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N. Ujevic

AN APPLICATION OF THE MONTGOMERY IDENTITY TO
QUADRATURE RULES

Abstract. We use the Montgomery identity to obtain an optimal quadeatule. It turns out
that this rule is the well-known compound trapezoidal rule.

1. Introduction

The Montgomery identity is recently considered by many arglf[1]-[5]). This iden-
tity has the form

F(x) = lea/:f(t)dt+AbK(x,t)f'(t)dt,

where

t—a, teax
K(t){ t—b, te(xb

From this identity we can obtain the well known integral ©@stski inequality
( a+b)2

‘ —/fdt‘ it oy ]Hf”mba

This inequality is considered in really many recently psitdid papers. It gives an error
bound for a simple quadrature rule.

In this paper we use the Montgomery identity and derive am@dtquadrature
rule with respect to a given way of estimation of its errotulins out that this optimal
guadrature rule is in fact the well-known compound trapgézaie. In such a way
we proved that the compound trapezoidal rule is the bestilgeda a given class of
guadrature rules if we a priory give the way of estimationeshainder terms for these
rules. In this sense the results of this paper can be corsider a generalization of
results obtained in [6].

2. Quadrature rules

First we consider a problem in the interj@l1]. Let{O=xy < X3 < --- <X, =1} be
a partition of[0, 1] and

(1) _iwi =1,wieR
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If x; € [0,1] then, using the Montgomery identity, we have

() f(x) :/Olf(t)dt+/olK(>q,t)f’(t)dt,

where
Ko(t)=t—1,t €10,1],

t, tel0,x
Ki(t){ t_l,te[(Xh]l] ’

fori=1,2,...n—1,% € [0,1] and
Kn(t) =t,t € [0,1].
From (2) we get

iiwn‘(xi)/Olf(t)du/OlK(t)f,(t)dL

where
3) K(t) :-iWiK(Xht)-

The functionK(t) can be written in the equivalent form

t—wp, te[0,xq]
1
t—3% wjte (lexz]
=
2
K(t) = t— 3 Wj,tG(Xz,X3]
ico

n-1
t— 3 wj, te (Xn-1,1]
j=o

We have

/01 f(t)dt — iiwi f(x)

We now consider the minimizing problem

@) /01|K(t)|dtﬂmin.

If we introduce the notation

O = ZOWJ'
J:

1
<[], [ Ikt
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then the problem (4) can be written in the form
X1 1
(5) /nf%m+m+/|pmﬂmémm
0 Xn—1

We required that; € [x;,%+1],i =0,1,...,n— 1. Then we have

(6) AmmeMt: Am@70m+0&%fGMt
= 2[00+ a0

Using the relation (6) we can write the problem (5) in the form

1n-1
F(Wo,..., Wn_1) = > i; [(O‘i — %)+ (Xip1— ci)z} — min.

We now solve this problem. For that purpose we calculate

oF n-1 00 d0;i
(7) a—Wjii; {(Gxu)a—wj(xuﬂm)a—wj],
forj=0,1,2,...,.n—1. Since
doi _ [ Lj<i
aWj o 0, J >
from (7) we get
oF nt
= _ 20 — (X; .
e i;[ O — (X% +Xi11)]
oF "
= _ 20 — (X; .
" i;[ O — (X +Xi11)]
oF
W1 =20n-1— (Xn—1+Xn)-
If we wish to find the minimum we have to require that
F
9F =0,j=0,1,2,....n—1.
aw,-

We also introduce the notations

7
AN

pj = (X +Xi+1),

s -
Tl
-
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for j =0,1,2,....n—1. The we can write the above system in the form

2o0—po = O
201 — p1

\
o

20h-1—pn-1 = 0.

Since
Pi—Pj+1 = Xj+Xj+1,
qj —dj+1 = O0j,
we have
200— (Xo+x1) = O
201—(x1+x) = O
20n-1— (Xn—1+X%n) = 0.

It is not difficult to solve the above system. We have

+ X
%:%:MZ{
01:W0+W1:XHZ_X2
such that . A~
1=
Generally, we have
wj:w,jzz,s,..,nfl,
and W_l—anl
h=—"">% >

since (1) holds.
In fact, we get the next formula

1 n 1 ,
/Of(t)dt:i;Wif(x.-)—/o K@) (t)dt,

whereK(t) is given by (3) andv; are given above. Hence, we got the following result.

THEOREM1. Let f € CY(0,1). Then

(8)

1 n—1p. )
/O f ()t = 1of (0 +2h”*1f(1) vy h'*12+ M £ )+ R(F),
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where

K(t) is given by (3), h=%+1—x,i=0,1,2,....n—1and

© < L=

Proof. The relation (8) is proved above. We have

/01|K(t)|dt .an [/: (o1 —t)dt+/:“(t—oi)dt

1n 1
- 220{ RCERL
_ T (K —%0)?
3
since X+ %
o = 'T'“ i=0,1,2,..,n— 1.
Hence, the relation (9) holds, too. O
COROLLARY 1. Let f¢ Cl(O, 1). Then
f(1 n-1
(10) / f(t 0+ ()h+hZf(Xi)+R1(f),
i=

where

1
f/ K(t)f'(t)dt
0

K(t)isgivenby (3), b=%+1—%x =1/n,i=0,1,2,....n—1and
1l

h2
IRl(f)lﬁsz'Hm:

REMARK 1. Note that the quadrature rule given in Corollary 1 is thél-we
known compound trapezoidal quadrature rule. From the abomsiderations we can
also conclude that this rule is optimal in the sense thatstdainimal error bound
when we estimate this error in the described way.

In fact, in both above cases we can obtain a better estimatfithre error.

THEOREMZ2. Let the assumptions of Theorem 1 and Corollary 1 holg.Tfe
R are numbers such thgt< f/(t) <T, t € [0,1] then

-y,
(11) |R(f)|§Ti;hia
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"oy

(12) IRu(f) < 8

Proof. We have
1

/1K(t)dt / (t— o) dt+ - +/ (t—on_1)dt
0 Xn-1

1"

2

0,

20[ = Xi1)% = (6 — 0.)}

since Cx
g =2 S, 1=012,..,0-1.
Thus,
1 1
[ o -ha= ko
0 2 0
and L r . 1
[ koo - 59 < 5 [kl
0 0
since
‘ p_ Tyl Ty
2 |- 2
Now it is not difficult to see that (11) and (12) hold. O

If we write the above rule in the intervid, b] then we get the next result.

THEOREM3. Let f € Cl(a,b). Then

/abf(t)dt: hof(a) +2hn71f(b) +nzl1 hi712+ hi F(x)+R(F),

where h=X11—x,i=0,1,2,....n—1and

C_yn-
<_

RODI< 5 zo
fory,I € Rsuch thay < f'(t) <T,t e [a,b].
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