 7.

REMARK 8. The lIsotriviality Conjecture is thus reduced to standawdjec-
tures of birational geometpy

Sketch of proof.The proof rests essentially on the construction by Viehvwem-of
a line bundleL ¢ SynT™(Q{ (logD)) such that(Y,L) = Var(f) (see [30]). Because,
as a consequence 6f'% and Theorem 6 we have a canonical decompositien(J o
r*)" which is the constant map (sin@= Y — D is special), it is sufficient to show

51t was stated in [8] that the Isotriviality Conjecture falte from Conjecture 3. But it is only true that
it follows from the arguments used to deduce Conjecture rﬁB\f@n)njectureS:r?j?1 and 7. The proof given in

the present text simplifies the arguments given in [8].
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the result when eithex(B) = 0, ork,(B) = —co. In the first (resp. second) case,
we have, by Conjecture 7 (1), the existence of a sequencevisbdal contractions
and flipss: (X]A) --» (X'|A") such thatcy (X/|A") = O (resp. such that a non-trivial
fibration f : (Y|D) — Z with Fano orbifold fibreqY,|A,) exists). In the first case,
we directly conclude that(Y,L) < 0, which implies that Vaif) = 0, as claimed. In
the second case, we are reduced, by the equdlity r" of Theorem 3 to the case
where(Y|D) is Fano. Considering, as in the proof of Lemma 2, a new onbididlisor
At =D+ -.H > D, withH € | —m.n.(Ky +D)|, so thatcy (Y|A+) = 0, we conclude
K(Y|D,L)=—0o, sincek(Y|AT) <0, so that the family is isotrivial on these fibrés.
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THE FIXED POINT SET OF ANTI-SYMPLECTIC
INVOLUTIONS OF LAGRANGIAN FIBRATIONS

Abstract. We discuss some results and ideas on the topology of Lagrarsgibmanifolds
obtained as the fixed point locus of certain anti-sympleiciolutions preserving the fibres
of a Lagrangian fibratiorf : X — B. HereX is a symplectic manifold diffeomorphic to a
Calabi-Yau manifold.

1. Introduction

The fixed point locus of an anti-symplectic involution (izemapt : X — X such that
12 = ldyx andi*w = —w) is an interesting type of Lagrangian submanifold of a sym-
plectic manifold(X,w). An easy, classical, construction of such an involutionveiy
by complex conjugation wheX is a smooth complex subvariety Bf cut out by poly-
nomials with real coefficients. In this case the fixed poicu®is just the intersection
with RP". Understanding the topology of such varieties is genemltjfficult prob-
lem. One reason why the fixed point set of an anti-sympleticlution is interesting
is that its Floer homology is particularly well behaved (I8)]). In [3], together with
Jake P. Solomon, we constructed a class of anti-symplewt@iitions by requiring
that they preserve the fibres of the Lagrangian fibrationX — B constructed in [2].
In this caseX is diffeomorphic to a Calabi—Yau manifold (of complex dinsem 2 or
3), e.g. &3 surface or a quintic hypersurfacelif.

In this note we review the constructions in [2] and [3] and wpart, in an in-
formal way and with almost no proofs, on some work in progsshe topology of
the fixed point locus of these anti-symplectic involutioRsoofs and details, together
with other results, will appear in [1]. Many of the resultgdladeas mentioned here on
Lagrangian fibrations are based on, or inspired by, the wbM.dGross [6, 7, 8, 10]
and M. Gross—B. Siebert [12]. In particular, it follows framsults in these articles
and the construction in [2], that in most cases also the m@aabi—YauX comes
with a “dual” Lagrangian fibration and anti-symplectic itwtion. In our fibrations
the general fibre of is a smooth Lagrangian torus, while fibres over points in a set
A C B are singular. In the 2-dimensional case the fibrations wsiden are topolog-
ically identical to stable elliptic fibrations, i.& = S and there are 24 singular fibres
of Kodaira typels, i.e. once pinched tori. In the 3-dimensional case the sakeme-
omorphic toS® and the discriminant locus is a 3-valent graph (with the inility that
some connected components are just circles with no veytidgée singular fibres are
also “stable” in some sense but their topology is more carafgid.

The fibrations we consider also have a Lagrangian sectiergfibre the smooth
fibres have naturally a group structure isomorphi@?gZ". The anti-symplectic invo-
lution fixes such a section and restricted to smooth fibrassisj— —a, and therefore

235
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the fixed point set in each smooth fibre is juspdints. So, if we calk the fixed point
locus, thenX is a Lagrangian submanifold of and f restricted toX is a branched
covering ofB, of degree 2, branching oveA. In the 2-dimensional case it is not dif-
ficult to show thatz has two connected components, one being the fixed Lagrangian
section, the other being a genus 10 curve. In this 2alsas the largest possible total
cohomology group for the fixed point locus of an involutiongdas therefore maximal.
The 3-dimensional case is more complicated. We discussyeehaact sequence linking
theZ /27 cohomology of to the cohomology oX. It is inspired by a Leray spectral
sequence studied by Gross (op. cit.), computing the cohmggaif X in terms of the
fibration. As a corollary we obtain that ¥ and its mirrorX are simply connected,
thenZX has just two connected components. ComputingifigZ-cohomology of is
reduced to computing a mgpappearing in the long exact sequence (cf. Section 3).
When 3 = 0, Z has the largest possible total cohomology. We describe plicix
example coming from the so-called Schoen’s Calabi—Yau rehean be described

in a sufficiently simple way so to apply standard techniquesttie computation of
cohomology. The result is that for Schoen’s 3-fddds not zero.

A few questions remain open. Can we compfitexplicitly in more compli-
cated known examples such as the quintic or complete irtgoss in toric manifolds?
What is the relationship betweenand the corresponding fixed point lockisnside
the mirror manifoldX? What is the relation between the involutions we study aed th
more classical ones constructed algebraically, for icsdry conjugation ifP"? IsZ
in our case somehow special among other possible constngciie. is it maximal in
some other sense? These and other questions will be addire$skand further work.

Acknowledgments.This project was partially supported by NSF award DMS-0&19
FRG: Mirror Symmetry & Tropical GeometryMatessi was partially supported by
MIUR (Geometria Differenziale e Analisi GlobaleRINO7).

2. Lagrangian fibrations and involutions

2.1. Affine manifolds with singularities

Let (X, w) be a smooth symplectici2dimensional manifoldB a smootm-dimensional
manifold andA C B a closed subset witBy = B — A dense irB. A Lagrangian fibra-
tion on X is a smooth mag : X — B such that the fibres of overBp are Lagrangian
submanifolds (i.e. dimi~(b) = n andw)| t-1(p) = 0), andf restricted tdBo is a submer-
sion. The fibres oveh are called singular. If the top dimensional stratum of a giag
fibre isn-dimensional, we require the smooth part offit,(b) — {Crit(f)n f~(b)},
to be a Lagrangian submanifold as well. When the fibres argpactrand connected,
then the Arnold-Liouville theorem implies that the fibresoB are alln-tori. More-
over, we can cover the subsBg with an atlas,{(Uj,®;) }jc3 such that the transi-
tion maps are affine transformations whose linear part hizgral coefficients, i.e.
@i o @t € R" % Shy(2).

This motivates the definition of a@ntegral affine manifold with singularities
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topological manifoldB with a closed subsé C B, with Bo = B— A dense inB, such
that onBy there exists an atlad whose change of coordinates areRA x SIy(Z).

If (y1,...,¥n) are affine coordinates, then tfelinear combinations of the 1-forms
dyi,...dy, span a maximal latticA C T*Bg which is well defined independently of the
chosen affine coordinates (this follows from the fact thatlthear part of the change
of coordinates is in §(Z)). We can use this to form thetorus bundleXo = T*Bg/A.
The standard symplectic form dn'Bp descends t&Xp so that the standard projection
fo : Xo — Bp is a Lagrangian submersion.

In general, if we start with a given integral affine manifolittwsingularities
(B,A,A), we may ask whether we can find a symplectic mani¥ldnd extend the
bundle fp : Xop — Bog to a Lagrangian fibratiorf : X — B by inserting singular La-
grangian fibres over the s&t More precisely we want the following commutative
diagram

1) fol lf
Bp —— B

wherej is a symplectomorphism arids the inclusion. This is the starting point for
the construction of the Lagrangian fibrations in [2]. If wé& &e question at the purely
topological level (i.e. without requiring a symplectic foron X and the Lagrangian
condition onf) then, for the cases we consider here, the answer was ptovyd&ross
in [8]. In particular Gross finds a topological torus fibration the quintic threefold in
P4,

Let us now give some examples of affine manifolds with singtids.

ExamPLE 1 (Focus-focus). We start with a 2-dimensional example. @fend
an affine structure with singularities @= R?. Let A = {0} and let(x;,x;) be the
standard coordinates @ As the coverindU; } of Bp = R? — A we take the following
two sets

Ui = R? — {xp = 0 andx; > 0},

Us = R? — {xp = 0 andx; < 0}.
Denote byH™" the set{x, > 0} and byH ™ the set{x; < 0}. LetT be the matrix

2 T:(i g)

The coordinate mapg and@, onU; andU, are defined as follows
m = Id,

{ Id on HTNU,
@

(T™H' on H-.
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The atlasA = {U;,@ }i—1,2 is clearly an affine structure dBg. We can easily check
that if we consider the 2-torus bundig = T*Bo/A, then the monodromy of thid;
homology of the fibres at a poibte By, associates the matrix to the anti-clockwise
oriented generator afy (Bo).

This is a compact example:

EXAMPLE 2. InR3 consider the 3-dimensional simpl&spanned by the points
Po=(-1,-1,-1),P,=(3,-1,-1),P,=(-1,3,-1),P3 = (—1,-1,3). LetB=0=.
We explain how to construct an affine structure with singties onB. Each edgé;
of = has 5 integral points (i.e. belonging #5), which divide/; into 4 segments. For
eachj=1,...,6 denote b)AH(, k=1,...,4 the four barycenters of these four segments.
We let _
A={p;j=1...6andk=1,...,4}.

A covering ofBp = B— A can be defined as follows. The first four open sets consist
of the four open faced;, i = 1...,4 with the affine coordinate mapg induced by
their affine embeddings iR3. Denote byl the set of integral points d which lie

on an edge. For ever@ < | we can choose a small open & in By such that
{Zi}i=1,..4U{Uq} el is a covering oBop. Let Ry denote the 1-dimensional subspace
of R® generated by < |. One can verify that ifJg is small enough, the projection
@0 : Ug — R3/Rq is a homeomorphism. A computation shows that the aflas
{Zi,@}i=1,..4U{Uq, @} qecl defines an integral affine structure B

In the latter example it can be easily checked that a neigtiomad of the sin-
gular points inA is affine isomorphic to a neighbourhood o0R? in Example 1.
In dimension 2, an affine manifold with singularitiéB,A, A) is calledsimpleif A
consists of isolated points and each point has a neighbodraifine isomorphic to a
neighbourhood of 0 in Example 1.

We now present some 3-dimensional examples.

EXAMPLE 3 (The edge). Let C R be an open interval. ConsidBr= R? x |
andA = {0} x 1. OnBg = (R?—{0}) x | we take the product affine structure be-
tween the affine structure d&? — {0} described in Example 1 and the standard affine
structure orl.

EXAMPLE 4 (Positive vertex). LeB=R xR?and let(xq, X2, X3) be coordinates
in B. Identify R? with {0} x R?. InsideR? consider the cone over three points:

A={x=0,x3<0}U{xs=0,x2 <0} U{x2 = X3, X3 > 0}.
Now define closed sets B

R = RxA,
Rt = RugxA,
R = ReoxA,
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and consider the following covél;} of R3 — A:

U = R®—-RT,
U, = R3-R".
Itis clear thatJ; NU> has the following three connected components
Vi = {X2<0, x3<0},
Vo = {X2>0, X2 > x3},
Vi = {x3>0, x3>X}.
Take two matrices
110 1 0 -1
3) 1= 01 0], =01 O
0 0 1 0 0 1
Now onUj,U, we define coordinate majgs, @, as follows
¢ = I
Id  on VinU,
®m = Tt on V,nU,

T on VzNUs.

Again we see thatl = {U;, @ }i—1 > gives an affine structure ddp = R3—A. One can
compute that, if we form the 3-torus bundfg, given a pointb € By and two closed
paths generating: (Bo), then theH; monodromy of the fibre 0Ky associates to these
two paths the matriced; *)" for j = 1,2.

EXAMPLE 5 (Negative vertex). LeB andA be as in Example 4. ThelR? — A
has three connected components, which we deBgt€; andCs. LetCj = Cj UdC;.
Consider the following three open subset8gf

U = R’-(CUGy),

Uz = R®—(CiUGy),

Us = R3—(CLUG).
Let

VT = {x >0},

V- = {x1<0}

ClearlyUinUj =V UV~ wheni # j. If Ty andT; are as in (3), define the following
coordinate charts ddi, Uz, U3 respectively:

(0]) Id,
_ (TrH) on ViNU,
¢ = Id on V- NUy,
B Id on V*nUs
%= 1 (Y on VoNuUs.



240 R. Castafio-Bernard and D. Matessi

We can check that the affine structure defined by these ckatsh that, on the 3-torus
bundleXp, given a poinb € By, then theH; monodromy of the fibre aXp associates to

two generators ofty(Bg) the matricedj, j = 1,2. In particular, monodromy is given
by the inverse transpose matrices of the monodromy in theéqure example.

These three examples are the building blocks of so-calldidn@nsional simple
affine structures with singularities. A 3-dimensional catiexample is the following:

EXAMPLE 6. This three dimensional example is taken from [11, §19.81=
be the 4-simplex ilR* spanned by

PO - (_1’_1’_1’_1)7 Pl = (45_17_15_1)7 PZ = (_1747_1;_1)7
P3: (7157174771% P4: (*1,*1,*1,4).

Let B=0=. Denote byZ; the open 3-face oB opposite to the poin®; and byF;
the closed 2-face separatiigandZ;. Eachh; contains 21 integral points (including
those on its boundary). These form the vertices of a triaatgui of Fj as in Figure
1. By joining the barycenter of each triangle with the bantees of its sides we form
a trivalent graph as in Figure 1. Define the Adb be the union of all such graphs in
each 2-face. Denote bythe set of integral points d&&. Just as in the previous example,
we can form a covering dBp = B — A by taking the open 3-faces; and small open
neighborhood$)g insideBp of Q € I. A coordinate charty on % can be obtained
from its affine embedding iR*. If we denote again bRq the linear space spanned by
Q€ 1, as a chart oblg we take the projectiogg : Ug — R*/Ro.

Figure 1: AffineS® with singularities.
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In the above example one can check that points in the intefitie edges of the
graphA have neighbourhoods which are affine isomorphic to neigttimmds of points
on the line of singularities in Example 3. The vertices\ofvhich are in the interior
of 2-faces have neighbourhoods affine isomorphic to theexernt Example 5 (these
are called negative vertices), while verticed\ain 1-faces have neighbourhoods affine
isomorphic to a neighbourhood of the vertex in Example 4ifesvertices).

We say that a 3-dimensional affine manifold with singulastissimpleif Ais a
3-valent graph, with vertices labelled as positive or niggafl he affine structure near
points on the edges @ is locally affine isomorphic to Example 3, near positive fres
negative) vertices it is locally affine isomorphic to Exampl(resp. Example 5).

2.2. Glueing singular fibres

Given the symplectic manifoltlp = T*Bp/A, how do we glue singular fibres &?
The 2-dimensional case can be achieved as follows. Firsidenthe following exam-
ple of Lagrangian fibration:

EXAMPLE 7. LetX = C2— {zrzz + 1 = 0} and letw be the restriction tX
of the standard symplectic form @?. One can easily check that the following map
f : X — R?is a Lagrangian fibration:

7% —|z/?
@ faz) - (255 log o +11).

The only singular fibre ig ~(0), which has the topology ofla fibre (a pinched torus).

This is an example of a fibration of “focus-focus” type. Ona eaplicitly com-
pute the affine coordinates on the base, away from the singalat (0,0) € R?. It
can be shown that this affine structure is isomorphic (in ght@urhood 0f0,0)) to
the one given in Example 1. This implies that given a 2-dinwared, simple, affine
manifold with singularities and a poirg € A, we can glue, via a fibre-preserving
symplectomorphism, a neighbourhood of the singular fibrthenabove example to
(fo) (U — p) C X, for a suitable neighbourhodél For the details of this construction
consult[2]. If we do this at all 24 points in Example 2, in thedeve obtain a symplec-
tic manifold diffeomorphic to a K3 surface and a Lagrangiandiionf : X — S with
24 singular fibres and a Lagrangian sectiorf of

A similar, but rather more complicated, construction carcaeied out in the
case of a 3-dimensional, simple affine manifold with singti&s. Thus obtaining a 6-
dimensional (compact) symplectic manifoldwith a Lagrangian fibratiori : X — B,
together with a Lagrangian section. This is the main redyRJo The idea is to find
suitable models of Lagrangian fibrations with singular fiosnich can be glued ovér.
When compactified in this way, Example 6 gives a manifoldsdifhorphic to a quintic
in P*. We should warn the reader that in the final result of [2] the@rhis not smooth
but just piecewise smooth, it fails to be smooth only alorg ggheimage of small 2-
dimensional discs containing negative vertices. Also,diseriminant locush has to
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be enlarged slightly, so that near a negative vertex it isdineension 1 thickening of
the graph. The total spaéeobtained is nevertheless smooth. When the integral affine
base is as the ones considered by Gross and Siebtntns out to be diffeomorphic to

a Calabi-Yau.

