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|. Camperi

GLOBAL HYPOELLIPTICITY AND SOBOLEV ESTIMATES
FOR GENERALIZED SG-PSEUDO-DIFFERENTIAL
OPERATORS

Abstract. We prove global hypoellipticity and maximal Sobolev estiesafor a class of
generalized SG-pseudo-differential operators. Appbticat are given to partial differential
operators with polynomial coefficients Rf".

1. Introduction

In this paper we consider linear partial differential ogiera.or pseudo-differential op-
eratorsP = p(x,D) globally defined inR", and we study for them the problem of the
global hypoellipticity. Namely, writings (R") for the Schwartz space of the rapidly
decaying functions ang' (R") for its dual, we assume thBt: s (R") — s (R") extends
to a maps’(R") — $’/(R"). We then recall thaP is globally hypoelliptic if, for any
givenf € s(R"), all the solutionss € s’ (R") of the equatioPu= f belong tas (R").
This definition does not imply the local regularity of the widns of P, however it
is natural to limit attention to operatoPswhich are already known to be hypoellip-
tic in the Schwartz sense, i.ePu € C*(Q) for u € »’'(Q) impliesu € C*(Q), for
everyQ c R". Relevant classes of globally hypoelliptic operators wdemntified by
Shubin [10], taking as basic example the harmonic oscillat@uantum Mechanics
P=-A+ |x|2. A generalization of the classes of Shubin was then givendygitto,
Buzano, Rodino [3]. In a somewhat different direction, R&r] and Cordes [5] in-
troduced the so-calle8G-classes. In the present paper we pre§€n§§t6 extensions of
SGeclasses, allowing new applications to global hypoeltipyi '

Basic example, where to test the previous contributionssamdesults, is given
by partial differential operators with polynomial coeféaits inR"

(1) P= ZCOI,BXGDB (Dx; = —idy,)

where the coefficients, g are complex numbers, and in the sai run over a finite
set of indices. Consider the symbol

POE) = T CuprEP.

The Newton’s polyhedromn(, of the polynomialp(x,§) is defined as the convex hull
in R?" of all multi-indices(a, B) € N?", with Cq,g # 0, and the origin (see for example
Gindikin, Volevich [7]). We then associate fi§x, &) the function oriR?"

M) = Y e
(a,B)eNp
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and we say tha®, or p(x, &), is A-elliptic if

(2) CA (% &) < [p(x &)] <CA(x,E)

for positive constants andC and large|x| + |§|. The A-ellipticity grants the global
ellipticity of P, if A, satisfies suitable geometric properties. As basic examiple o
polyhedron having a "good geometry” we have from Shubin fhe]simplex

3) Ap = {(a,B), [of + |B] < m}

wherem is a fixed positive integer, and we latp run here inR?". In Boggiatto,
Buzano, Rodino [3], as generalization of (3), the Newtordfypedrona(, was as-
sumed complete, this means that it does not contain sidedleldo coordinate axes
and the outer normals to the non-coordinate faces havégpsitive components. In
the SGcase of Parenti [9] and Cordes [5] we have

(4) Np: {(uaB)a |(X| S mp, |B| S ml}

wherem; > 0, mp > 0 are fixed integers. Note that the polyhedron in (4) is not-com
plete, since the outer normals to the non-coordinate fasetgam zero components.
Hence the results of Boggiatto, Buzano, Rodino [3] cannap@ied, nevertheless the
corresponding\-elliptic operators are globally hypoelliptic. In the peas paper we
shall go further with respect to tf&G-case, considering for a fixgd 0 < y < 1:

(5) P=3 Cq pX°DP

0<B<my
0<a<yB

where for simplicity we assunee N, B € N, i.e. Pis an ordinary differential operator.
Let us assumay, = ymy is an integer. The corresponding Newton’s polyhedroR4n

(6) Np={(a,B),0<a<yB,0<B<m}

has a face, namely the segment connecd{®@) and(m,my ), with outer normal con-
taining a negative component. TReellipticity condition (2) can be written in a sim-
plified form:

(7) C(L+ [E™ |+ [xME™]) < [p(x,&)] < C(1+ [T+ [x™E™]).