2.3. Anti-symplectic involutions

An anti-symplectic involutioon a symplectic manifol@X, w) is a map : X — X such
that1*w = —w and1? = Idy. The fixed point set of an anti-symplectic involution is
always a Lagrangian submanifold. In [3], together with JBk&olomon, we showed
that, given a Lagrangian fibratioh: X — B with a Lagrangian section constructed as
above, one can also find an anti-symplectic involutioX — X which preserves the
fibres and fixes the section. The idea for the constructios f®llows. Consider the
fibre-preserving anti-symplectic involutiopon T*Bp/A induced by(p,a) — (p,—a)

for everyp € Bp anda € TyBo. We show thato extends to a smooth fibre-preserving
anti-symplectic involution on X. This is done by first studying anti-symplectic invo-
lutions on local models of singular fibres and then refinirggghuing by also matching
the involutions.

In this note, we would like to discuss the topology of the fixainht set of this
type of involutions. The fixed point s&tis the closure irK of the image of the se}/\
insideT*Bp/A. The mapf|s : ¥ — Bis a branched covering &, branching oveA.

In dimension 2 this branched covering is of degree 4 and ofeseg in dimension 3.
Let us look more closely at some examples.

ExAmPLE 8. In the “focus-focus” case, i.e. Examples 1 and 7, fix a poiat
R? — {(0,0)}. Then we can find a basis @¥, with respect to which, monodromy
is the matrix (2). With respect to this basis, we can identifywith Z2. ThenZn
Ty Bo/ b consists of pointsg = (0,0),s1 = (1/2,0),5, = (0,1/2) andsz = (1/2,1/2).
As we go around the singular point, monodromy mgpsnds, to themselves and
s1 to s3. Therefore, ifU is a neighbourhood of0,0), f~1(U) N Z has 3 connected
components. There are two which map 1 to Utdhese are the ones containggnd
s respectively. Then there is one mapping 2 to 1, which cosataaths; andss. The
map f restricted to this latter component is a 2 to 1 branched @ogewith branched
point inside the singular fibre.

ExamMPLE 9. Inthe case of Example 2, where the compactiked diffeomor-
phic to a K3 surface, the fixed point setis a compact Lagrangian surface. It is not
difficult to check thatz has 2 connected components, one of them is the zero section
and the other one is a degree 3 branched covering $vaiith 24 branched points
of ramification index 2. The Riemann—Hurwitz formula tells that this connected
componentis a genus 10 surface.

Observe that in the previous examplé>) = 20= h'1(X). We will discuss in
the following sections the reason why this equality is nobmcidence. Moreover it
is known that the fixed point s&t of an involutioni : X — X on a compact manifold
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satisfies the following inequality in cohomology (see [4]):

(5) dim(z H*(Z,Z/ZZ)) <dim <ZH*(X,Z/ZZ)>
In the case of our involutiort, satisfies the equality, so it is in some sense maximal.

2.4. Mirror symmetry

For a more thorough explanation of the relevance of affineifolais with singularities
and Lagrangian torus fibrations in the context of mirror syatrmthe reader may con-
sult [9] and the references therein. We just mention a feusftat are related to the
topic of this note. Given an affine manifold with singulaB, besides{o = T*Bo/A,
we can also construdty = TBo/N*, whereA* is the dual lattice. IB is simple, then
alsoXy can be topologically compactified. This follows from the €s's topological
compactification, in fact in this case the role of verticeisigrted: where we had neg-
ative vertices, we glue fibres of positive type and vicevevéathus obtain a (compact)
smooth manifoldX together with a torus fibratiof : X — B. It was shown by Gross
(see next subsection) that the manifollandX satisfy the topological conditions re-
quired for them to be mirror manifolds. In the case of Exanfl&ross also shows
thatX is diffeomorphic to the mirror of the quintic.

The existence of a good symplectic structureXois not immediately appar-
ent from this description, since the tangent bundle doesay a natural symplec-
tic structure. To solve this problem one needs the extra aat of a (multivalued)
strictly convex functiong, which can be used to define a symplectic formToBy.
Equivalently, via the Legendre transform appliedpiane defines a new affine struc-
ture onBy, giving a new lattice il *Bp, which we denote by“\. It can be checked that
T*Bo/i\ andX, are isomorphic torus bundles o\&y, therefore als has a symplec-
tic structure (inherited frorT *Bg). Thus, alsoXo can be symplectically compactified
to give a Lagrangian fibratiof : X — B, with a fibre-preserving anti-symplectic invo-
lution. Using ideas from toric geometry, Gross and Siebled antroduce the discrete
Legendre transform, which is a combinatorial version ofdtendard Legendre trans-
form. In [10], Gross shows that this construction can beiappb all the examples of
Batirev—Borisov’s pairs of mirror Calabi—Yau’s.

In [3] we also discuss the relevance of our construction Gfgmplectic invo-
lutions in the context of the Homological Mirror Symmetryngecture. This conjecture
states that given mirror manifolésandX, there should be an equivalence of categories
between the derived category of coherent sheave$ and the derived Fukaya cate-
gory onX. The objects in this latter category are Lagrangian subfolaisi of X, with
some other data attached. Since the two categories arectngjé to be equivalent, an
autoequivalence on one category should correspond to otteeasther. The category
of coherent sheaves has a natural autoequivalence whidist®m mapping a sheaf
to its dual. In [3] we discussed some evidence of a conjeciaiming that the autoe-
quivalence on the Fukaya category, corresponding to datadiz, should be given by
the anti-symplectic involution that we constructed, where a Lagrangian submanifold
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is mapped to its image under

2.5. Topology of Lagrangian3-torus fibrations

We describe here some of Gross’s results on the Leray spsetyaence applied to
the torus fibrationd : X — B of the type discussed in the previous section. We as-
sume that(B,A,A) is a compact simply-connected, 3-dimensional, simplegiate
affine manifold with singularities. The arguments are ehfitopological, without
any reference to the fact thAtis symplectic and the fibres are Lagrangian. Given an
abelian groups, we denote byR¢f, G the sheaf associated to the presheaBagiven
by U — HX(f~3(U),G). The Leray spectral sequence associatefihias as, terms

the groupsH! (B, R¢f,G). We recall Gross’s definition:

DEFINITION 1. Let i: Bg — B be the inclusion. The fibration :fX — B is
G-simple if
i .R¢f0.G = RE.G

We will assume in the following thaX is simply connected. For some of the
arguments, this condition can be relaxed, e.qg. it could paced withH(X,R) = 0.
In [8] Gross showed that the fibrations considered here ar@yaiG-simple, wherG is
Z or Z/nZ. MoreoverZ simplicity impliesQ simplicity. Notice also that, since affine
coordinates orBy have linear part in $h,7Z), the fibres are canonically oriented, so
that
Rf.G=G.

Moreover, f has a smooth section (extending the zero sectiof ty). We also
consider the mirror dual fibratioh: X — B, which is also &-simple fibration with a
section and we will assume that al&ds simply connected.

Now, letG = Q (but the following also holds fo& = Z or Z/2Z). By Poincaré
duality applied to the fibres, we have that

(Rf0.Q)" =R fo,Q.
Moreover, from the definition of dual torus fibration, we alsve:
(R f0.Q)" = R fo.Q.
By applyingi. to the above and using-simplicity we obtain
(6) Rf.Q =R Q.

The E; page for the Leray spectral sequence forith G = Q, looks like the
following

Q 0 0
0 H(B,R?f.Q) H2(B,R’f.Q)
0 HYB,R}.Q) H?B,R'.Q)
Q 0 0

ool
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For the proof of this, one can argue as follows. Since the dilane con-
nected, we hav&®’f.Q = Q. MoreoverR3f,Q = Q, as we already mentioned. So,
together with the fact thaB is simply connected, we obtain the zeroes in the top
and bottom row. The zeroes in the first and last column comm fitee fact that
H(X,Q) = H3(X,Q) = HY(X,Q) = H5(X,Q) = 0 together with (6). Thé, term

3

for f is obtained by exchanging the first and second row o&hterm of f.

5 Gross proved that under these hypotheses the Leray speaiadnces of and
f degenerate at the, term, so that wheiX is a Calabi—Yau manifold

h!(X) = dimH™(B,R'.Q) = dimH*(B,R*f.Q) = h**(X).

So the topology of these fibrations dhand X guarantees thaX and X satisfy the
basic topological requirement of mirror symmetry. Thesguarents also work if we
replaceQ with Z /27 (except, maybe, the equality with Hodge numbers, due tdlpless
presence of 2-torsion):

727 0 0 Z)27
0 HY(B,Rf.Z/27Z) H?B,Rf.Z/2Z) O
0 HYB,RYf.Z/2Z) H?B,RY.Z/2Z) O

727 0 0 Z)27

From which we obtain that
H?(X,Z/2Z) =~ HY(B,R*f,Z/27Z)

H3(X,Z/272) =~ HY(B,R?1,Z/2Z) & H?(B,R ', Z/27) & 7./ 27.& 7./ 2Z.
H4(X,Z/2Z) =~ H?(B,R?f,Z/27)

3. Along exact sequence

We now wish to understand tt#&-cohomology of the fixed point locus of the anti-
symplectic involutions constructed in the previous sectidVe sketch here the con-
struction of a long exact sequence which links the conomoadd¢he ambient manifold
X with the cohomology ok, details will appear in [1]. The assumptions bnX — B
are the same as those in the last subsection of the previotisrsén particularX is
6-dimensional) and we l&t be the fixed point locus of the anti-symplectic involution
1: X —X. Let

0= f|z

and denote byy the restriction ofo to G*l(Bo). The idea is to consider the spectral
sequence associated to the branched covering — B and compare it with the one
associated td. Observe that th&, term of the spectral sequencemtonsists of just
one row of elements of the typ#! (B, R°0,7/27) and therefore the spectral sequence
degenerates &. It can also be shown that, sin€és Z/2Z-simple then also : ~Z — B

is aZ/27-simple fibration.
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We can now restrict our attention only to the shig®d.Z/27Z. For every point
p € Bo, 0~ *(p) consists of the 8 points in the image $A, inside T;Bo/Ap. Notice
thato~1(p) has a group structure isomorphic (@/27)3. Denote this group by
and letg be the sheaf oveBy whose stalk is;p. Observe that

) G = RTo.Z/2L,

in fact g is naturally isomorphic t¢R* fo.Z/27)" .

Now let us denote by’ the sheaR%00.Z/27 and observe that, is just the set
of maps fromg , to Z/27. Clearly, constant maps are monodromy invariant, but since
monodromy acts linearly ogp, also the map which is 1 at® g, and zero elsewhere
is monodromy invariant. Let us denote bythe sheaf generated by the constant maps
and this latter map. Since these maps are monodromy intagids just the constant
sheaf(Z/27)2. Also note thatg ¥ is naturally a subsheaf af’. It can be shown that
there is a short exact sequence of sheaves

0—-¢'@c—¢6' —¢g—0.

The mapg’ — ¢ in the above sequence is defined as follows.d-etg, and denote

by &g € gg the map which is 1 af and zero elsewhere. One can show that every class
in the quotient ofgg by gg @ Cp is represented by & for a uniqueg. So the map
from gg to Gp maps every element in the classdfto g. It can be shown that this
map is linear and that it is a morphism of sheaves. Using (@)Yaf2Z-simplicity the
above exact sequence becomes

0— (RYM.Z/272) ® 7276 7,/ 27— R0, 7,/ 27, — R2 £, 7,/ 27, — 0.

The fact that the sequence remains short exact after agplyifollows by directly
computing the above maps on elements which are locally nmronoginvariant near
pointsp € A. With some abuse of notation, we continue to denote thisesezpiby

0—-¢'@c—¢6' —¢g—0.
Passing to the long exact sequence in sheaf cohomology, tamob

THEOREM1. The sheaves, g’ andg " over B satisfy the following long exact
sequence:

0—-HB,g"®c) —HB,g')— HYB,g)—
(8) H(B,gec) —HYB,G')—~ HY(Bg)5

H2B,6V®c) —HAB,6')— H?B,G)—0
Observe that from the Leray spectral sequencefave have that

HI(B,g') = HI(Z,Z/27).
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and from the definitions o, gV andc, for j = 1,2, we have
HI(B,g"®c)=HI(B,g")=H!(BR1.Z/2Z),
HI(B,g)~H/(B,Rf,.Z/2Z).
So we obtain
COROLLARY 1. Z has two connected components.

Proof. SinceH%(B,g) = H(B,G") = 0 andc = 7/27.¢ 7./ 27, the first row splits
off from the rest and it tells us th&t®(,7/27) = 7,/27.© 7./27.. HenceZ has two
connected components. O

One of the two components is the zero section, thereforedtifbrphic toS°.
Notice also that the second row tells us tHatB, R* f,7Z/27) injects intoH* (%, Z /27).

COROLLARY 2. With the above hypotheses
dimHY(Z,%Z/27) > dimH?(X,Z/27)
Moreover if =0, for j = 1,2 we would have
HI(Z,7/22) = H)(B,R Y, Z/27) & H)(B,R?f,Z/2Z)

Observe that i3 = 0 thenZ satisfies the equality in the inequality (5) and is
therefore maximal. Observe also that in the 2-dimensicase of Example 9, a similar
but smaller spectral sequence gives us:

Hl(z,z/27) =~ HY(B,R ,Z/2Z) ® H?(B,R?f.Z/2Z).

Since the total space is a K3 surface anig oriented, the above equality holds since
by (Z) = 2h%1(X) = 20, which is what we already noticed.

4. An example: Schoen’s Calabi—Yau

4.1. The manifold and the fibration

At the time of writing this note, we were able to compute thé@a@oology of only
one example of fixed point locus of an involution of the typesaiéed. It comes
from a Lagrangian fibration of the so-called Schoen’s Calghi. This manifold was
studied in [15], and then described in terms of its assodiaténe manifold with sin-
gularities by Gross in [10]. Kovalev [13] described a 3-®fibration, which inspired
the construction we provide here. Consider. Y1 — P! and f5 : Yo — P! two ra-
tional elliptic surfaces with a section, such that theresdoet existx € P! for which
f;1(x) and f, 1 (x) are both singular. Then Schoen’s Calabi-Yau is the fibredyrb
Y =Y xp1 Yo, It satisfiesy(X) = 0, hb(X) = h%2(X) = 19. It can also be written
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as a complete intersection i x P2 x P? of hypersurfaces of tridegre@, 3,0) and
(1,0,3).

A topological construction can be given as follows. Consald-dimensional
manifold with boundaryM which fibres over the closed 2-dir so that the general
fibre is a 2-torus and such that there are 12 singular fibre®déla typd; (pinched
tori) over interior points oD. Assume also that the boundaryMfis a trivial 2-torus
bundle ovedD = S, i.e.0M = T x St, whereT is a 2-torus. To construdfl we can
proceed as follows. Take an elliptically or Lagrangian fibike3, with 24 singular fibres
of Kodairatypd. Then consider a simple closed cug@n the base bounding a 2-disc
D containing images of 12 singular fibres, and such that it doepass through critical
points. If, furthermore, we choogeso that along it théi*-monodromy of the fibres is
trivial, then we can tak& to be the union of the fibres over. Another construction
can be found in [14]. Now consider the 6-manifold with bourydé = M x T, where
T’ is a 2-torus. ClearlX fibres oveD x S' by taking the product of the given fibration
of M with the standarc' fibration of T. The boundary oKX is S' x T x T, where
S' x T is the boundary oM. Consider coordinates @X given by (@, @, ¢3,61,6),
whereq, is the (angle) coordinate d®, (¢, @3) and(61,6,) are (angle) coordinates
onT andT’ respectively. Assume that the fibration restricte@Xois the projection
onto the coordinate@p,8;) € dD x St.

Now consider the homeomorphisin: X — aigiven by

q)((pla (pza (p37 617 62) = (617 625 7%7(‘)17(‘)2)

We form the manifoldY by gluing two copies o along their boundary using the
homeomorphisnd, i.e. o
Y =XUgpX.

Itturns outtha is diffeomorphicto Schoen’s Calabi—Yau (see Gross [10]Kmglev
[13]). Notice that if we glue two copies of the baBex S* of the fibration onX via
the map(@1,01) — (81, ¢1), then we obtain a 3-sphe& and a 3-torus fibration of

on S* induced from the fibration o). One can show, using the results of [2], that
this fibration can be turned into a (smooth) Lagrangian fioraby compactifying the
affine manifold with singularities constructed by Gross, [84)].

4.2. The involution and the fixed point locus

We now describe the involution oi. OnM we can construct a fibrepreserving in-
volution, simply by considering the involution on the K3 assdribed in Example 9
and restricting it taVl. OnT’ we take the involution which preserves the fibres of the
fibration onSt, i.e. in coordinate$ds, 8,), the involution is(61,0;) — (81, —6,). Then
onX =M x T’ we take the product involution. It clearly descends to aolimion on

Y.

Let us now describe the fixed point locus of this involutiorheTfixed point
locus of the involution oM is the disjoint union of a 2-disc, which we denote &y
(corresponding to the zero section on #8) and a genus 4 surfa& with 3 open
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discs removed. The boundary of the 2-disc and the three £ai§' forming the
boundary ofS; are mapped by the fibration to the boundary of the [@3eIn fact,
we may assume that, with respect to the coordinapesp,, @3) of 0M = St x T the
involution is (@1, @, @3) — (@1, —@, —@3) So the four circles are given bipi,0,0)
(which is the boundary d&), (¢1,1/2,0), (¢1,0,1/2), (¢1,1/2,1/2). The latter three
form the boundary o%;. Now onT’, the fixed locus of the involution is given by a pair
of circles, corresponding t®,, 0) and(61,1/2). Therefore the fixed point locus of the
involution onM x T’ is given by two copies oy x St and two copies o8, x S, i.e.

S=(SoxSHU(SHxSHU (S x SHL(S xS,

Then, the fixed point locus of the involution ohis obtained by gluing together two
copies ofx via the the homeomorphish restricted to the boundary components of
>. The result is a 3-manifold with two connected components, one of which is
a 3-sphere. According to our computations (based on the M&jetoris Theorem)
HY(Z,7) is 234 SinceH?(Y,Z) = Z'° andH3(Y, Z) = Z*°, in the long exact sequence
of Theorem 1 applied t¥ andZ, we have

HY(B,g) = (Z/22)",

and
dimkerp = 15.

So this is an example whefis not zero.
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THE SECOND GAUSSIAN MAP FOR CURVES:
A SURVEY™

Abstract. We give an overview of results on the second Gaussian mapufees in relation
to the second fundamental form of the period map. We will atsacentrate on the case in
which the curve is contained in an abelian surface, or in al¢gse. This is an expanded
version of the talk given at the “Workshop on Hodge Theory Afgebraic Geometry” in
Povo (Trento) on 4-5 September 2009.

1. Introduction

Let Aq be the moduli space of principally polarized abelian vagof dimensiog and
let j : Mg — Ag be the period map sending a curve to its Jacobian. It is arestiag
and classical problem to understand the geometry of thedroflgly in Aq.

On Ay there is a natural metric coming from the unique (up to s¢&8af2g, R)
invariant metric on the Siegel spaklg ~ Sp(2g,R) /U (g) of which Ag is the quotient
by Sp(29,Z). In [12] we studied the metric oMy induced by this metric via the
period map, which we call the Siegel metric. In [14] an explexpression for the
second fundamental form of the immersipis given and it is proven that the second
fundamental form lifts the second Gaussian map I2(Kc) — H%(C,4Kc), as stated
in an unpublished paper of Green and Griffiths (cf. [16]).

This paper is a survey of results that were obtained in cotktion with Elisa-
betta Colombo and Giuseppe Pareschiin [10, 12, 11, 13] osgbend Gaussian map
y% of a curveC and its relation to the second fundamental form of the periag.

More precisely, in Section 2 we recall the definition of theu&sian (or Wahl)
maps, while in Section 3 we describe some results of [12] eomieg the computation
of the holomorphic sectional curvature iy, endowed with the Siegel metric, along
the tangent directions given by the Schiffer variationdeims of the second Gaussian
mapy2.

In Section 4 we first explain some results of [10], namely tbmputation of
the rank ofy2 on the hyperelliptic and trigonal loci. Then from these tesand
from the fact (proven in [10]) that for a non-hyperelliptiodanon-trigonal curve of
genusg > 5, the image ofyé is base point free, we derive some properties of the
holomorphic sectional curvature bfq. In particular along a Schiffer variatidgp the
holomorphic sectional curvatuté(p) of Mg is strictly smaller than the holomorphic
sectional curvature ofgy unlessP is either a Weierstrass point of a hyperelliptic curve
or a ramification point of the} on a trigonal curve. In these last casé$ép) = —1.

*The present work took place in the realm of the MIUR researofept “Moduli, strutture geometriche
e loro applicazioni” (PRIN 2007)
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In Section 5 we restrict our attention to the hyperellipicds and we show
that the holomorphic sectional curvature of the hypergédlijpcus, computed along the
Schiffer variations at the Weierstrass points of the cusvdéntically equal te-1.

In Section 6 we describe some results of [11] on the secondstaumap of a
curve in a K3 surface. More precisely we explain the stratéfghe proof of the main
result of [11], which asserts that for a general hyperplacéen of a general polarized
K3 surface of genug > 280,y(2; is surjective. From this and with the help of some
examples that we found in [10], we deduce that for the gererak of genug > 152,
y2 is surjective.

Very recently, Calabri, Ciliberto and Miranda in [5] haveosm thaty% has
maximal rank for the general curve of any gemisiamely it is injective fog < 17
and surjective fog > 18. Their proof is achieved by degeneration to a stable binar
curve, i.e. a the union of two rational curves meeting #tl points.

Finally in Section 7 we report on results on the first and treosd Gaussian
map for a curve on an abelian surface obtained in [13].

The main result of [13] roughly says that if a cu@és contained in an abelian
surface, the corank of is at least 2, hence it is never surjective.

Recall that by an important theorem of Wahl ([27]), we knoattlfi a curve is
a hyperplane section of a K3 surface, the first Gaussian (bih)\Weap is not surjective
(cf. also [3]).

In [13] we also proved that for a “sufficiently ample” cur@econtained in an
abelian surface the first Wahl map is surjective (see Thedrdnfor a precise state-
ment).

Finally recall Ciliberto-Harris-Miranda’s theorem ([&ee also Voisin’s proof
in [24]), stating that the first Wahl map of the generic curf’/g@enusg is surjective as
soon as this is numerically possible, i.e. {pr 10, with the exception of = 11. For
g < 10 andg = 11 it is known that the generic curve lies on a K3 surface {[20]

Acknowledgments.This survey is an expanded version of the talk given at thekWor
shop on Hodge Theory and Algebraic Geometry, Povo (Trentb)3eptember 2009.
It is a pleasure to thank the organizers of that conference.

2. Definition of Gaussian maps

LetY be a smooth complex projective variety anddetC Y x Y be the diagonal. Let
L andM be line bundles oifY. For a non-negative integér the k-th Gaussian map
associated to these data is the restriction to diagonal map

(1) YEm i HO(Y X Y15, @ LEIM) — HO(Y,I‘A(Y‘M®L®M) ~HOY, SQt o LoM).

Usually first Gaussian maps are simply referred toGaussian mapsThe exact se-
qguence

(2) 0— Ixt — I, = SQ§ -0
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(whereS‘QY is identified to its image via the diagonal map), twisted 5 M, shows
that the domain of thk-th Gaussian map is the kernel of the previous one:

Yim: kery'ﬁ,’,\% —HYSQLoLaM).
In what follows, we will deal with Gaussian maps of order ond &wo, assuming also
that the two line bundles andM coincide. The may? is the multiplication map of
global sections
3) HO(X,L) @ HO(X,L) — HO(X,L?)
which obviously vanishes identically ox?H?(L). Consequently,

HO(Y x Y, lp, @ LKIL)

decomposes as’HO(L) @ 1,(L), wherel,(L) is the kernel o82HO(X, L) — HO(X,L2).
Sincey{ vanishes on symmetric tensors, one writes

(4) YL APHO(L) = HO(QF & L).
Again, HO(Y x Y13 ® LKL) decomposes as the sumlpfL) and the kernel of (4).
Sincey? vanishes identically on skew-symmetric tensors, one lsuaites

(5) vZ i 1o(L) —» HY(SQL @ L?).

(In general, Gaussian maps of even, respectively odd, geshésh identically on skew-
symmetric, respectively symmetric, tensors.) The seccsuasSian mapé is the sec-
ond Gaussian map of the canonical line bundle. In what falaxe will also deal with
the first Wahl mapyg, which is the first Gaussian map of the canonical bundle. We
have:

V& 1 A2HO(Ke) — HO(3Kc)
2 1 12(Ke) — HO(4Ke).

Let us now also give the expressionw@fandy% in local coordinates. Fix a
basis{w} of HO(Kc). In local coordinates, assume that= fi(z)dz Then we have

y&(on Awj) = (F/fj — £f)(d2)°.

LetQ e Ix(Ke), Q=3 jajw @ wj, recall thaty; ; &;j fi f; = 0, and sincey |
are symmetric, we also hayg  a; f/ fj = 0. The local expression ¢§(Q) is

(6) VR(Q) =3 ay ' 5(d2* = — 5 ay f/ 1] (d2".
1) )
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3. The Siegel metric

Let Mg, respectively\/lén), be the moduli space of smooth gemusurves, respectively
of smooth genug curves with a fixear-level structure.

LetAg, respectivel;AE,”), be the moduli space gfdimensional principally po-
larized Abelian varieties, respectively gfdimensional principally polarized Abelian
varieties with an-level structure.

Denote by

Hg:={Z€M(g,C) |Z='Z,ImZ >0}

the Siegel space so thay is the quotient oHg by the action oSp(2g,Z) andAé") is
the quotient ofHg by ken(Sp(29,Z) — S29,Z/nZ)). Denote byj : Mg — A4, and
jn Mé,”) — Ag‘) the period maps which send a curve to its Jacobian.

The Torelli theorem states thits injective, whilej" is two-to-one on the im-
age and ramified over the hyperelliptic locus. In fact miittgtion by —1 in H(C, Z)
= HY(JC,Z), whereJC s the Jacobian of the cun@; is induced by an automorphism
of abelian varieties but not by an automorphism of non-hgltitic curves. The local
Torelli theorem says that outside the hyperelliptic locnd eestricted to the hyperel-
liptic locus the period map is an immersion (cf. [21]). Froownon we shall work on
Mém andAé,”), with n > 3, since they are smooth, everything works in the same way on
Mg andAg but in the orbifold context.

We will now define the Siegel metric.

The Siegel spacHy is a homogeneous space and it can be seen as the quotient
Sp2g,R)/U(g). We call the unique (up to scalar) invariant metric Siegeirine

Let F be the homogeneous vector bundlelpassociated to the standage
dimensional representation bf(g,C). The Hodge metrih on F is the only (up to
multiplication by scalars) invariant metric on the homoegeus bundld-. Moreover
through the identification

ng ~ SF

the Hodge metric ofr defines the Siegel metric dt, .

The Siegel metric ofly defines a metric oAé,”) andAg and, through the period
map, an induced metric dmé”) and Mg outside the hyperelliptic locus, and on the

hyperelliptic locus itself. We call all these metrics Sibgetrics.
These metrics can be described in terms of polarized vaniati Hodge struc-

tures. More precisely, oné,n) we have the universal familyp: 2 — Aé,n), and the

polarized variation of Hodge structures associated to dallsystenR'¢,Z. The

associated Hodge bundje! can be identified Withp*(Ql‘ ), WhereQ? A is the
A A

sheaf of relative holomorphic one forms. The polarizatimifuices a Hermitian metric
onR@.C and ong !, which we call the Hodge metric. In fact the pullbacksot on
Hg is the bundld= and the pullback of the metric is the Hodge metriccarHence the
Siegel metric is induced by the Hodge metric through thetifleation S?# 1 = Qi\ém.



Second Gaussian map for curves 255

On Mén) we have the universal family : ¢ — Mén) with induced relative du-

alizing sheaiKC‘Mm). The local systenR', Z coincides with the pullback dR',Z
*]
through the period map: at a poij@] € Mé”), we haveH(C,7) = HY(JC Z). The

non-degenerate Hermitian productldi(C,C), defined by the polarization is the fol-
lowing: for any[n],[§] € HY(C,C), we have

(). [&) =i [ nE,

The Hodge bundle can be identified W'l]h(KC‘Mm)), and the corresponding Hodge
9
metric yields a metric o2 1 = j(“)*Qi\g,), hence orj m)*TAg;% and by restriction the
Siegel metric om, (m).-
*]

We finally observe that for the sake of simplicity we defineel 8iegel metric
on the fine moduli spachflén), but we also have a Siegel metric My viewed as an
orbifold.

Recall that outside the hyperelliptic locus we have the sage of tangent bun-

dles:
7 0= T o — |V ) S —0
(7) g I T = A0,

whose dual, under the identifications

i(nN)xl ~ 1 ~ 2
jrQ —SZ(UJ*KC‘Mém), Qi =W (KE o),

A
is

(8) 0— 1o — FWK ) D P (K2 ) —0,

cmg” cimg”

wherer; := a4(* andmis the multiplication map.

The Hermitian connection of the variation of Hodge struesug 1\, C, the

Gauss-Manin connection, defines a Hermitian connectiorr én= l]J*KC‘Mm), thus
9
on# 1" aswell as?# L andSP# 1" ~ j<“)*fng]), which we denote byl

The exact sequence (7) defines a second fundamental form,

0 € Hom(7, ), N @ Q" ), 025> T(O(S)).
g Mg

Similarly the exact sequence (8) defines the second fundairferm

pe Hom(lz,LIJ*(KiMm)) ®Q;én)> :

g

Clearlyo yields a linear mag : 7

. 1 1 i
My ® erén) —AL,andp: Iz — QM&”) ® QM&’” is the

dual ofG.
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In [12] we computed the curvature forR of Ty 4 in terms of the curvature
9

form R of j<”)*(fng,)) and the second fundamental foanIn fact we have

9) (R(s).t) = (R(s),t) — (a(9),0(1)),
wheres,t are local sections OfMgn>-

The exact sequence (7)[&f € Mé,m is
(10) 0 HY(Te) = F(H(Ke))" = 12(C)* 0,
thuso yields a homomorphism
(11) 0 : H(Tc) — Hom(lo(Ke), HO(2Ke)).

Analogously, afC] € Mén) the exact sequence (8) is:

(12) 0— Iz(Ke) = S(H(Ke)) 5 HO(2Ke) — 0,
hence the second fundamental foprgives a homomorphism
(13) p:l2(Ke) — Hom(H(Tc),HO(2Ke))
and for everyw € H(Tc), and for evenQ € I,(C), we have
o(V)(Q) =p(Q)(v).
In [12], to compute the curvature form %Ié”) at[C] e Mé,n), we used some re-

sults of [14]. Namely in [14] it is proven that the mapwhose image is i§"H(2Kc),
is a lifting of the second Gaussian m@. as in the following diagram

(14) I2(Ke) —> SPHO(2K)

where the mapnis given by multiplication.

Moreover in [14] an explicit computation of the imagemft the tangent di-
rection given by a Schiffer variation at a poiatof C is given in terms of the second
Gaussian map, namely we have:

(15) &p(P(Q)(Ep)) = 2miyE(Q)(P),

for every quadri® < I.
Let us briefly recall the definition dfp. Consider the exact sequence

0—Tc—Tc(P)— TC(P)“D — 0.
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Notice thalHO(Tc(P)‘p) = C. If we denote the coboundary map by
8:HO(Te(P)jp) — H(Tc),

we have dinfim(d)) = 1. Any non-zero elemergp in Im(d) is called a Schiffer varia-
tion. Let us a choose a local coordinat@ a neighborhood oP. Under the Dolbeault
isomorphismH?(Tc) =2 HOY(Te), it is represented by the forfip = 20bp ® £, where
bp is a bump function arounB. Notice that if we choosbp to be one in a neighbor-
hood ofP for this choice of local coordinate & depends only on the choice nand
in fact also formula (15) depends an

Using these results, in [12] we obtained a closed expresésidhe holomorphic

sectional curvature orfM(n) at[C] € Mé”) along the tangent directions given by the
9

Schiffer variation€p. More precisely, the following holds.

THEOREM1. ([12]) The holomorphic sectional curvature of . at [Cle Mé”)
9

computed at the tangent vectgys is given by

1 _
HEp) = WW(EP%EPXEP,EP)

1
= e L PPR Z M@

where{Q;} is an orthonormal basis 0§) {w; } is an orthonormal basis of {Kc) and
in a local coordinate z around P, we hawg = fj(z)dz.

In the above formula;-1 is the value of the holomorphic sectional curvature of
Ag') calculated along the tangent directiond@te Mén) given byép, for all P € C,
while the termeW 5ilV2(Q)(P)|? represents the contribution given by
the second fundamental form.

4. Second Gaussian map and curvature

We first recall some results on the second Gaussian map edteir10].

Assume thaC is either a hyperelliptic curve of gengs> 3, or a trigonal curve
of genusg > 4. Let|F| denote thegs in the hyperelliptic case, tr‘@ in the trigonal
case. Letpr : C — P! be the induced morphism andt P! — P9-1 be the Veronese
embedding, so that in the hyperelliptic cage= v o @, whereg is the canonical
map. Observe that in the hyperelliptic case the hyperaliptolution T acts as—Id
on HO(KC), so we have an exact sequence

0— I2(Ke) = S(HO(Ke)) — HO(2Ke) T — 0,

whereH%(2Kc)* denotes the-invariant part oH%(2Kc) whose dimension i€2g — 1)
andlz(Kc) is the vector space of the quadrics containing the ratiomahal curve.
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Setl := K¢ —F, and fix a basigx, y} of HO(F ), and a basigty, ..., t, } of HO(L)
both in the hyperelliptic and in the trigonal case. We haveear map

WiAZ(HOL)) — 12, G AL — Qij =Xt @Yt — Xtj @ Y&
In both cases the linear majp: A2(H°(L)) — I, is an isomorphism as can be easily

checked or found in [1].
An easy computation in local coordinates shows that we have

Y& (Qij) = VE XAYYL(t AL),
hence, for any quadriQ of rank four, we have

Y&(Q) = YE(XAYVL(W Q).

So, if we denote by, . .., q the ramification points of either ttgg, or of theg%, we see
that the image of2 is contained itH(4Kc — (g1 +---+q;)) and ranky2) = rank(y}).
In fact,

div(&(Q)) = div(yE (xAY)) +div(yt (W H(Q))) = qu+ -~ +a +div(yL (W H(Q)).

Thereforey2(Q)(qi) =0foralli=1,...,1.