As an application of our pseudo-differential calculus, walsobtain that? in (5) is
globally hypoelliptic, under the assumption (7).

Consider as an example
P=(1+x*)D*+1

with symbol
p(x&) = (1+x?)&*+1
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of the form (5) withmy = 4, y = 1/2. The condition (7) is obviously satisfied. Our
result cannot be extended to the case wpenl in (5). As counter-example, consider
the operator

(8) P=(1+x%)D?+2.
The symbolp(x,&) = (1+x2) &2 + 2 is A-elliptic with respect to
Np={(0,B),0<a <B,0<PB< 2},
that is we are in the case (6), but 1. The corresponding homogeneous equation
Pu=—(1+x)u"+2u=0

admits the solution

u(x) =1+x2 € s'(R),
which does not belong te(R). ThereforeP in (8) is not globally hypoelliptic. Let
us conclude by observing that the characterization of thghedronsa, for which
A-ellipticity grants global hypoellipticity, as well as tlgeneral characterization of the
operators with polynomial coefficients (1) which are gldpalypoelliptic, are widely
open problems.

The contents of the paper are the following. In the next $aci we present
ourS 25—pseudo-differential calculus. It is more general thandaleulus of Cordes
[5] and it does not enter the results of Beals [1]. Howevexait be seen as a particular
case of the so-called Weyl-Hormander calculus, see Hidea[6]. For this reason
we omit the proofs, and emphasize only the peculiaritiehefdonstruction of the
parametrices.

In the last part of this work, Section 4, we focus our attemtio SG Sobolev
spaced® of Cordes [5]: we prove that an operator with symbo‘SiG;TB is continuous
from HS into HS™™. Finally, we define a Sobolev spakE modelled on (5) and we
show a maximal inequality that tie Ug*-norm with L2-norm plus a Sobolev norm.
To prove this assertion, proporties of Newton’s polyhedaos fundamental. As a
consequence of the maximal estimate, we obtain the Fredpoiperty of the map
P:H* — L2

Recently Cappiello, Gramchev, Rodino [4] have proved timathe case when
the symbols of the pseudo-differential opera&@}s satisfy additional analytic bounds,
the regularity ins (R") of the solution can be replaced by regularity in Gelfandi®hi
classes, expressing holomorphic extension and expohdetiay. Via our results in
Section 3, it is possible to apply the results of Cappiellmr@chev, Rodino [4] to the
operators with polynomial coefficients (5).

2. SG'; operators

We introduce some notational conventions. et (my, mp) € R?, and letpy, p2, 81,8,
be real numbers with & 8; < p; <1, j = 1,2, and denot® = (p1,p2), & = (81,62).
Lete; =(1,0), & =(0,1), e=(1,1).
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We define pseudo-differential operators of clﬁﬁg6 and investigate their basic
properties.

DEFINITION 1. We say that a function(g, &) € C*(R?") is a symbol of class
S@; if there exists a positive constang g such that

DgDE p(x,£) ’ < Ca,B<E>mrpl‘aH61‘B‘ <X>mzfpz\l3\+52\0\

for every(x,&) € R?" anda, B € N", where(§) = (1+ |E|2)1/2 and(x) = (1+ |x|2)1/2.

Some classes were treated by Cordes [5] under the assuniptiof.
We also define

= () SFs=5®R*"), SC = J ST

meR2 meR2

wheres (R?") is the Schwartz space.
Forp(x,§) € SG'5 we define the semi-nornié, 5(p), by

Nopg(p) = sup <{>’m1+91\0‘\*51\3\<X>fm2+p2\[3\752\q\
(x&) R

DEDEP(x,E)|.

Then SG,?,& is a Fréchet space with respect to the topology induced égetisemi-
norms.
It is easy to prove that the following relations hold:

1 1fmy <, pf <pj, & <&, j=1,2 thenSQ, C ST .