Using the above observations and the computation of theohifie first Gaus-
sian map of the canonical linear series for hyperelliptioves done in [9], in [10] we
proved the following

PrRoOPOSITIOND. ([10, Lem. 4.1, Prop. 4.2]) Let C be a hyperelliptic curve of
genus g> 3. Then the rank o{'é is 2g — 5and its image is contained in

HO(4Ke — (a1 + -+~ + Ozg-2)),

where{qy,...,0xg4+2} are the Weierstrass points.

Assume now tha€ is non-hyperelliptic trigonal curve of gengs> 4. Let
IF| be theg} on C, assumeF = p; + p, + ps, pi € C. Denote byl = Kc — F =
Kc — p1— p2— ps, dedL) =2g—5, hO(L) = g—2. ThusHO(L) c H%(K¢) and
yi = y&‘AzHo(&7p17p27p3). In [9] it is proven that for the general trigonal curve of
genusg > 4, dim(cokeryi)) = g+ 5, moreover specific examples of trigonal curves
(whose genera are all equal to 1 modulo 3) such that the carfayikis g+ 5 are ex-
hibited. Using results of [15], in [4] Brawner proved thatrdcokeryy )) = g+ 5 for
any trigonal curve of genug> 4.

In [10] we determined the rank Q‘E for trigonal curves, computing the rank of
yt and generalizing the computation done in [15] and [4}yfbr

THEOREM?Z2. ([10]) For any trigonal non-hyperelliptic curve C of genust4,
the image of/2 is contained in (4K — (g1 + - - + Gog+4)), Where g + - - + g+ 4 IS
the ramification divisor of thelg

If g > 8, the rank ofy2 is 49— 18.
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We also recall

THEOREM 3. ([10]) Assume that C is smooth curve of genus §, which is
non-hyperelliptic and non-trigonal. Then for anyeRC there exists a quadric @ |2
such thaty (P) # 0. Equivalently, for all P C, Im(y3) ¢ H°(4Kc — P).

AssumeC] € Mén), with g > 4, C non-hyperelliptic. Then Theorem 1 allows us
to define a functiofr : C — R, given by the holomorphic sectional curvature evaluated
along the tangent vectors given by the Schiffer variations:

1

PP =) = G,

BIBE > Y&(Q)(P)I? < -1,

where{Q} is an orthonormal basis &f(Kc), {wj} is an orthonormal basis 6f°(Kc),
andwj = fj(z)dzis a local expression arouritd

PROPOSITION2. ([12])

e If g =4, the set of points B C such that KP) = —1 s finite, which implies that
F is non-constant.

e Ifg >5and Cis neither hyperelliptic nor trigonal, thenP) < —1forall P € C.

e If C is a trigonal curve of genug 4, F(P) = H(§p) = —1 for every P C
which is a ramification point of thegwhile there exist points & C such that
F(x) < —1, hence F is not constant.

Proof. AssumeC has genus 4, then the dimensiorlpfs one and, can be generated
by a quadri® of rank 4 which has norm 1. S6(P) = —1— 5 ‘lfj(P)‘ 7 IV2(Q)(P)[?
J

for all P € C, hence there is a finite number of poiftsuch thay2(Q)(P) = 0, so in
these points we hawe(P) = —1, whileF(P) < —1 elsewhere .

As regards the second statement, we observeRlR} = —1 if and only if
y2(Qi)(P) = 0 for all i, where{Q;} is an orthonormal basis ®$. But then we must
havey2(Q)(P) = 0 for all Q € I,. So the proof follows by Theorem 3.

The last statement follows from Theorem 2 and from the olagin that ifx is
a point inC such that/2(Qq)(x) # 0, we haveF (x) < —1. O

REMARK 1. The previous statements imply that for any cudre Mén), not
hyperelliptic, nor trigonal, for every poiR € C the holomorphic sectional curvature
of Mén), atC along the tangent directions given gy is strictly smaller than the holo-
morphic sectional curvature @fgn).

On the other hand, in the trigonal case, along the Schifféatians at the ram-
ification points of theg3, (which are a basis of the tangent space to the trigonal Jocus

the holomorphic sectional curvaturer,"), coincides with the holomorphic sectional
curvature ofAJ" .
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5. The hyperelliptic locus

We will now explain some results obtained in [10] and [12] ba hyperelliptic locus

HEg C Mé,”). Recall that by local Torelli, the restriction of the perimép toHEg is an
injective immersion (cf. [21]). Therefore we have the exssjuence

0—>‘THEg )\HE iMHEg\ m — 0,

and we denote by
OHE ! THE; — H0m(‘THEg,NHEg‘A‘<Jn>)

the associated second fundamental form angy the second fundamental form of
the dual exact sequence. At the pddt € HEy the dual exact sequence is

0— I — S(HO(Ke)) — HO(2Ke)™*
whereHO%(2Kc)* is the invariant part oH%(2Kc) under the hyperelliptic involution
andl; is the vector space of the quadrics containing the ratiooahal curve, so that

PHE - |2—>H0m(‘THE cp O(ZKC)+).

We recall that the set of Schiffer variations at the Weiastipoint$ generates
THEg [C)-

In [12], we observed that we have a formula which is similaf1ts) at a Weier-
strass poinP € C:

&p(PHE(Q)(Ep)) = YE(Q)(P)

Let us denote byHne the holomorphic sectional curvature ofig,, if [C] €
HEg andP € C is a Weiestrass point, we have the same expressiddfe(&p) as in
Theorem 1, namely

1

(16) Hue(Ep) = —1— 64205 |1, (PI)° Z V&(Q)(P)?

where{Q;} is an orthonormal basis d§ and {ooj =loc. fj(2)dz} is an orthonormal
basis ofHO(Kc).
So, using Proposition 1, we have the following

COROLLARY 1. ([12]) Let [C] € HEg, then Hye(&p) = —1, for any Weierstrass
point Pe C.

Proof. The proof immediately follows from (16) and from Propositib. O

6. Curves on K3 surfaces and results for the general curve

In this section we will explain some results of [11] on them®t Gaussian map for
curves on K3 surfaces, from which we have also deduced s$wifgof the 2nd Gaus-
sian map for the general curve of sufficiently high genus.rllre will also discuss a
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theorem of [5] in which, with different methods, they provat the second Gaussian
map for the general curv@ of any genus has maximal rank.

First of all let us recall that Wahl ([27]) has given a defotima theoretic inter-
pretation of the first Gaussian map, showing that if a caradmigrve can be extended
in projective space as a hyperplane section of a surfacewihioot a cone, then the
first Gaussian map is not surjective.

In particular in [27] it is proven that if a curve lies on a K3rface, the first
Gaussian map cannot be surjective (see also [3]).

The obstruction to the surjectivity of the first Gaussian rfaam curve in a K3
surface is given by the extension class of the cotangentsegu

(17) 0— Ke' = Qe = Ke =0,
which is a non-trivial element in the kernel of the dual of fliet Gaussian map (see
[3]).

To study the second Gaussian m%dor a curve in a K3 surfacX it is natural
to consider the “symmetric square” of the cotangent extensi

(18) 0— Qxc@Ket — SQx c — K& — 0.

This does not give any obstruction to the surjectivityyéffor the general curve in a
general K3 surface, while it gives an obstructio@is any curve in an abelian surface,
as it is proven in [13]. In fact in the next section we will diss a result obtained in
[13], that asserts that @ is a curve in an abelian surfage then the corank of2 is at
least two.

The main result that we obtained for curves in K3 surfacesaddllowing

THEOREM 4. ([11]) If X is a general polarized K3 surface of degrég— 2
with g > 280and C is a general hyperplane section of X, tlvén‘s surjective.

Let us explain the strategy of the proof of Theorem 4. We hheefollowing
commutative diagram

2

(19) 1,(0x(C)) Yox© HO(S2QL @ 0x(2C))
\
r HO(SQg c ® KE)
/
12(Ke) HO(KQ)
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wherer andp; are restriction maps, ang comes from the conormal extension. More
precisely, consider the second symmetric square of thexgetd exact sequence (18)
tensored by<&:

(20) 0— Qyc@Ke = SO @KE = KE =0,
then we have

HO(SPQ c @ KQ) B HO(KE) — HY Q% c ® Ke) = H(Txc)",
hencep, is surjective by the following lemma.

LEMMA 1. If X is a general K3 surface and C a general curve of genus a&tlea
13in the very ample linear systefax (C)| then H(Ty c) = 0.

Proof. By the exact sequence given by restrictionTaf to C, H°(Tx‘c) injects in
H(Tx(—C)), which vanishes by lemma (2.3) of [8]. O

The theorem follows if we prove that also the ma@§(c) andp; are surjective.
In fact in [11] we exhibited examples of paifX,C) whereX is a K3 andC is a very
ample curve inX of any genug sufficiently high ¢ > 281) for Whichygx(c) andp;
are surjective.

To do this we followed the strategy used in [7] to study the fivahl map. More
precisely, from the exact sequence

(21)  0— 13, ®p*(0x(C)) ®q*(0x(C)) — 13, ® p*(0x(C)) @ q"(0x(C))
= 13,/ 1a, @ P*(0x(C)) ®q*(0x(C)) = 0

and taking global sections, we see W%}(@) is surjective ifH (I3 © p*(ox(C)) @
q°(ox(C))) =0.

The idea used in [7] is to consider the blowXipf X x X along the diagonalx
and to use Kawamata—Viehweg vanishing theorem ([18, 2&})ELbe the exceptional
divisor and denote bit: Y — X x X the natural morphism and Hy:= po1,g:=qoTt
Then

HY(13, ® p*(0x(C)) @ q*(0x(C))) = HY(Y,f*(0x(C)) @ g*(0x(C))(—3E))
= HY(Y, *(0x(C)) @ g*(0x(C)) @ Ky (—4E)),

sinceKy = oy(E). So by the Kawamata—Viehweg vanishing theorem, it suffioes t
prove thatf*(ox(C)) ® g*(0x(C))(—4E) is big and nef.

Now notice that if one decomposes (C) as®!* ;A;, whereA; are line bun-
dles onX, thenL = &%, (f*(A)) ® g*(A))(—E)). To obtain thatL is big and nef, we
asked suitable conditions on the line bundd¢sand we studied the sublinear system
of |£*(A) @ g*(A)(—E)| given byP(A2(HO(A))) (cf. lemma 3.3 of [11]).
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Consider now the map
p1: HO(SQ5 @ 0x(2C)) — H(SPQx c @ KQ).

Clearly p; is surjective ifH(SQ% @ ox(C)) = 0.
To prove this vanishing we observed that, given a decomipagiff ox(C) as
ox(D)® ox(D’), we have

HY(S’Qx ® 0x(C)) = HY (X x X, IZ, /13, ® P (0x (D)) © " (0x (D)),

hence its vanishing is implied by that B! (X x X, ng ® p*(ox(D)) @ g*(ox(D")))
and ofH#(X x X, 13 © p*(0x(D)) ©q*(ox(D"))).

So, with the same argument as above, it suffices to showfthatx (D)) ®
g*(ox(D'))(—4E) is big and nef. The strategy is now to choesgD) = @ ;A and
D’ = D + B with B nef and effective, and také € |2D + B|.

The above decompositions are shown on concrete example3 sfifacesX
and of curvesC in X, which are explicitely constructed via their Picard lagsc(cf.
proposition 3.4 of [11]).

Using this result and some examples given in [10], we dedueéadilowing

COROLLARY 2. ([11]) For the general curve of genus greater thas2, the
second Gaussian maf is surjective.

Proof. By Theorem 4 and the semicontinuity of the coranlyéf for a general curve
of genus greater than 28@% is surjective. Surjectivity for the general curve of genus
153< g < 280 can be proved exhibiting examples of curves of ggnwith surjective
second Gaussian map, which are either hyperplane sectiengadarized K3 surface
as in the proof of Theorem 4 given in [11], or lying in the protaf two curves as in
[10, theorem 3.1].

More precisely lelC;, C; be two smooth curves of respective gengragp,
choose divisor®; on C; of degreed;, i = 1,2. SetX =C; x Cy, letC € |p1*(D1) ®
p2*(D2)| be a smooth curve, whepgis the projection fron€; x C; onC;, theng(C) =
1+ (g2—1)di+ (g1 — 1)dp +didy.

In [10] we proved that if eithegi, g2 > 2, d > 2g; +5,i = 1,2, orgs > 2,
g2=1,d1 > 291 +5,d2 > 7, 0rg2 = 0,dz > 7, dp(g1 — 1) > 20y > 4g; + 10, theny2
is surjective.

Then one has to check directly that these valueg©J cover all the remaining
integers between 153 and 280. O

Note that, for dimensional reasons, surjectivity can becetgd for a general
curve of genus at least 18, and in fact recently in [5] Calabiliberto and Miranda
showed that for the general curve of geigus 18, the second Gaussian map is surjec-
tive. More precisely they proved the following

THEOREM 5. ([5], Theorem 1). The second Gaussian mgp: I2(Kc) —
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HO(C,4Kc) for C a general curve of any genus g has maximal rank, namyrijec-
tive for g< 17 and surjective for g~ 18.

The proof they gave in [5] relies on the study of the limit of decond Gaussian
map when the general curve of gemqudegenerates to a general stable binary curve, i.e.
the union of two rational curves meetinggat 1 points. The theorem then follows by
upper semicontinuity. For such a stable binary ci@uwhey explicitly write down the
ideall2(Kc) and they first describe the 2nd Gaussian mayCfonodulo torsion, then
they deal with the torsion part. By direct computations perfed with Maple, they
verify the injectivity for a general binary curve of gergis. 17 and the surjectivity for
g = 18. Finally they complete the argument by inductiorgofor g > 19.

We have observed in the proof of Corollary 2 that examplesuofes whose
second Gaussian map is surjective were already given in(féOturves in the prod-
uct of two curves) and we recall that other examples werengiwd2] (for complete
intersections). Notice that using complete intersectibissnot possible to deduce sur-
jectivity for the general curve of any sufficiently high gendue to restrictions on the
genus.

On the other hand, Theorem 4 shows that general curves on &ces of
sufficiently high genus behave as general curves in the mepate, with respect to
the second Gaussian map.

Finally, we also observe that with the method used in [11]rave Theorem
4 it is impossible to reach the optimal lower bound for thewgeaf the curveC, in
fact the conditions that we gave on the line bundieand the decompositiony (C) =
0x (2D + B) force the genus o to be high.

Moreover, the vanishing dfi}(SQ% ® ox(C)) itself, already implies that the
curveC must be of genus at least 31, as one can check looking at ttrectiea of
Q} ® Q¥ (C) to C and the induced cohomology exact sequence.

7. Curves on abelian surfaces

In this section we discuss some results obtained in col&lwor with E. Colombo and
G. Pareschi in [13] on the first and the second Gaussian magufees on abelian
surfaces.

The first result says that the first Gaussian map for a “sufffiiample” curve
in an abelian surface is surjective. In fact we have the falg

THEOREM 6 ([13]). Let C be a smooth irreducible curve contained in an
abelian surface X. Assume that the first Gaussian map of ieeblindleox (C) on
the surface X is surjective and that the multiplication map

V())(,C : HO(X7 ox(C))® HO(CvKC) - HO(Ké)

is surjective (for example, both conditions hol@if(C) is at least a5-th power of an
ample line bundle on X, see [22]). Then the first Gaussian nfi&pis surjective.
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REMARK 2. Recently in [19] it is shown that for a cur@of genusg > 145
sitting on a very general abelian surfaXethe first Gaussian map of the line bundle
0x(C) on the surfac is surjective. Hence by Theorem 6 we obtain the surjectivity
of the first Gaussian map @, and therefore a new proof of the surjectivity of the map
y(1: for the general curve of genus145.

The main theorem of [13] asserts that if a cufés contained in an abelian
surface, the second Gaussian nvéps not surjective. More precisely, let us introduce
the following notation. Given a subspagec HO(Kc), we will denote

SW-HO(K3)

the image ofPW @ HO(K2) in HO(K2) via the natural multiplication map. W is 2-
dimensional and base point free, the base-point-free peiti implies that W -
HO(KZ) has codimension 2 i°(K2). If C is embedded in abelian surface, then
HO(Q}) is naturally a (base-point-free) 2-dimensional subsp#de®dKc). We have
the following

THEOREM7. ([13]) Let C be a curve contained in abelian surface X. Then th
image of the second Gaussian mgyis contained in 834°(Q}) - HO(KZ) (notation as
above). Therefore the corankyﬁ is at least2. Moreover, if the second Gaussian map
of the surface X is surjective, then the image of the ggaponcides with 3H°(Q%) -

HO(KE).

The above theorem can also be stated as follows. Given aatdsa H 1(oc),
letV c HO(Kc) be its conjugate.

COROLLARY 3. ([13]) LetC c P93 be a canonically embedded curve of genus
g, obtained from the complete canonical embedding BH(oc) = P9-1 by projec-
tion from a linePV c PH!(oc), dimV = 2. If C is a hyperplane section of an abelian
surface Xc P92 then
Im(yg) C SV-HO(KQ).

The proofs of the above results rely on cohomological methatiich are sim-
ilar to the ones used in [3].
Let us sketch the proof of Theorem 7.