2. Ifpesa’

AP thean‘ DE p(x,&) € S('%‘fé3 with

m’ =m— (p1|a| — 81|B|)er — (p2|B| — S2|al)ez

Corresponding t@(x, &) € SG"

D5, we define the pseudo-differential opera®ee p(x, D)
by the standard formula

©  Pu=px DX = (20" [ d*p(xE)aE)E. ues®),

whereU is the Fourier transform.
We shall denote b@PSC%‘ES the space of all operators of the form (9), with symbols in
SGm

For a symbolp S SGTIO and a sequence of symbals, j € N, pj € SG’;& m =

(ml, ,m.S>mi> >mk> mka —oo, asj — oo, k=1,2 we will say thatp
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has the asymptotic expansi@o pj, written asp ~ Z)pj, if for everyN € N we have
= i=

N—-1
_ S pesanl
p J_Zopje q

The following theorems can be proved making simple chargéset proofs in
Cordes [5], in Parenti [9] or else by applying the general Wé§rmander calculus in
[6], so we omit the proofs.

THEOREM 1. Given pe SG;B, the operator P defined by (9) is linear and
continuous from the Schwartz spacénto itself. Furthermore, P can be extended to a
linear and continuous map frogY into itself.

THEOREM2. Letp; € SGST%,j € N, where m = (ml,m}, ), with

m>m>me>..., m ——woasjoo k=12
There exists a symbolepSC:‘g"% such that

P~ 3 b

THEOREM3. Let P= p(x,D) € OPS@', Q= q(x,D) € OPST;. Then, there
exists a symbol € SG‘;’;;”‘”'2 such that ¢x,D)p(x,D) = r(x,D). Furthermore
1 [of a
r(X7E) ~ Z aaa q(X)E)DX p(X7E)

DEFINITION 2. A symbol pe SG,?,& is said to be hypoelliptic if there exist
R.Co,Coqp > 0and ni = (mj,m,) € R? such that

(10) [P(,E)] > Co(&)™(x)™
and
(11) DEDEP(X,&)| < Coap|P(x.8)| (&) P10 (P2l el

for all o, € N"and(x,€) € R?" with x| + | > R

DEFINITION 3. A symbol pe SG;T.B is called elliptic if it satisfieq10) with
m =m. '

Let us observe that (10) withh' = mimplies (11); therefore an elliptic symbol
is also hypoelliptic.

We say thaQQ is a parametrix oP if we haveQP—1 € OPSG* andPQ—
| € OPSG ™. We speak of a left (right) parametr@ of P if only the second (first)
condition holds.
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THEOREMA4. Let P be an operator with a hypoelliptic symbodszGgé. Then,
it admits a parametrix Q with symboleqSGng

Proof. As standard we define a sequence of symipl§ > 1) inductively by

1

D8 = 558

(12)
qj(%.§) = — Z EQkDXp/ d, j=12...,
W] o
for every (x,&) € R?", where p’(x,E) = p(x,&) for x|+ |&] > R, p'(x,§) € C*(R?")
with p/(x,&) # 0. It is easy to prove thai; € SGg’g(*(p*é)je by using (10), (11). Then,
by Theorem 2 there exists an operafpe q(x,D) € OPS%? with symbolq(x,&) ~

Z)qj (%,&). Applying Theorem 3 we can easy verify tH@is a parametrixoP. O

THEOREMS. Let p be a hypoelliptic symbol in andlet fes. Ifues’
is a solution of the corresponding equation 2uf, then ue s. That is, P is globally
hypoelliptic.

Proof. By Theorem 4 there exist an opera@mith symbol inSG;gf and an operator
Rwith symbol inSG™® = s (R?") such that

Qf =QPu=u+Ru

We have
u=Qf-Ru
Since a pseudo-differential operator with syme¢i(1R2“) is regularizing, i.e. it maps
s'(R?") into.s (R?"), thenue s. O
EXAMPLE 1. The symbop(x,&) = (x)Y& +i, with (x,&) € R? is hypoelliptic as
symbollnsdt |fO <y< 1. Infact, the condition (10) is fulfilled fom' = (1,0).
Moreover,
1+ ¢ |P(%,&)] -1
D:p(x, &) = (x)Y = —2(x)¥ < XY ~ | p(x, &)] (x)Y
[Dep(x.8)] = (Y = 35 (0 < TTERm 007~ [P B)] (07(E)
and
X
DB~ 4 (XY = % el < - (60l + 1)
X +1 _
XL 00 E)] ~ (0 (6B
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when|x| + || is large. Itis easy to verify that also higher order derixedisatisfy (11).