First of all let us see the Gaussian maps defined ablthef maps of coherent
sheaves on the varie¥ This is achieved as follows: Igtandq be the two projections
of Y x Y. Applying p. to the exact sequences (2) tensored by a line buvidiae gets
the exact sequences

k
22) 0— p.(15 2 g'M) = p.(1§, M) & Qb o m,

The Gaussian mapy{M of (1) are obtained by tensoring withand takingH%(L @ ¢).
Let us spell out how the Gaussian magslook like in this setting. LeRc be
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the kernel of the evaluation map K§:

(23) 0— Re 5 HO(Ke) @ 0c — Ke — 0

(i.e. sequence (22) fof =C, M = K¢, k= 0). By (22) (same setting) fdt=1 we
have the natural map

(24) Re > KZ.
Tensoring withKc and takingH® one obtains the first Wahl map
(25) ve  HARe®@Ke) = HO(KQ).

One has the exact sequence
(26) 0— |§C%OCXC%0A(2:%0

whereAZ denotes the first infinitesimal neighborhood.

Tensoring sequence (26) witfiKc and applyingp., wherep andq are the two
projections fronC x C, one gets the exact sequence

27) 0 R 5 HO(Ke) @ oc & Pe(Ke)
where

(28) RE = p.(q"(Ke) @13,),

and

Re(Ke) = p.(d' (Ke) © 0p2)
is the bundle of principal parts ¢%.

REMARK 3. We have the commutative diagram

0 0

0 K& Pe(Ke) Kc 0

Notice that the mayg of (24) is surjective if and only if the evaluation mapis sur-
jective. This is in turn equivalent to the immersivity of tb@nonical map, which holds
if and only if C is non-hyperelliptic.
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Sequence (22) fdt=2,Y = C andM = K¢ provides the natural map

(29) R2 % K&,
Tensoring withKc and takingH® one obtains the second Wahl map
(30) vé 1 HO(RE ®Ke) — HO(KE),
The coboundary map of the exact sequence (20),
fo : HO(KE) — HY(QX @ Ke) = HY(Ke)®2 = C*2

is identified, by Serre duality, to the extension cless Extl(Kg,Q)%‘c) of sequence
(18). The first part of the statement of Theorem 7 is equitdten

(31) fgoyd =0.

Let us work in the dual setting.
Applying Ext'(-, Q)lqc) to the magy’ of (29) one gets the map

Q: Eth(ngg)l(\C) - Eth(%aQ;L(\C)

(which is identified to two copies of the dual map of the sec@ahl map) and it is
easily seen that (31) is equivalent to the fact that

(32) o) = 0.

Applying Extl(-,Q)lqc) to the mapf’ of (27) we get the map
Y Hom(HO(Ke), HY(Q% c)) = Ext (HO(Ke) ® oc, Qy ) — Ext'(RE, Q% c)-

Now let us denote b the composition of the coboundary miEP(Kc) — HY(ox) of
the standard exact sequence

0— 0ox — 0x(C) = Kc — 0,

and the magH(d) : H(ox) — Hl(Q)lqc), induced by the derivatiod : 0x — Q%.
Note thatH*(d) is the zero map since the Hodge—Frolicher spectral sequisgemer-
ates at level oE;. Hence the map is equal to zero.

To conclude the proof of the first part of Theorem 7, we shoveddllowing
result, whose proof can be found in [13].

CLAIM . @(€) = Y(d) = 0.
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The last part of the statement follows from the commutatiiggichm (con-
structed as diagram (19))

2
Yoy (c

(33) 12(0x (C)) —2£ HO(QL © ox (2C))
HO($Q5 c © KE)
l2(Ke) v HO(KQ)

This completes the proof of Theorem 7.

Finally, in [22, Th. 2.2] itis shown that, ibx (C) is at least a 7-power of a (nec-
essarily ample) line bundle aX, then the second Gaussian "V%Q(C) is surjective.
Hence we have the following

COROLLARY 4. ([13]) Let X be an abelian surface, let be an ample line
bundle on X and let k- 7. Then, for every smooth and irreducible curveCc K|, the
image of second Wahl map

V&t l2(Ke) — HO(KQ)
is the 2-codimensional subspac&8(Q%) - HO(K3).

REMARK 4. 1. Using Proposition 3.2 of [19] as in Remark 2, one can@rov
that for a curve sitting on a very general abelian surfaceenfugg > 257 the
second Gaussian ma@x © is surjective, hence the image of second Wahl map

V2 1 12(Kc) — HO(KQ) is the 2-codimensional subspa®#°(Q%) - HO(K2).
2. Assume thaX = E; x Ep, with E; elliptic curves, lefp; : X — E; be the projection

maps,D; divisors of degreel onE;. As in theorem 3.1 of [10], one shows that
if C e |pj(D1) ® p3(D2)l, andd;, > 7, thenygX (c) Is surjective, hence also in this

case the image of is the 2-codimensional subspe®#°(Q%) - HO(K2).
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EXAMPLES OF CALABI-YAU THREEFOLDS
PARAMETRISED BY SHIMURA VARIETIES

Abstract. These are notes from talks of the authors on some explicihples of families of
Calabi-Yau threefolds which are parametrised by a Shimarety. We briefly review the
periods of Calabi—Yau threefolds and we discuss a recealt @s Picard—Fuchs equations
for threefolds which are hypersurfaces with many automiemph. Next various examples of
families parametrised by Shimura varieties are given. Mbshese are due to J.C. Rohde.
The examples with an automorphism of order three are givesonne detail. We recall that
such families do not have maximally unipotent monodromythiadithe Shimura varieties in
these cases are ball quotients.

Introduction

Calabi—Yau threefolds have been intensively studied irctirgext of Mirror Symme-
try, which originated in theoretical physics. The most bagrsion of this principle
states that given a CY threefok|, there should exist a CY threefol the Mirror
of X, with ht(X) = h?1(Y) andh?1(X) = ht1(Y). A further requirement is that the
variation of Hodge structures on the third cohomology grouthe deformations of
X is related, in specific way, to the Kahler cone in the secortbomlogy group of
the deformations of. There are now quite a few cases where such Mirror pairs have
been found and where profound aspects of Mirror Symmets, e relation with
Gromov—Witten invariants, have been verified.

As CY threefolds are assumed to be projective (or at leastefghin case
h21(X) = 0 there cannot exist a Mirror of. Quite a few of such (rigid) threefolds
X are known and a modification of Mirror Symmetry, in one speafise, was pro-
posed in [6]. The expected relation between deformations ahd the Kéhler cone
of Y requires that there exist boundary points in the (compleiciire) moduli space
of X where the variation of Hodge structures on lhthas maximally unipotent mon-
odromy. It was recently pointed out by J.C. Rohde [25] thatétdo exist families of
CY threefolds which do not admit such boundary points. Thelulicspaces of the
families in question are Shimura varieties. No modificatdriMirror Symmetry in
these cases is known to us.

Having a base which is a Shimura variety is otherwise a qesirdble property
because then one has a very good control over the variatithredflodge structures.
Moreover, the so-called CM points (cf. [4, 24]) will be derieethe moduli space.
Physicists expect the field theory on the correspondinghGa¥au threefolds to be
simpler [19].

In these notes, we give various examples of CY threefoldsse/tmooduli space
is a Shimura variety. A very simple example, where the Shinvariety is the moduli
space of elliptic curves, is given in Section 2.3. The CY é¢fo&ls are of Borcea—

271
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Voisin type and it is easy to see that the family does not hasgimmally unipotent
monodromy.

In Section 3 we discuss various examples, due to J.C. Roli@ threefolds
with an automorphism of order three. Their moduli spaceSaimura varieties which
are ball quotients and they do not have maximally unipotemtadromy. We show,
in all cases but one, that Rohde’s CY threefolds are desangations of a quotient
of a product of two fixed elliptic curves with another curvelofher genus. These
curves of higher genus also have an automorphism of ordes tiihe moduli space of
CY threefolds is, locally at least, the moduli space of suaingiC, 3) whereC is the
higher genus curve arfélis its automorphism of order three. This allows one to write
down the Picard—Fuchs equation for the variation of Hodgecgires explicitly in one
case, see Section 3.3. New examples similar to these, mg asi automorphism of
order four, can be found in [13].

1. Periods of Calabi—Yau threefolds

Good references for CY threefolds and Mirror Symmetry aesatberview of M. Gross
in [18] and the book [9].

1.1. Calabi—Yau threefolds

In these notes, a Calabi-Yau threefdldis a smooth, three-dimensional (complex)
projective variety with trivial canonical bundle

Q¥ ~0x, and HYX ,0x)=0.
Using Serre duality one then finds that

H2(0x) 2 HYQ3)" =HY(Ox) =0 and H3(Ox) =2HO(Q3)" ~C.

Examples of CY threefolds are quintic hypersurfaceBirmand complete inter-
sections of two hypersurfaces of degree threBinMany more families of CY three-
folds can be found as hypersurfaces in four-dimensionat t@rieties [20]. There
are obvious restrictions on the topologyXfin fact Hodge theory easily implies that
H(X,C) = 0 and dinH3(X,C) > 2. AsX is projective, one has dim?(X,C) > 1.
Poincaré duality implies thd = bg_;, but no further restrictions on the Betti numbers
bi := dimH' (X, C) of X are known.

In analogy with the case of curves, abelian varieties andiffaises, one studies
the Hodge structures on the cohomology groups in order tenstahd these varieties
better. For CY threefolds, only2 is of interest, a$1?(X,C) = HL1(X).
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1.2. The polarized Hodge structure orH3
The Hodge structure ar3(X,Z) /torsion is the decomposition of its complexification:
H3(X,C) = H39(X) @ H2Y(X) @ HA(X) @ HO3(X),  HPI(X) = HIP(X).

——
E3

E2

From theF2 of the Hodge filtration, one recoveirs}(X,C) = F2 & F2. The intersec-
tion form onH3(X, Z), which factors oveH3(X, Z) /torsion, defines a polarizatiay
on this Hodge structure:

Qx : (H3(X,Z)/torsion x (H3(X,Z)/torsion) — Z,
Qu(61.82) = [ 81162

where we identifiedH3(X,Z) /torsion with the image oH3(X,Z) in H3(X,R) =
HSR(X), the de Rham cohomology group. The polarizat@nis a symplectic form
(so it is non-degenerate, unimodular and alternating)xtitreds to a Hermitian form
Hyx (81,02) :=iQx(01,82) (i := v/—1 € C) onH3(X,C) for which the Hodge decom-
position is orthogonal:

Hx (v,w) = O if veHPIX), we H"S(X) and (p,q)# (r,9)
and which is positive/negative definite on tH&9(X):

>0 on H39(X), (<0 on H%X)),

Hx = iQx s {<o on H24(X), (>0 on HM(X)).

1.3. The Period domain

Let N = bz be the rank oH3(X,Z) and letQ be a (fixed) symplectic form o¥iz :=
ZN. Then we consider the period spabe= Dy of all polarized weight three Hodge
structures ornfVz, Q) of CY type. An element oD is a decomposition

Ve i=Vz@zC =V30qVv2aviZevos — vPd =Vap,

such that the Hermitian forml (v,w) := iQ(v,W), with v,w € V¢ and whereQ is ex-
tendedC-linearly, is positive definite o309, V12 and negative definite ovi%*, V03,
Moreover we require did>? = 1 and we denotq := dimV?? (soN = 2+ 2q).

The (g + 1)-dimensional subspac®g of Vc on whichH is positive are para-
metrised by g+ 2)(q+ 1)/2-dimensional variety (it is isomorphic to the Siegel half
space ofq+ 1) x (q+ 1) complex symmetric matrices with positive definite imagjnar
part). The one dimensional subspa¥ésof such a subspad# are the points oPW
and thus are parametrised byalimensional variety. Gively C W, letW;- be the
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orthogonal complement &f4 in W. Then we obtain a polarized Hodge structure on
Vz by defining:

V30 —wg, o vAli=wl o viZiowth o vOR i

Conversely, any polarized Hodge structure(vhp, Q) defines a complex ling4 in a
positive(gq+ 1)-dimensional subspad®, hence we get

dimD = q+ (q+2)(q+1)/2 = (§°+59+2)/2,

whereq := dimVv?21,

1.4. The Period map

A marking of the CY threefolX is a symplectic isomorphism
(H3(X,7)/torsion) — Vz.

TheC-linear extension of this isomorphism maps the Hodge deasitipn ofH3(X, C)
to a decomposition dfc. In this way we obtain a polarized Hodge structuré/gnin
particular, we get a poir(X) € D, the period point oK.

1.5. Deformations ofX

An important result, due to Bogomolov, Tian and Todorov, o @rieties is that
the deformations are unobstructed. The first order defoomsibf a complex variety
are parametrised by the cohomology gradif( X, Tx ), whereTx is the holomorphic
tangent bundle ok. As X is a CY threefold, the cup product pairia}, x Q% — Q3 =
Ox gives a dualityTx = (Q%)* = Q% and thusH(X,Tx) = H1(X,Q%) = H?1(X).
The unobstructedness asserts that there is a neighbouBhob@ € H(X,Tx) and
there is a family of CY threefoldst: X — B with fiber T 1(0) = X, such that the
period magP : B — D has an injective differential:

(dP)o : ToB = HY(X,Tx) =2 H*1(X) — TpxyD s injective

Here we used Ehresmann’s theorem which asserts thAatisithosen small enough,
there is a diffeomorphism: X — B x X such thatz@= 1. As@induces isomorphisms
H3(Xp,Z) =2 H3(X,Z) for any X, := 11 %(b), we can extend the marking o to a
marking(H3(X,,Z) /torsion) — V, and thus we get the period m&a B — D.

Any family of CY threefolds which containX is locally nearX obtained as
the pull-back from the familyC — B. Therefore the image of the period map of any
family has dimension at most= dimH?(X) and the image oB has codimension
(0+2)(q+1)/2in D. Recent studies of the geometryDfand these subvarieties are
[7] and [21].
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1.6. The Picard—Fuchs equation

In this section we will assume for simplicity thgt= dimH?%(X) = 1. With the no-
tation of section 1.5, the diffeomorphisgr X — B x X induces an isomorphism of
sheave®3m,Z > H3(X,Z)g onB, where the last sheaf is just the locally constant sheaf
defined by the abelian group*(X, Z). Using the markingd 3(X,Z) /torsion= Vz and

the Hodge decomposition &f3(X;, C) for each deformatiod of X, we obtain a (triv-

ial) vector bundlé/z x B overB with holomorphic subbundles

FPecFcFcF=Ve:=VexB,  FE=H3*C(X),

where we identifye x {t} with H3(X;, C).

The period mafP describes the variation of these subbundles inside thaltriv
bundleVe x B. Another way to describe this variation is to take a non-sfainig section
w of the rank one bundI&®, sow(t) is a basis oH39(X) for all t € B. The trivial bun-
dle Vs comes with the Gauss—Manin connectidomvhich maps the horizontal sections
s/ =t~ (vt) to zero, wherer € V:

0 = Ogjar: Ve xB — Ve xB.

Applying the connectioi times to the sectiom, we get a sectiofl'w. As dimVe =
2+ 2q =4, there must be a linear relation, with coefficiept&) which will be holo-
morphic int:

4 .
Dw =0, D:= Y% p(t)O'.
2"

This linear relation is known as the Picard—Fuchs equation.

Instead of considering this rank four bundle with its satti@ one can also
choose a basig,...,ys of H3(X,Z)/torsion and define four holomorphic functions
bi(t) := [, w(t) onB, wherey; is identified with a cycle irHz(X;, Z) /torsion using the
diffeomorphismy. These four functions are a basis of the solutions of theesefyrur
differential operatofs_, pi(t)(d/dt)" which is also called the Picard—Fuchs equation
for the familyXX — B.

1.7. Anexample
The Dwork pencil of quintic threefolds ii* is defined by the equation

X0 XP+.. XS — BtX o Xs = 0.

For general € C, the varietyX; is a CY threefold witth*(X;) = 1 andq = h?1(X) =
101. However, there is a finite subgroGe: (Z/57)° acting onP* which induces
automorphisms on each and the third cohomology group splits under this action:

H3X%,Q) =T @8,

with
To=H3(%QC~Q%  H¥*(X)cTegC.
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Thus theG-invariant part of the cohomology gives a four-dimensiovealiation of
polarized Hodge structures and thus it gives a degree faard+Fuchs equation.

In the context of Mirror Symmetry, it was observed that thiadalar) quotient
variety X; /G has a resolution of singularitié4; which is a CY threefold, moreover its
Hodge numbers are:

REL(M) = 101, R2Y(M) =1, M = X/G.

Note thathP9(M;) = h3~P4(X,), which is one of the requirements for the (101-dimen-
sional) family of quintic CY threefolds and the one paramégenily of M;’s to be
Mirror CY families.

The quotient map induces an isomorphigne H3(M;,Q). In particular, the
degree four Picard—Fuchs equation obtained from the V@miaf theT; is the Picard—
Fuchs equation of the one parameter family of CY threefMdsA spectacular result
from Mirror Symmetry is that a certain solution of this PidaFuchs equation defines a
power series in one variable whose coefficiegtallow one to compute the Gromov—
Witten invariants of a quintic threefold, that is, roughlye number of rational curves
of degread on a quintic threefold.

In the paper [16], Greene, Plesser and Roan verify that {eene action of the
groupH = 7/417 onP* such that each member of the pencil of quintic threefolds

Yoo Xa XA XoXE . 4 XeXf — BtXgXp--Xs = 0
is invariant undeH. This leads, as above, to a splitting
HY%,Q) =T @5,

where
T = H3Y, Q" =2 Q%  H¥M) cT 9gC.

Moreover, the degree four Picard—Fuchs equation definelbyariation of the Hodge
structuresl; is the same as the Picard—Fuchs equation obtained from tlaioa of
the Ty = H3(M;, Q). In [11] more such examples are given. A possible explanatio
would be that the CY threefold; is birationally isomorphic to a desingularization of
Y:/H.