3. Newton’s polyhedron

Consider a polynomial
pP(x,&) = ZCG,BXGEB
in the variable(x, &) € R?, with constant complex coefficientg g € C.
Let Ri be the positive quadrant in the plane:

R% = {(a,B) eR%,a >0,>0}.

DEFINITION 4. Let p(x, &) be defined as before and consider the finite set of
points ofRZ A= {(a,B) € R% ,cq 5 # 0}. The Newton’s polyhedrom, of the poly-
nomial p(x,&) is the convex hull ifR2 of AU {0} .

We shall deal with polynomials in two variables of type:

(13) PXE= T CaplE?

0<B<my
0<a<yB

with 0 <y < 1. We define

NXE) = L 8™ 4+ [YME™ |~ /11 g2m  somgam:
0<B<my
0<a<yB

x“EB‘

and we suppose that there exists a congant0 such that

Ip(%,&)[ = CA(X.).

We then say that the polynomial (13) satisfies the conditfar@llipticity. Under these
hypotheses it is obvious thii(x,&)| ~ A(x,&) andCom, # 0, Cymy.m, # 0.

Hence the Newton’s polyhedrang, of the polynomial (13), given by (6), is a
right triangle with vertices’p, = {(0,0), (0, my), (ymy,my) } .

We can prove the following result:

PropPoOsSITIONL. Ifthe symbo(13)is A-elliptic andy < 1, then it is hypoelliptic
in Sdtmi’yml)

11,00y

To prove Proposition 1, we need a preliminary result.

LEMMA 1. Given xe (R$)", a finite subset A= (R¢)* and a convex linear

combinatior = z Cqa, we have that
acA
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A proof of this lemma can be found in Boggiatto-Buzano-RaodBi.

Proof of Proposition 1.Itis obvius that the condition (10) is satisfied with= (my,0).
Now we prove that the polynomial satysfies the condition f@fjhe derivative of or-
der one, the others inequalities follow immediately. Weéhav

_ 1+ x|
|Dxp(XaE)| = C(CG,BXG 1EB P
o L

O<a<yp

~ 07 Y aca e g (L1 [X)
0<B<my
O<a<yp

<t S alcag) ‘x"*lzﬁl + Y alcag
0<B<m 0<B<m
0<a<yB O0<a<yB

x“EB‘ .

Every term|x®~1€P| is such thafa — 1,B) € 4. Using Lemma 1 and thk-
ellipticity of p(x,&) we obtain

1P| <Ax.8) <Clp(x )l
Applying the same argument to the terhn%EB\ , we have

XE| <Ax.8) < [p(x8).

Therefore we can conclude that:

IDxp(x,€)| < Clp(x,€)] (X) .
With analogous reasonings we have

—vep_1l IHE
DspcE)| = [ 5 peapix e 1| g
0<B<m
0<a<yB
o114 [E]
< (14 |xY Bleap| X YEPT 2
( )o%ml (a] 1+ ¢
0<a<yB

~OE TS Bleap XOTEP T+ S Bloap| X YE
0<B<my 0<B<my
0<a<yB 0<a<yB
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We have take out the terw|¥ from the sum, therefore all the terms contained in the
two sums are associated to a point that belongs to the Nesypotyhedrom(, and we
can apply the same argument used before. So we conclude that

‘DE p(X,E)‘ < C|P(X,E)| <X>V<E>7l.

4. Sobolev estimates

DEFINITION 5. The Sobolev spaceSHs = (s1,5) € R? is defined by
HS={uc s’/ (x%(D)*uc LAR")}.
The Sobolev spadd® is a Banach space with the norm
(14) [ullys = 1()*(D)*ull 2, ueHS.
In particular the spack® is a Hilbert space with the inner product
(U,V)us = ((X)2(D)u, (x)2(D)*v) 2, u,ve HS.

Note that the pseudo-differential operatey?(D)> ¢ OPS(—E‘{) is invertible, as an op-
erator froms into itself (or froms’ into itself), with inversgD) " (x) "% ¢ OPSCS%.

In particular(x)*(D)* is elliptic of orders.
From (14) we conclude thdk)*(D)® is an isometry fronHS into L2.

We now prove the boundedness of mesc—g"é operators on the spacé¥,
following the lines of Parenti [9], Cordes [5].

PROPOSITION2. Given gx,§) € SC{Q& the operator P defined bi®) is con-
tinuous from H into HS-™ if and only if the operator

()27 (D)=™P(D) " (x) %2
is continuous from Linto L2.
Proof. Letu € HS. There existy € L? such that
(15) u= (D) *{x) *v

and we have
ulligs = [[{D) ™ () "%2V|| ys = [IVI] 2.
Using (15) and (14), we obtain
[Pulysm = [|(x)%™(D)* ™Pul,
= [[(x% ™(D)* ™P(D) " *(x)"2v]| ,.
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We can conclude that
HPUHHS*m SC”U”HS, ueHs

if and only if
(| (x) %= ™(D)* " ™P(D) "% (x)"2v|| , <C|Vl[2, VeELZ
O

PROPOSITION3. Let P= p(x,D) be an operatorin OPSE%. Then Q=q(x,D) =
()%™ (D) ™P(D) % (x)"2 is in OPSGy.

This is an obvious consequence of Theorem 3.

PROPOSITIONA. Let p(x,§) € Sdoo , then the associated pseudo-differential
operator P is continuous fromlinto |tself

TheL2-boundedness of operators with symboSﬁf was proved by Cordes

[5] when &, = 0, see also Beals [1], Beals-Fefferman [2] In the presepepthe
most relevant case is represented by the dase0, which remained unexplored in the
above mentioned articles. However, Proposition 4 can berse® as a consequence of
the results in Hormander [6]. In faSlGSfa classes are included in the Weyl-Hormander

calculus and actually we ge-boundedness also for00; <pj<1,0;#1,j=1,2,
m=0.

THEOREM®6. Given a symbol (x,§) € SG&, the operator P defined b@) is
continuous from Hinto HS™™,

Proof. The proof is an obvious conseguence of Proposition 2, Pitigo$, Proposi-
tion 4. O

Applying Theorem 6 to the parametiixe OPSC?jgf in Theorem 4 and writing
u= QPu— Ruas in the proof of Theorem 5 we get for ang R? the estimate

ulloy < C(IPUl2 + [lull), ueL?

So for example for the operator with polynomial coefficieRtin Section 3, in the
proof of Proposition 1 we haa = (m, 0), so we obtain

HDBuH < C([[Pull 2+ [lulle) -

O<B<m

In the following we shall improve this estimates by addingtia sum in the left-hand
side all the other term)$x0‘D‘3uHL2 with 0 < a < yB.
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LEMMA 2. Let p(x,&) be the symba(13). If p(x,§) is hypoelliptic and ¢x, &)
is the symbol of its parametrix with asymptotic expansyom (x,&), cf. the proof of

Theorem 4, then the following inequality holds:

(16)

DEDfal| < Caplao(x )| €)™ 0) FH N 1 —0,12,....

Proof. First we prove that the inequality holds fgr. Using (12) and Leibniz’ formula
we obtain

DfDfau(x,€)| = |DEDE (95io(x.&)Dxp(x,&)d0(x,))|

e (o) (@) (2) )

O3+04=02 351 B,=p,

D7'0¢D§ qo(x.€) ’

-|DfeDE*2p(x.£)| | DD 8)|.

Using hypoellipticity of the symbolgo(x, &) andp(x,§), we can deduce (16). Now we
suppose that inequality (16) is true uritiand we prove that it holds fdr+ 1. Using
the same arguments, we obtain

DEDEer1(x.8)

| H .
= D¢ <ZO<|T1_J->!"2“‘qj<x,&>D'x+lJp(x,z>qo<x,a>>|

T 3 3y (o) @) () )

O3+04=02p,48,=p,

D?la?rl*l D)elqj (X, E) Dgfs D53+|+1*j p(X, E)}

DZ“Dg*do(x, E)} :

Using inductive hypothesis on the first term and hypoettiptiof p(x,&) andq(x,§)
respectively to the others two terms, we easily obtain thelesion. O

PROPOSITIONS. Let P be the operator with symb¢l13) and Q its parame-
trix. Then XDPQ is continuous from L.into itself, for every(a,p) in the Newton’s

polyhedrom, of p(x,&).