This is indeed the case. Using results of Shioda, in the tquaper [3] it is
shown that there is a commutative diagram, where the arrsevsational maps which
are quotients by certain finite groups on suitable Zariskirogubsets:

Xdit
v ¢
X Y,
N\ v
Mt

where N
Kaig o X4 X8 — 5t (X Xa---Xs)¥/® = 0,
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andd = 52-41=1025. Using the full diagram, one can show that the Map M;
has degree 41 and factors owgfH. Thus there is a birational isomorphism between
Y:/H andM;.

More generally, one can replaeby a family with an equation

Jiiﬁxia” — 5tXy--- Xs

for suitable 5< 5 matrices with integer coefficienss. This again can be generalized
to any number of variables. A further generalization to &gl projective spaces is
givenin [2].

2. CY threefolds parametrised by Shimura varieties

The period spac® = Dy parametrises the polarized weight three Hodge structdres o
CY type on(Vz = ZN Q). Given a CY threefolX and a marking, the unobstructedness
of the deformations oX implies that the period points of all deformationsfre the
points of ag = (N — 2) /2-dimensional subvariety of D.

On the other hand, there are many Hermitian symmetric daweiich parame-
trise Hodge structures of CY type. Such a domain is of the fB(iR) /K, whereG(R)
is a real reductive Lie group which is the group of real powften algebraic group
defined ovefQ, andK is maximal compact subgroup &{R). Given(Vz,Q), there is
a fixed representation @(RR) on Vg such that the image @(RR) is contained in the
symplectic grouspQ,R). One considers the homomorphisms of real Lie groups

h:st={zeC:|4=1} — G(R)

such that the eigenvalues bfz) are zZ°Z* with non-negative integerp,q such that
p-+q= 3. Each such homomorphism gives a Hodge structure of weigbé tonVvy,
by definingV P4 to be the eigenspace with eigenvalffg”. The groupG(R) acts on
the set of such Hodge structures by conjugatien ghg™ with g € G(R). See for
example [24], Chapter 1.

Changing the marking corresponds to an action of an elenfiénte SpVyz, Q)
onD. The moduli space of the Hodge structures of deformatiox of thus the quo-
tient of B by the subgroupg of I' which mapsB into itself. Not much is known about
the subgroup§ g, see however [12, 23] for a study in the cé$e- 4. In caseB is a
Hermitian symmetric domain arltk is an arithmetic subgroup @&(Q) one obtains a
Shimura variety g\B = g\ G(R) /K which parametrises the deformationsxf

Below we will review various examples from [24]. In generaisi not easy to
decide if the deformations of a CY threefold are paramedrisea Shimura variety. See
[15] for a family of CY threefolds which are not parametridggda Shimura variety.
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2.1. Example

The referenceis [4, §3]. L&, i = 1,2, 3 be elliptic curves and let : E; — E; be the
inversionz+— —zfor the group law orE;. Let

Gy = <ll><12><1E37 11X1E2><l3> C Aut(E; x Ex x E3).

Then the (singular) variet{E; x Ez x E3)/G4 has a resolution of singularities which
is a CY threefoldX with h>! = 3 (andh>! = 51). Thus the deformation space X%f
is three dimensional. Obviously, it contains the CY vaegtobtained by deforming
the three elliptic curves. Thus the period points of defdioms of X are inB = H?3,
whereH; is the upper half plane which parametrises elliptic curvdws these CY’s
are parametrised by a Shimura variety.

2.2. Examples of Borcea—\Voisin type

Let Sbe a K3 surface admitting an involutiors such thaH?0(S) is in the eigenspace
of the eigenvalue-1 for the action ofx on H2(S,C). We will assume moreover that
the fixed locus of the involutions is made up ok rational curves. The dimension
of the family of K3 surfaces admitting an involution actingmtrivially on H%9 and
fixing k rational curves is 16 kand such a family is parametrised by a Shimura variety
associated t8Q2,10— k).

Let E be an elliptic curve and letbe the involutiorz — —zon E. The quotient
threefold(Sx E)/(as x 1) admits a desingularization which is a CY threeféldthis
construction is called Borcea—\oisin construction). 18,[2] the Hodge numbers of
are computed:

hti(X) = 1545k,  h?*Y(X) = 11—k

Hence the dimension of the family of the Calabi—Yau thredfaletermined b is
the sum of the dimension of the family of the K3 surfaces wityolution and the di-
mension of the family of elliptic curves. Thus these CY tliodes are parametrised by
the product of the Shimura varieties parametrising thesefamilies, see [24, Section
11.3].

Example 2.1 is a particular case of this construction, iddbe desingulariza-
tion of the quotientEy x Ep)/(11 x 12) is a K3 surfaceS (in fact, it is a Kummer
surface). The automorphisas induced onS by 1g x | acts non trivially orH29(S)
and fixes 8 rational curves. Hen®x Ez)/(as x 1) is birational to(Ey x Ez x E3) /Ga.
For the Shimura varieties, one should remember that the rearoupsSQ(2, 2)° and
SL(2,R) x SL(2,R) are isogeneous and thus the Shimura variety associad #2)
is indeed a quotient dfl; x Hi;.

2.3. The easiest case

Another particular case of the Borcea—\Voisin construcisoabtained by choosing
to be the unique K3 surface with an automorphiggwhich fixesk = 10 rational
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curves. This K3 surfac8is well known. It is described, for example, in [26] as the
desingularization of the quotient

(E/xxE,/7)/(Ye xV&), with E = :=C/(Z+V-1Z)

andye is the automorphism dt ,— defined byz— v/ -1z
The third cohomology group of is:

agXl

HS(X7Q) = (TS®H1(E5@)) = TS®H1(E5@)7

where
Ts = H3(S Q)" 1 = Q2

As S, and thus the Hodge structure g is fixed, the variation of Hodge structures in
H3(X,Z) comes from the variation of Hodge structurestti(E, Z). This rankN = 4
variation is the direct sum of two (identical) rank two defations, and is parametrised
by Hj. In particular, this variation of Hodge structures doestraate maximally unipo-
tent monodromy, instead the monodromy operators have 2liagonal blocks in a
suitable basis, cf. [25, Example 1]. We will see more exasplevariations without
maximally unipotent monodromy in Section 3.2.

Any CY threefold from this family is also birationally isonqhic to a double
cover ofP? branched along the union of eight planes As such it appeanstasno. 13
in the table in Section 4.2.5 of the book [22]. To obtain thasidle cover, one uses that
Sis a double cover dP? branched over six lines. Putting one line “at infinity”#%, a
birational model ofSis (cf. [28, 5.1, 5.2]):

S: & =xyx—1(y-1)(x-y).

An elliptic curveE can be defined bi? = u(u— 1)(u— ) for a suitable\ € C. Hence
X, a desingularization o x E by the involution which fixes,y,u and mapss;t —
—s,—t, has a birational model defined by

X: WP = xyux—1)(y—1)(u—1)(x—y)(u—A).

A suitable coordinate transformation @3 will map the branch locus to the one in
Meyer’s book [22].

2.4. CY-type Hodge structures parametrised by Shimura varties

There are many Shimura varieties which do parametriseti@rgof Hodge structures
of CY type, but where it is not known if these Hodge structuwese from CY three-
folds.

For example, leA be an abelian threefold and letc H2(A,Z) be an ample
divisor class. Note thah is not a CY sinceh!® = h?? = 3. One haH3(A Z) =
A3HY(A 7Z) and the primitive conomology

H3(A, Z)prim = H3(A,Z)/ (LAHY(A,Z)) (=714
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is a polarized Hodge structure of CY type wigh= h;’rilm =9—-3=6. The moduli

spaceAs of polarized abelian threefolds with the same polarizatigre as(A, L)
(these are all deformations &) is the quotient’ \Hj of the Siegel half space by a
discrete subgroup. C S6,Q). The image off3 in D14 parametrises the polarized
Hodge structures of CY typie3(A;, Z)prim for deformationg A, L¢) of (A, L), so these
Hodge structures are parametrised by a Shimura varietyhélbest of our knowledge,
it is not known if there exists a family of CY threefoldg such thaﬂ—|3(At,Z)p,im o
H3(X,Z) /torsion fort in an open, dense, subsetls.

A family of polarized CY-type Hodge structures, with! = 27, parametrised
by the Hermitian symmetric domain associated to the Lie grfutypeEy is defined
in [17]. Itis not yet known if there is a family of CY threefadvith these Hodge
structures.

3. Examples with automorphisms of order three

3.1. Rohde’s construction

In the paper [25], J.C. Rohde constructs families of CY tfulels withq= h®! = 6—Kk,

for 0 < k < 6, which are parametrised bycdimensional Shimura variety, in this
case a ball quotient. They are obtained as the desinguiarizaf the quotient of a
productE x Sby an automorphism of order three, whé&és a certain elliptic curve
and Sis a K3 surface which admits an automorphism of order threetwfixes k
rational curves and+ 3 isolated points. These K3 surfaces were classified in [1].
A similar construction with an automorphism of order foudiscussed in [13], and
various examples are given.

Let& € C be a primitive cube root of unity and consider the ellipticve
E:=C/Z+ZE, EndE) = Z[g].

We letag be the automorphism & defined byz+— &z. A Weierstrass equation & is
y> =x®—1andag : (x,y) — (£x,y). The automorphisre gives the decomposition
into eigenspaces, with eigenvalieandg respectively:

H(E,C) = H*(E)g & H*(E);.

For any integek with 0 < k < 6, there exist K3 surfac&with an automorphism
of order threens such that the second cohomology group splits as:

H%(S Q) = Ts@ N,

where
Ns := H?(S,Q)% =~ Q8+, H29(S) c Ts® C.

As dimH?(S,Q) = 22, it follows that dinTs = 14— 2k and the Hodge numbers of the
weight two polarized Hodge structufgareh®?(Ts) = 1, h11(Ts) = 12— 2k = 2q. The
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action ofa§ on Ts defines a structure dp(&)-vector space oilis. The eigenspaces for
this action are
TsoC=TF oT o T & Tgp,
—_—
Tég Tse

and 11 11
dlmTS’E = dImTS’E =6-—k=q.
The moduli space of such K3 surfacesidimensional, and it is a quotient of thieball

in CY, see Section 3.5, and it is a Shimura variety.

The weight three polarized rational Hodge substructuret of ag x og-in-
variants in the tensor produet?(S,Q) ® H(E, Q) is then of CY type. Rohde shows
that it is isomorphic to the third cohomology group of a CYefold Xs which is a
desingularization of the (singular) quotient varié8x E)/(as x ag):

OsXOg

H3(Xs, Q) = (H2(SQ) @ HY(E,Q))* = (Ts@ HY(E,Q))

Here it is important that the fixed point locus of the autonmismas on S consists of
(smooth) rational curves and isolated points.

The CY threefoldXs still has an automorphismxg of order three which is

induced by §x ag (or, equivalentl)agl x 1g). As the eigenspaces ot onH'(E,Q)
areHO(E) andH%1(E) we obtain the decomposition into-eigenspaces:

HI06.C) = (Teg oM (B)e) @ (Teg @ HO(E)) = F2 0 P2
where the last equality follows by inspection of the Hodgeatheposition ofTs:
~ 720 .
HO(X9) 2 TE@HY(E)y © T @HM(E);,
and similarly
H2(Xs) = Tt @ HY(E)y  andthus  din®(Xs) = g

As the moduli ofSalready provide g-dimensional deformation spaceX{, one finds
that all the deformations oXs are of this type. Therefore these CY threefolds are
parametrised by the same Shimura variety as the K3 surfaces

3.2. No maximal unipotent monodromy

A peculiar feature of these families of CY threefolds is ttiety do not have a large
complex structure limit. In other words, their Picard—Fsigdyuations do not have
singular points with maximally unipotent monodromy. To sy, recall thatF2 =
H3(Xs,C)g andF2 = H3(Xs,(C)g are the eigenspaces @f,. The non-vanishing sec-
tion w of F3 c F2 = FEZ is always in the-eigenspace, which has dimension-gj.
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Therefore its derivatives under the Gauss—Manin connecgimain in this eigenspace.
Instead of a degre€ 2+ q) Picard—Fuchs equation one now finds an equation of degree
1+ q. This implies that the “standard” recipe for Mirror Symmyetannot be applied

to these families. In the case= 1, this equation was given explicitly in [14], see also
the next section. We already saw another example of thisdtidse?.3.

3.3. Thecasg=1

We recall our explicit description from [14] of the K3 suré&sfrom Section 3.1 in the
case the associated CY threefolds hqveh?! = 1.

One starts with a polynomidl = gh? € C|t] with g, h of degree two such that
f has four distinct zeroes, so up to the action of ) we have only one parameter.
The K3 surfacess has an elliptic fibratiorm: Sf — P! with a section. Its Weierstrass
model is:

S: Y2=Xx34f(t)2, f=gh, dedg)=degh)=2,
wheret is the coordinate oft'. This surface has an automorphism of order three
ar: St — S, (X,Y,t) — (EX,Y,1)

which does act a& onH?0(S¢) = Cdt A dX /Y. Explicit computations show that

H%(Sr,Q) = Tr @ Ny,

where
Ni = HX(S.Q)" = Q' HX(S)cTiaC,

and thaio s fixes only five rational curves and eight isolated points. tmplexifica-
tion of Ts splits into four one-dimensional spaces:
20 1,1 1,1 0,2
Tt@C = sz &) TfE &) Tf,E D Tf,z'

Rohde’s construction now produces a CY threeféid the desingularization of the
guotient ofSs x E by the automorphisra = a¢ x ag and

H3(X,Q) = (T xHY(E,Q)"
2,0 11 1,0 11 02 01 -
(T2 & T e HIE) & (T © TPF) @ HOYE)g.

The Hodge structure$; can be understood better by observing that all the
smooth fibers of the elliptic fibratiom: S; — P! are isomorphic (they are elliptic
curves withj-invariant 0, so are isomorphic &). Thus the elliptic fibration is isotriv-
ial and becomes birationally isomorphic to a product aftease change. For this, we
define a curve

Cr: V= f(t)
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which is a 3:1 cyclic cover aP* with covering automorphism
Bt : C; — Cy, (t,v) — (t,8v).

Substitutingf = V3 in the Weierstrass equation 8f, one finds the birational isomor-
phism:
Ci xE — St = (Ct xE)/(Bs x 0g),

((t,v), (%)) — (X,Y,t) = (V?x,V3y,t).

The automorphism; on St is induced byag. This leads to an isomorphism of Hodge
structures:

Tf o~ (Hl(ChQ) ® H].(E,(@))BfX(XE7

which implies another isomorphism of Hodge structures:

H3(Xr,Q) = (HX(Cr,Q) @ HY(E,Q) @ HY(E, Q)"

whereH = (7/37)? is generated by the automorphisfisx og x 1g and &, x g x
agt of Cf x E x E. This shows that the variation of the Hodge structééXs, Q) is
entirely coming from the variation of the Hodge structuréthe curve<Cs. Note that

H39(X¢) = HO(Cr, Q)¢ @ HY(E, Q) @ HY(E, Q).

The Picard—Fuchs equations for the variation of Hodge &iras of the curves
Cy is explicitly given in [14]. One can parametri& in such a way thag(t) =t(t —
1) andh(t) = (t — A\) (and the other zero df is at »), thusCs = C, with defining
equationv® = t(t — 1)(t — A)2. The holomorphic one forms on this curve atgwdand
(t—A)dt/v2, note that they have distinct eigenvalde& for the automorphisrfis. The
Picard—Fuchs equation for:= dt /v € H%(Cs ,Q)g turns out to be:

02 2 2

This is also the Picard—Fuchs equation for the holomorgirieet form on the corre-
sponding family of CY threefolds.

Rohde computes the Hodge numbers of these CY threefgldsd finds:
dimHM(X¢) =73, dimH?Y(Xs) = 1.

Any CY threefoldY from the Mirror family, if it exists, should thus havé!(Y) = 1
andh?1(Y) = 73. At least three families of CY threefolds with these Hodgenbers
are known: the complete intersections of tye3) in P%, (2,2,3) in P® and(4,4) in
the weighted projective spa@8(1,1,1,1,2,2). But in these cases the Mirror families
are known and they have maximally unipotent monodromy 83j, hence they cannot
be the Mirrors of the family of the;.
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3.4. The caseg > 1

In caseg < 5, we again find that the K3 surfaBdnas an isotrivial fibration with smooth
fibers isomorphic tde, but we could not find such a fibration in cage- 6. The CY
threefoldXs is then again a desingularization of a quotient of the prodtia curveC
with two copies of the fixed elliptic curvE. The variation of Hodge structures of the
Xs is obtained from the deformations Gf

Forq < 3, we consider the surface (cf. [14])
Sty =x3+f(t)?, f=gh?, degf)=86,

such thagg andh have no common zeros and no multiple zeros. The cQfveVe =

f(t) has the automorphisf : (t,v) — (t,&v). Asin 3.3, Rohde’s CY threefold is

the desingularization oiCs x E x E) /H, whereH = (B¢ x ag x 1g, 1c, X dg X agl)

(see [14, Remark 1.3]). The Hodge numberxefand the genug(Cs) of Ct are as
follows:

degg) | degh) | g(Cr) | a=h>*(Xs) | h1(Xs)
6 0 4 3 51
4 1 3 2 62
2 2 2 1 73
0 3 1 0 84

The last line corresponds to a rigid CY threefddd whereCs ~ E, andX; is
the desingularization of the quotieitx E x E by (ag! x ag x 1g, 1g x g x agl).
In this case, the K3 surfac® is described in [26].

In caseq = 4, we consider the curve
G: V=It) degl)=12

such that (t) has 5 double zeros. It admits the automorphm(t,v) — (t,&v). The
quotient(C; x E) /(B x ag) has a desingularizatidh which is a K3 surface having an
elliptic fibration with Weierstrass equatioff = X3+ 1(t), whereX := v2x, Y := VPy.
The surfac&y admits an automorphism of order 3 induced bgg. The fixed locus of
ot consists of 2 rational curves and 5 points. Applying Rohdeisstruction to the K3
surface§ one obtains a CY threefold such thah®(X) = q= 4 andh>*(X) = 40.

In caseq = 5, one needs a K3 surfa&with an automorphisnas of order 3
which fixes one rational curve and 4 points (cf. [25]). In [Ijr@jective model of such
a surface is given: it is a (singular) complete interseciiof* with equations

{ F2(Xo,...,X3) =0,
G3(XO;"'7X3) = sz
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whereF, andG3z are homogeneous polynomials of degree 2 and 3 respectiele-
over, the curv&/ (F,) NV (Gs) has 4 singular points of typ&;. The surfaceis clearly

a triple cover of the quadric definde = 0 in P branched over the curve which is
the intersection of this quadric with the cubic surface dafibyGs = 0 in P3. The
inverse image irS of a line in a ruling of the quadric i is an elliptic curve with a
covering automorphism of order three which fixes the rantificgpoints. Hence such
an elliptic curve is isomorphic t&. ThusS admits an isotrivial fibration (in general
without section) with general fiber isomorphicEo In this case Rohde’s CY threefold
hash®1(X) = 29.

3.5. The complex ball

We briefly recall why the CY-type Hodge structurd$(Xs,Z) are parametrised by a
complexg-ball. More generally, with the notation from Section 1.8nsider polarized
weight three Hodge structures 0wy, = 72179 Q) of CY type which, moreover, admit
an automorphism of order thrge

@:Vz —Vz, Q@) =QxY),  Go(VPY) =VPI @ =1y,

Then we have a decomposition \df into ¢-eigenspaces, and we assume, as
in the examples above, that the eigenspace with eigenvalue is exactlyF?, so
F2= FEZ. Then theV P9 are alsap-eigenspaces:

Ve = Ve 0 Ve =V o Vet o Ve e Ve,
In particular, the subspac¢e, being an eigenspace of the fixed automorphgpsof \Vy,

is now fixed inVc. It remains to find the moduli 830 insideF? = V3% V21, Recall
the Hermitian formH onV¢ which is positive definite o3 and negative definite on
V21 These two subspaces are perpendiculaHorThus the unitary group d'f‘|“:2

is isomorphic to the groupl (1,q). It is well-known that this group acts transitively
on the orthogonal decompositioRg = W & W with Hw >0 (and thusH‘WL < 0).
The stabiliser of a given decomposition is the subgidgp) x U (q), hence the moduli
space of these decompositions is the Hermitian symmetricaiio

U(La)/(U(1) xU(q) =B = {we CT: |w| <1}

It is easy to check that these decompositions corresporttetélbdge structures un-
der consideration, hence tlgeball is also the moduli space of these CY-type Hodge
structures.

More explicitly, the Hermitian fornrH has signaturé1+,q—) on the com-
plex subspac&? = C1*9. ThusF? has a basis on which we hatz,z) = |z|? —
¥7_1/zj|?. In a Hodge decomposition, we must haw&® = Cw for a non-zerav =
(Wo, W, ..., Wq) € F2 such thatH (W, w) > 0, that is,|wo|* > 57_; |w;|?. In particu-
lar, wo # 0 and so we may assume thag = 1. Thenw is determined by the point
W= (Wi, ..., Wg) € CIwith 37, |w; |? < 1, that is, a point of the-ball. Conversely,
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givenw € BY, letw = (1,w) and define/3° = Cw/, V2! = (V30)1 | the orthogonal
complement, w.r.tH, in F2 of V30 and defin&/12, V03 usingv P4 = V&P, One easily
checks that this gives a polarized Hodge structuré\bnQ) which admits the auto-
morphisme.

As we observed before in Sections 3.3, 3.4, the ball alsonpetréses families
of curves, like theCs, and K3 surfaces, like th& . Equivalently, it also parametrises
certain Hodge structures of weight one and two. The reldtieveen these Hodge
structures is given by the “half twist” construction, se@&,[20].
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ON SOME LATTICE COMPUTATIONS
RELATED TO MODULI PROBLEMS

Abstract. The method used in [6] to prove that most moduli spaces of Kfases are of
general type leads to a combinatorial problem about theildessumber of roots orthogonal
to a vector of given length iftg. A similar problem arises foEy in [8]. Both were solved
partly by computer methods. We use an improved computatiohfiad one further case,
omitted from [6]: the moduli spac&,y of K3 surfaces with polarisation of degred B also
of general type fod = 52. We also apply this method to some related problems. IreAgix
A, V. Gritsenko shows how to arrive at the cabe- 52 and some others directly.

Introduction

Many moduli spaces in algebraic geometry can be describledalsy symmetric vari-
eties, i.e. quotients of a Hermitian symmetric domAiby an arithmetic group. One
method of understanding the birational geometry of suchigaots is to use modular
forms forl to give information about differential forms dn\D. In [6] this method
was used to prove that the moduli spatg of polarised K3 surfaces of degred 3
of general type in all but a few cases. The method works ifglesists a modular form
of sufficiently low weight with sufficiently large divisornl[6], and again in [8] where
a similar method was applied to certain moduli of polarisgrkahler manifolds, the
required modular form is constructed by quasi-pullbackefBorcherds forn®;.

A suitable quasi-pullback exists if a combinatorial cortitis satisfied: there
should exist a vectdrin the root latticeEg (or E7 in the hyperkéhler case) of square
2d, orthogonal to very few roots. This is evidently the caskig large, but for smaldi
the search for such drinvites the use of a computer. This was done in both [6] and [8]
by a randomised search, relying on the large Weyl group tarerthat in practice no
cases would be missed.

Here we present an exhaustive search carried out by the ditisbra For the
hyperkahler case the exhaustive search confirmed theseduhe earlier randomised
search, but in the K3 case one previously overlooked valuevath a suitable vector
was found, namelg = 52. In fact it turned out that the randomised search had thdee
found this value, and the omission of the case 52 from [6] happened because the
output had been interpreted incorrectly (by GKS).

Nevertheless the following result is true and has not preshpappeared in the
literature.

THEOREM 1. The moduli spacé.s, of K3 surfaces with polarisation of de-
greel04is of general type.

289
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combinatorial problem is and how it arises, and give someergeneral combinatorial
problems of the same nature. In Section 2 we describe theetiesl and computa-
tional methods used to solve it, along with some other resalitained in the same
way. In Appendix A, Valery Gritsenko explains how the cdse 52 could have been
foreseen without the help of a computer. Some of the relex@miputer code is given
in Appendix B.
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Amsterdam for the nice environmentit provides. The secaida would like to thank
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1. Combinatorial problems and moduli

In this section we first give a list of combinatorial questiand then explain the ge-
ometry that originally motivated them. First we fix some terafogy. We say that
is alattice of signature(a,b) if L = Z2+P and we fix a bilinear forn{,): L x L — Z
of signature(a,b). If x € L we refer to(x,x) asx? and call it thelengthof x. If the
length ofx is 2 thenx is called aroot. If the roots ofL generatel as an abelian
group therL is called aroot lattice A lattice L is unimodularif it is equal to its dual
LY =Hom(L,Z) 2 L. We do not assume thhtis always unimodular but for simplicity
we do assume thatis eveni.e. that<? is always an even integer.

Eg denotes the unique even unimodular positive-definiteckattif rank 8, i.e.
with signature8,0): this is the sign convention of [3] and is also used in [6 & 2Z
then(n) is the rank 1 lattice spanned by a vector of lengtandU denotes the integral
hyperbolic planeZe + Zf with € = f2 = 0 and(e, f) = 1. The symbok> denotes
the orthogonal direct sum of lattices. A is a lattice anch € Z, then/A(n) denotes
the same lattice with the quadratic form multiplied tyIn particular,Eg(—1) is the
negative-definite even unimodular lattice of rank 8.

1.1. Combinatorial problems

Let A be a root lattice (usually it will b&g or E7) and denote byR(A) the set of its
roots, i.e.R(A) = {r € A | r? = 2}. The combinatorial questions arising in [6] and [8]
are special cases of the following.

QUESTION 1. Given integergp > q > 0, what are the values af for which
every vector of length@that is orthogonal to at leastj2o0ts is orthogonal to at least
2proots?

More generally we may ask about all possibilities.

QUESTIONZ2. Given an even natural numbaet,2vhat are the possible numbers
of roots orthogonal to a vector of lengtd?2
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If I € A we denote byR(I) the system of roots of orthogonal td. We denote
the answer to Question 2 IB(A, d): that is

(1) P(A,d):={meZ|3 e Al?2=2d, #R(I+) = m}.

ThusP(A,d) is a finite set of even non-negative integers. We call thigdbétypeof
the non-negative even integett for the lattice/

There are some immediate restrictions on what the root tgpebe: for exam-
ple, if A = Eg then the largest that can occur is 126, wheR(l+) = E7; but in that
case € (E7)§8 = A4, sod must be a square.

Especially forA = Eg, the value ofmg(d) = minP(Eg,d) is of interest as it
determines the lowest weight of modular form obtained bysgpallback (see Equa-
tion (2) below). Ifmy(d) = O then this form will not be a cusp form, so the value of
my(d) = minP(Eg,d) NN is also significant. We should also like to know whether this
form is unique. So we also have the following questions.

QuESTION3. For givend andA, how can we computey(d)?

QUESTION 4. For givenm, what is the smallest valué(m) of d for which
my(d) <m?

If in Question 4 we replacen by mg, then the casen = 0 asks for the length
of shortest vectors in the interior of a Weyl chamber: thesdlze Weyl vectors, which
are well known.

If me P(A,d) there is a further natural refinement.

QUESTION 5. How many Weyl group orbits of vectotswith 12 = 2d and
#R(I) = mare there?

Some values ahare of particular interest for geometric reasons: for inctaif
14 P(Eg,d) then quasi-pullback ab;; gives a canonical form ofi,g (See Section 1.2
below). This leads us to the following variant of Question 1.

QUESTION 6. For givenm and A, what are the values al such thatm €
P(A,2d)?

We can compute the answers to some cases of these questitresmgthods
described in Section 2.

1.2. Moduli

The following construction describes several moduli spacealgebraic geometry, in-
cluding the moduli of polarised K3 surfaces.

Let L be an even lattice of signatu(,n). The Hermitian symmetric domain
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associated witl. is D, one of the two connected components of
DLUDL = {[W] e (L& C) |wW? =0, (W,W) > 0}.

The group @L) of isometries ofL acts on this union and we denote by @) the
index 2 subgroup preservirg, . The action is discontinuous, with finite stabilisers, so
if I is any finite index subgroup of QL) then

FLM) :=T\DL

is a complex analytic space. In fact it is a quasi-projectiggety, having a min-
imal projective compactification, the Baily-Borel compécation F (I')*, obtained
by adding finitely many curves (called 1-dimensional cuspegting at finitely many
points (0-dimensional cusps). It is often preferable tokwoith a toroidal compact-
ification F_(I"), which is a modification off (I')* depending on some combinatorial
choices at the 0-dimensional cusps.

A modular form forl” of weightk and charactex: ' — C* is a holomorphic
functionF on the affine con®; C L ® C such that

F(tZ)=t*F(Z) teC* and F(gZ)=xX(g)F(2) Vger.

F is a cusp form if it vanishes at every cusp. For the cases wecgresider the only
possible characters are 1 and(dgtand the order of vanishing at a cusp is an integer:
see [7].

The aim of [6] is to show that the moduli spa€gy of polarised K3 surfaces of
degree @ is of general type for most values dfe N. Using the Torelli theorem for
K3 surfaces one can show that

Fag = Fipg (O (Laa)),

Where6+(L) is the finite index subgroup of QL) that acts trivially on the discrimi-
nant groud-" /L and
Log :=2U @ 2Eg(—1) @ (—2d).

Modular forms of suitable weight can be interpreted as ifféial forms on the moduli
space provided that they have sufficiently large divisorer€fore, to prove that the
moduli space is of general type it is enough to give a suffigepply of such modular
forms. There are several technical difficulties here, oneluith is the presence of
singularities. A sufficient condition, however, was givarj6].

THEOREM 2. Suppose that &> 9 and that there exists a nonzero cusp forgmn F
of weight a< n and charactery = 1 or x(g) = detg), vanishing along any divisor
H c D, fixed by reflections ifi. ThenF () is of general type.

The formF, is then used to give many forms of high weight with sufficigntl
large divisor, of the fornfr = F;‘F(n,a)k, and these in turn give pluricanonical forms on

a smooth model off (I").
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To apply this in specific cases such &g one must therefore construkg.
The method used in [6] to do this is quasi-pullback of the Berds formd;,. This
construction first appeared in [2]. The Borcherds form ftaels constructed in [1] by
means of a product expansion, whereby its divisor is evideigta modular form (not
a cusp form) of weight 12 and character det for the grofnﬁlQﬁze). The latticell; 26
of signature(2,26) is 20 & N(—1), whereN is any one of the 24 Niemeier lattices,
positive definite unimodular lattices of rank 24: see [4]r Bar purposes the correct
choice ofN is 3Eg. A choice of a (not necessarily primitive) vectog Eg of length 21
gives an embedding

Log=2U® 2E8(—1) (&) <—2d> — ”2,26 =2U @3E8(—1)

which in turn gives an embedding

L]
Lag D||2,26'

Denote the images of these embedding& k] andD*[I] respectively.

If r e Lisarootitdetermines a Heegner divi§éf C D}, given by the equation
(Z,r) = 0. The Borcherds form vanishes (to order 1) along all the Heedivisors
for L = ll226 and in particular its restriction t@°*[I] vanishes, as needed to apply
Theorem 2. Howevefp1z| . ) may well be zero, since ifis a root ofl1 5 26 orthogonal
to Log[l] thenDe[l] C 7.

Instead we take the quasi-pullback, simply dividing by theation of each such
I, noting thatH* , = J(;. We put

R ={reR(llz22¢) | (r,L2a[l]) = 0} = {r e R(Eg) | (1.1) =0}
and define the quasi-pullback to be

P2
I_lirER| (r7 Z) DeI]

This is a nonzero modular form, and one can show that it is @ éusn provided
R # 0. It vanishes along all the Heegner divisors fixed by reflexio O™ (Lyg).

The weight, however, goes up by 1 every time we divide, so thiglht of F[l]
is 12+ %#R. We can therefore show th@ibg is of general type if we can find dre Eg
of length 2 with 2 < #R, < 2(n—12) = 14. Moreover, if we can find a cusp form of
weight preciselyr= 19 then, by a result of Freitag [Sf2q haspg > 0 and in particular
is not uniruled.

This leads us to Question 1, with=1 andp=7 orp= 8, for A = Eg. In [8],
similar considerations about the moduli of some hyperké&hknifolds with a certain
type of polarisation lead to Question 1 wij=1 andp=6 orp =7, for A = Ez.

(2) FI]

2. Solving the combinatorial problems

The specific combinatorial problems encountered in [6] 8hddn be solved in princi-
ple by first boundingl. It is clear that for sufficiently largd anl will exist orthogonal
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to a number of roots in the required range: indeed, for sefiity larged we can find

| orthogonal to exactly two roots. An explicit bound, follogvby a finite calculation,
will solve the problem. Neither is entirely straightforwlathough. In [6] a counting
argument is used to show thatlaa Eg with 12 = 2d, orthogonal to at least two and at
most 12 roots, exists (and therefdFg, is of general type) unless

3) 28\1E6(2d) + 63ND6(20|) > 4NE7(2d),

whereN_ (2d) is the number of ways of representind By the quadratic fornk.. The
inequality (3) certainly fails for largd, but to obtain an effective bound @ione must
boundNg, (2d) andNp, (2d) from above and\g, (2d) from below by explicit functions.
This is a non-trivial problem in analytic number theory bucan be done, and after
some refinements it gives a reasonable bound of ardund 50. It would be possible
to resort to direct computation at that point, but there isi@ed yet. Some integers in
that range are excluded from the list of possibly non-gdrpa polarisations because
the inequality (3) (or another similar inequality) in faeil§. Others can be excluded
by inspection, actually producing a vectoby guessing the root systeR(Iés). The
root systems used in this way in [6] werd4 2A; & Az, Az andA; & Az. The root
systems Bq @ Ay and 22, were not tried: see Appendix A.

In [8] a similar procedure was used, although there is araelfficulty caused
by the opposite parity of the rank: working Ey, one needs to estimald(2d) from
above for some odd-rank root systeRysand this problem is not so well studied as in
the even rank case.

In either case, eventually one is left with a residual listalues ofd for which
the problem has not been settled. In [6] it consists of mdsgiers between 15 and 60
(for very smalld the moduli space is known to be unirational). The residuabjgm
in the hyperkahler case considered in [8] is much smaller.