By applying the composition Theorem 3, sinQec SGf;ESml’O), X e Sijoéyml),

&P e Sdprjg’o) for (a,B) € A, we obtainx&PQ ¢ OPS(%%M), that does not grant
L2-boundedness. A more refined argument is therefore negessar

Proof. First we prove thax®&Pq (x,€) € SG(K 'N ,1=0,1,2,.
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By Leibniz’ formula we have

s o)< .5, 7) (e

Xt 1P DR KD gy (x,8)

(17)

Using (16), we obtain

1+ g 1+ |x
1+ [Ef 1+

(18)

x“*jEB*kDQ*kDQ‘*jq (X,E)’ = ‘ka’ ‘X“’jfkyﬁﬁfk’

|pr oo (x.8)|

< ‘X“*j*kVEBfk‘ <1+ |E|k) <1+ |X|j) <X>kV<E>7k<X>7j
oo (x, &)[ (&)~ (k) iy ~(m=i+l)vin—ieH)

Now, it can easily be seen that

(19)

XA IEE K (14 ) (14 00) <Clp(x )],
in fact every term on the first member of (19) has exponentiblaings to the Newton'’s

polyhedrom(, of the polynomialp(x,§).
Using (17), (18), (19), we obtain

3

XC(*j&B*kDrE'Ika)I’(nqul (X, E) S Cn,k,m,j <E>f(n+l)<x>f(m+l)+y(n+l)

Sox?EBq (x,§) GSG(( lf”w 1=0,1,2,.
We denote (x, D) = x"DBQ. By Theorem 3, the symbolx, &) has the follow-
ing asymptotic expansion:

B

@0) r(x8)~ o)+ (3

) 10
bt (5 )0t o) +enban )

We note that the sum in (20) is a finite sum. By constructii®, &) has asymptotic

expansiorg(x,§) ~ Z)q| (x,&) where they (x, &) are defined in (12),=0,1,2,.

It is obvious that

XUEBG(E) ~ Iix“zﬁql (%.8).
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For everyx®&Pq (x,€), | = 0,1,2,..., the hypothesis of the Theorem 2 are satisfied
with m® = (0,0), therefore it exists a symbs(x,&) € Sd;’g that has the asymptotic

expansioanx“EBq (x,&). We conclude that symbotgx, §) andx“EBq(x,E) have the
|=

. . .0
same asymptotic expansion, then the sym8fq(x, &) belongs toSC%&

Using the properties of the Newton’s polyhedron associtte¢de symbol (13)
and arguing similarly, we prove that

X¥EIDjax &) e SG 1 o, j=1....B

So we have proved thatx,§) € S (fi%.(o.w- By Proposition 4, we have thatDPQ s
continuous from_2 into itself. O

Let A(p be the Newton’s polyhedron of the symbol (13).

DEFINITION 6. We set
H* = {u es'/xDPucl? (a,B) e Np},

with norm
_ B
ullp- = % Hqu UHLZ'
"

0<B<m
0<a<yB
THEOREM7Y. Let P be the operator with symb(3). The following inequality
holds for any te R?, for a suitable C> 0:

|ullg- < C(IPUl2 + [lully), ueL?
Proof. The operatoP is hypoelliptic, therefore, if we calD its parametrix, we have
(21) QPu=u+Ku,

whereK € OPSG . Obviously, we can write (21) as= QPu— Ku. Using the norm
H* we have

Ul < [IQPUl- + [[Kul -
We would like to prove thatQPu,,. < C||Pul| 2. This is true if the operatd®: L? —
H* is continuous. By definition dfi * norm, this is equivalentto z X2 DBQVHLZ <

0<B<m
0<a<yB

C||v||2- In other words, we have to prove thé&tDPQ : L2 — L? is continuous. Using
Proposition 5 we know that this assertion is valid.

Itis easy to prove thatKul|,,. < Cljul|: for anyt € R?. O

Observe finally that the boundedness of the paramétrik? — H* implies the
Fredholm property oP. Namely, we havé® : H* — L2, as evident from Definition 6.
MoreoverPQ=1+Kj, QP =1+ Ky, whereKy, K, are regularizing, hence compact in
H* andL?. It follows that the mag® : H* — L? is Fredholm.
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