Now, if we want to be (reasonably) sure that no cases haverhessed, we do
need a computer. Moreover, the methods we now use to sots/pribiblem can also be
used to give answers to question such as those posed inrs&ctio

2.1. Algorithms

We begin by representirigs in the usual way, as the set of poifts: (I1,...,lg) € R8
such that thé; are either all integers or all strict half-integers (i.@herl; € Z for all

i or 2j is an odd integer for ail) andy |; € 2Z, with the standard Euclidean quadratic
form onR&.

We need a very rough upper bound big;(2d), because we want to know
whetherNg, (2d) is small enough to allow a brute-force searchlferEg with 12 = 2d
having 2< #R(I) < 12. We can easily find such a bound by noting thit i 2d then
each of the 8 componeriif | must have? < 2d, so—+/2d < l; < v/2d, and must be
a half-integer: that gives

(4) N, (2d) < (2|2v2d] +1)8
Ford = 52, this bound is about-& 02,
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If we are a bit more precise, and note that the componenitsacé either all
integers, or all proper (i.e. non-integer) half-integevs, save a factor 2 giving a
bound of about 510'°. This is within reach of a brute-force search, but it is $tigh,
especially considering that we have to do some substantigf for each candidate
(compute the inner product with 240 different vectyrs

Thus an exhaustive search of all vector&gof length < 60 is not computa-
tionally impossible but it would be cumbersome and wouldexténd to even slightly
larger problems such as other cases of Question 1. The WeypyV(Es) has order
214.3%.52.7 = 696729600 and should be used to reduce the size of the problere
are two approaches to doing this.

(A) Randomised search.This is what was actually done in [6] and [8]. Since the non-
existence of a vectdrgives no information about the moduli space, we are willmg t
accept a very small probability of failing to detect such atee We therefore choose
a large number of vectors of length less thar62 at random and expect that, as the
Weyl group orbits are large, every orbit will be represented

This approach worked very fast, using only a laptop comparidrimmediately
available software (Maple). A search of twenty thousandioanly chosen vectors
found all the pairgd,#R(1")) in the ranges wanted within the first two thousand iter-
ations, in approximately two minutes. That is fairly coruiimg practical evidence that
there are no more. Unfortunately the output was then mistrémed, leading to the
omission of the case = 52 and the erroneous (but not really misleading) statenment i
[6] that “an extensive computer search for vectors orthafjtmat least 2 and at most
14 roots for othed has not found any”.

It is noteworthy that a similar search in the case- E; did find some cases
not discovered analytically, and for which a constructivetimod of findingl is still
not known. In other words, some cases of the main theorem]dtilBhave only a
computer proof, although ontéas been found it is easy enough to verify its properties
by hand.

It is not so easy to estimate the probabilétypriori that a Weyl orbit might
be missed. The Weyl group &), which is a subgroup of the Weyl group B§,
obviously stabilisesand has order no more than 24 R@#") < 12, but in principle the
stabiliser ofl in W(Eg) could be much larger. In that case the Weyl group orbit would
be small and more easily missed. In practice the randomistdad seems to find all
the orbits.

(B) Exhaustive search.The first author organised an exhaustive search, expldtiag
Weyl group by searching a fundamental domain for the submirbxt W(Eg) generated
by permutations of the eight componeht&nd sign changes of an even number of
components. This subgrottphas size 2- 8!, so index 135 iW(Eg): it gives us most

of the symmetries, with very little effort.

1We can be a lot more efficient than that, and skip most of thaser iproducts, but even then we still
have to compute dozens of inner products per candidatervecto
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We say that € Eg is in normal formif its components are all nonnegative (ex-
cept possibly the firsi;) and the squares of the components are nondecreasing from
low index to high index. By acting with an elementldf we can translate anye Eg
to one in normal form: first permute the components, so thygiages are in order; then
make them all (buly) nonnegative, by changing the sign of every negative corapbn
(except1), and flipping the sign offy once for every such change.

It is straightforward to enumerate the elements of lengthr?Eg that are in
normal form. For brevity, we will describe this only for thaees having integer com-
ponents (one can get the ones with proper half-integer cosms in a very similar
manner).

Step 1.For every index # 1, in descending order, we consider all the possible values
of l;: we requird; to be a non-negative integer such that

e its square, added to the sum of the squares of the coorditretebave been
chosen (i.e. thé? with j > i), does not exceedd(otherwisel? > 2d, for any
further choice of coordinates); and

e (unless = 8)itis not greater thah, 1 (otherwisd would not be in normal form).

In other words, we leli take any value € Z such that

(5) 0<s< min{li+1,,/2d—zj>ilj2}.

Step 2.Seeif 4 — z?zzljz is a perfect squane?. If so, letl; take values-mandm; if
not, discard this choice of coordinates.

Step 3.Check whether theso obtained are ifs, i.e. whetherz?:llj € 27Z. Discard
any that are not itks.

We must then filter these enumerated Eg to find the ones with B(I+) in
the required range (2 #R(1+) < 12 for the case considered in [6]): this part of the
procedure is exactly the same as for the randomised verSioce the roots come in
pairs=r it is enough to take inner products with a prepared list oftpasroots (120
or them), and of course we can stop examirlirag soon as we find a seventh pair of
roots orthogonal to it.

The first author implemented this search in a high-level mogning language
(Haskell). Without spending much time optimising, this sdast enough (a second or
so on commercial hardware, for each of the low valuebweé are interested in, namely
d < 60). The partial use of the symmetriesi&f is crucial, though: to go through all
the vectors of given lengthd?would have taken weeks or months for a single value
of d.

This program discovered the lost cade- 52 and therefore Theorem 1. A
variant of it for E; reconfirmed the results obtained by the randomised methf8].in
The code used for thieg case is given in Appendix B.
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2.2. Further results

The exhaustive algorithm (B) from Section 2.1 can be modifletbmpute, in reason-
able time, answers to some of the questions from Sectionot.4nfiall values of the
parameters. We investigated Question 2 and Question 6 fali snandd with A = E7
and/\ = Eg. ForA = Eg we also investigated Question 5 for the particular casel4,
corresponding to canonical forms 65g.

Specifically, we have so far computed the root tyié\, 2d) for A = E; and
A\ = Eg andd < 150, and the first part of the root type (whetmere P(A,2d) for
2 <m< 20, say) for larged, up to about 300 (further for some valuesi®)f This part
of the computation is fairly fast and only minor changes ®phogram are needed.

A little more work, and more computer time, is needed for Goes. We must
work now withW(Eg), not with H, and we first compute a transversal W(Es) : H
(representatives for each of the 135 left cosetklpaind then reduce each of the 135
translates of eadhto standard form before comparing them.

The outcome counts the number of ways of obtaining a canbioica on Fq
by quasi-pullback ofb;,. There is no assurance either that the forms so obtained are
linearly independent or that there are not more canonicai$ahat do not arise this
way. The results are nevertheless intriguingly unpretletarhere are no such vectors
for d < 40. There is such a vector fdr= 40, and also fod = 42, 43, 48 (two orbits),
49, 51-54 55 and 56 (two orbits each), 57 and 59. There is no such vemtdr= 60,
but for 61 there are three orbits and thereafter the numbertdfs drifts upwards
irregularly. Without further comment, we tabulate belove thumbervi4 of W(Eg)
orbits of length @ vectors inEg orthogonal to exactly 14 roots for 61.d < 150.

d {vig || d |via| d [via| d |via| d |[via| d |via
61| 3 76| 1 91 5 106 | 2 121 | 4 136 | 8

62| 1 77| 2 92 3 107 | 6 122 | 5 137 | 7

63| 2 781 1 93 2 108 | 3 124| 5 138

64| 2 79| 4 94 4 109| 6 124 | 3 139 | 11
65| 0 80| 2 95 3 110 O 125| 6 140| 5

66 | 2 81| 2 96 4 111| 6 126 | 8 141| 6

67| 1 82| 2 97 2 112 | 6 127| 6 142 | 8

68| 2 83| 3 98 3 113| 5 128| 6 143 | 3

69| 2 84| 5 99 2 114 | 3 129 | 7 144 | 8

70 1 85| 4 100 | 4 115 7 130 | 4 145| 8

71| 2 86| 4 101| 5 116 | 6 131 9 146 | 7

72| 2 87| 3 102 | 5 117 | 2 132 | 2 147 | 11
73| 1 88| 2 103| 5 118 | 6 133| 8 148 | 5

74| 3 89| 3 104 | 4 119 9 134 9 149 | 10
75| 3 90| 2 105| 4 120 | 8 135| 5 150| 6
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Appendix A. d =46, 50, 52, 54, 57by V. Gritsenko

In this appendix we find a vectbre Eg of square & orthogonal to exactly 12 roots in
Eg, whered is as in the title of the appendix. (See [6] and [8] for the gaheontext of
this question.) We use below the combinatorics of the Dyuidigram ofEg. We take
the Coxeter basis of simple rootshig as in [3]:

az as Oy as Og a7 ag
@ 4 4 4 L 4 4 L
a2

where(ey, ..., eg) is a Euclidean basis in the latti@ and

1

1
ap =5 (e1+es) — 5 (e2+ €3+ e+ €5+ e+ ),

O2=e€1+&, Ok=6c-1—&2 (3<k<8).

The latticeEg contains 240 roots. We recall that any root is a sum of singadésrwith
integral coefficients of the same sign. The fundamental isig; of Eg form the dual
basis inEg = E, so(a, wj) = &j. The formulae for the weights are given in [3, Tabl.
VII]. The Cartan matrix of the dual basis is

4 5 7 10 8 6 4
5 8 10 15 12 9

7 10 14 20 16 12

10 15 20 30 24 18 1
6) (@, w))=1"g" 15 16 24 20 15 1
6 9 12 18 15 12 8
4 6 8 12 10 8 6
2 3 4 6 5 4 3

We consider the two following cases when the orthogonal dement of a vectok in
Eg contains exactly 12 root&(I2,) = A2 @ 3A; or Ay @ Ag. (We note that R(A1) = 2
and {R(A2) =6.)

The casesl =46, 50, 54, 57There are four possible choices of the subsysiem 3A;
inside the Dynkin diagram dig according to the choices of simple roots®ef namely
A<21’3) = (0q,03), A(22’4) = (02,04), A(25’6) = (05, 06) orA<27’8) = (az,ag). If Ay is fixed
then the three pairwise orthogonal copiesfafin the Dynkin diagram are defined

automatically.

First, we consideA(25’6> = (as,06). Then 3\(15’6) = (az) @ (as) ¢ (0g). More-

over A(ZS’G) @ 3A(15’6) is the root system of the orthogonal complement of the vector
Is = w1+ ws + w7 € Eg. In fact, if r = z?zlxicxi is a positive rootX; > 0) then

(r, I56) = X1 +Xa+X7 = 0. Thereforeq = x4 = x7 =0 andr belongs toA<25’6) @ 3A<15’6).
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Using the Cartan matrix (6) we obtain thég = 2-46. Doing similar calculations with
the other three copies @6 given above we find

l13=ws+ W+ W, l2a=w3+ws+ w7, l7g=w1+ws+we
with 12, =2.50,13, = 2-54 andlZ g = 2.57.

The cased = 52 We consider the sublattidd = Ao & Ay = (a3,04) @ (0, 07) in Es.
ThenM is the root system of the orthogonal complement of the vegter o + wp +
ws + wg With 13, = 2-52.

Appendix B. The computer code

Below is the code used to check the combinatorial problermff6], and thus to
find Theorem 1. The programs were written in the functionapgmming language
Haskell ttp://www.haskell.org). The web page

http://people.bath.ac.uk/masgks/Rootcounts

contains links to further code and output.

{-# LANGUAGE TypeSynonymInstances,NoImplicitPrelude #-}
module E8 where

import qualified Algebra.Ring

import Control.Applicative ((<$>), (<%>))
import qualified Data.Vector as V
import Data.List (intercalate,nubBy)
import qualified Data.MemoCombinators as Memo
import Data.Ratio
(Ratio,numerator,denominator, (%))
import qualified Data.Set as Set
import Data.Typeable (Typeable)
import Math.Combinatorics.Species
(ksubsets,set,ofSize,enumerate,Set (getSet,Set) ,Prod(Prod))
import MyPrelude hiding (numerator,denominator, (%))
import qualified Prelude
import System.Environment (getArgs)

import qualified Algebra.Additive

-- Some types and helper functions for dealing with
- "vectors" (implemented as arrays of rational numbers).

type Coordinate
= Ratio Int



300 A. Peterson and G.K. Sankaran

type Vector
= V.Vector Coordinate

-- Inner product.
inp :: Vector -> Vector -> Coordinate
inp a b = V.sum (V.zipWith (*) a b)

half :: Coordinate
half =1 9% 2

-- Product of scalar with vector.
1l :: Coordinate -> Vector -> Vector
1 =V.map . (%)

instance Algebra.Additive.C Vector where
(+) = V.zipWith (+)
(-) = V.zipWith (-)
negate = 1 (-1)
zero = V.fromList [0,0,0,0,0,0,0,0]

-- Some data regarding E_8

delta :: (Eq a,Algebra.Ring.C b) => a ->a -> Db
delta i j = if i == j then 1 else O

-- ’e i’ gives the i’th standard basis vector of R_8.
e :: Int -> Vector
e i = V.fromList $ map (delta i) [1 .. 8]

-- This is the usual integral basis of the lattice E_8.
basis :: [Vector]
basis
L
1 half $ (e 1 +e8) - (sum $ map e [2 .. 7])
,el+e?2
] ++map (\i ->e (i -1) -e (i -2)) [3..8]

roots :: [Vector]
roots = d8 ++ x118 where
d8 = concatMap ((\ [a,b] ->
[a + b,a - b,b - a,negate a - b]) . map e . getSet) $
enumerate (ksubsets 2) [1 .. 8]
x118 = map (\ (Prod (Set neg) (Set pos)) ->
1 half $ sum (map (negate . e) neg) + sum (map e pos)) $
enumerate ((set ‘ofSize‘ even) * set) [1 .. 8]
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-- ’posRoots’ contains exactly one of every pair

-- (a,-a) of roots.

posRoots :: [Vector]

posRoots = nubBy (\ a b -> a == b || a == negate b) roots

-- Generate elements 1 of the E_8 lattice with the property
-- that 172 = 2 d. We need only one element of each orbit
-- under the action of the Weyl group. In particular, we

-- may assume that all coordinates but one (say, the first)
-- are nonnegative, and that the successive coordinates are
-- nondecreasing. We generate exactly one element of each
-- H-orbit, where H is the subgroup of permutations and even
-- sign changes.

gen :: Int -> [Vector]
gen d = genInt d ++ genHalfInt d

genInt :: Int -> [Vector]

genInt d = map (V.fromList . map fromIntegral) $ go [] O where
-- Given the length of a partial vector, compute the maximal
-- new coordinate which does not increase the length of the
-- vector beyond 2 d.
maxCoord :: Int -> Int
maxCoord s = floor (sqrt (fromIntegral $ dD - s) :: Double)

dD :: Int
dD = 2 x d

-- We maintain a list of coordinates chosen so far, every
-- one together with the sum of squares of the coordinates
-- up to and including that coordinate.
-- The generated vectors are elements of E_8, because the
-- sum of the squares of their components is even, hence
-- the sum of the components as well.
go :: [(Int,Int)] -> Int -> [[Int]]
-- We have fixed all eight coordinates.
go fixed@((_,sq) : ps) 8
-- The vector has the right length; add the relevant
-- solutions (using ’vary’), and continue searching.
| sq ==dD = vary (map fst fixed) ++ lower ps 7
-- The vector has the wrong length, continue searching.
| otherwise = lower ps 7
go fixed n = let
(m,s) = case fixed of
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[1 -> (maxCoord 0,0)
(c,s) : _ -> (Prelude.min (maxCoord s) c,s)
in
go ((mys +m ~ 2) : fixed) (n + 1)
-- Lexicographically decrease the given vector, and continue

-- the generation from there.
lower :: [(Int,Int)] -> Int -> [[Int]]

lower [] =10
lower ((x,s) : ps) n
| x == = lower ps (n - 1)

| otherwise = go ((x - 1,s +1 - 2 *x) : ps) n

vary :: [Int] -> [[Int]]
vary (x : xs) = if x ==

then [0 : xs]

else [x : xs,negate x : xs]

-- For vectors with all coordinates half-integers, we work
-- with the doubles of the coordinates.
genHalfInt :: Int -> [Vector]
genHalfInt d = map (V.fromList . map (% 2)) $ go [] O where
maxCoord :: Int -> Int
maxCoord = Memo.integral m where
ms =f $§ floor (sqrt (fromIntegral $ dE - s) :: Double)
f k = if odd k then k else k - 1

dE :: Int
dE = 8 *x d

go :: [(Int,Int)] -> Int -> [[Int]]
go fixed@((_,sq) : ps) 8
| sq == dE = filter e8 (vary $ map fst fixed)
++ lower ps 7
| otherwise = lower ps 7

go fixed n = let
(m,s) = case fixed of
[1 -> (maxCoord 0,0)
(c,s) : _ -> (Prelude.min (maxCoord s) c,s)
in

go ((mys +m ~ 2) : fixed) (n + 1)

-- Decides whether a given vector is an element of E_8
e8 :: [Int] -> Bool
e8 = (== 0) . flip rem 4 . sum
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lower :: [(Int,Int)] -> Int -> [[Int]]

lower [] _ =1
lower ((x,s) : ps) n
| x == = lower ps (n - 1)

| otherwise = go ((x - 2,s +4 - 4 % x) : ps) n

vary :: [Int] -> [[Int]]
vary (x : xs) = [x : xs,negate x : xs]
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