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WEIGHTED POWER MEANS OF OPERATORS

Abstract. Letoy,02,---,0n be positive real numbers sat|sfy|@ o; =1 andA;, Az, -+ , Ay
i=1

be positive operators. Léllgy(A) = (zlo.Aly)l/V y> 0. It has been shown that InTVIcy

exists. Some known inequalities have also been generalized

1. Introduction

K. V. Bhagwat and R. Subramanian [2] considered the validitthe well known in-
equalities between power means of a set of positive real punlwvhen the latter are
replaced by positive operators on a Hilbert space. Theyqut@n analogue of the
arithmetic-harmonic mean inequality for positive numbartghe case of positive op-
erators. In what follows, we extend the above said inequitveighted means. The
procedure for extension of the arithmetic-harmonic meanqumlity to weighted means
suggested in [2], though standard is yet involved. It tunmistioat the method of proof
employed in [2] when suitably modified, gives a direct probiveighted arithmetic-
harmonic mean inequality.

n
We show that |ImM0y( ), whereMg y(A) = (ZGiA}’)l/V, o (i=12..n)
i=
are non-negative numbers Witﬁ oi =1andA (i=1,2,...,n) are positive operators,
i=1

n
exists and equalMgo(A) = exp{ zio.logA.} The existence of this limit has been

proved in [4], however, the method of proof therein is rattoeig and tedious. We
give a direct proof of the existence of the limit. The valudlod limit reduces to the
usual generalized geometric mean in the case of commutiegtgs. The surprising
fact in the case of Hilbert space operators is that the génetdageometric mean is not
less than or equal to the weighted arithmetic mean. Theredfesence to generalized
geometric mean in [5] as well.

Some other inequalities proved in [2] have also been exttndeveighted
means.

*The authors would like to thank Professor A. L. Brown for useliscussions.
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2. Weighted Power Means

Throughout# will denote a Hilbert space amil, 1 < j <n, are bounded self adjoint
positive definite Iinear operators from to #. Let gj, 1 < j < n, be positive real

n
numbers such tha{ 0j = 1 andy+# 0 be areal number. Sbtgy(A) = (3 gjA)YY.
i1

i=
The following theorem holds.

THEOREM 1. With notations as in paragraph above, we have
I|m Z gAY = exp{z ojlogA;}.

Proof. Observe that

=}

Z ojexp{ylogA; }
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Notice that for O< y < 1,
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and
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Consequently o;AY tends to ex ojlogAj} asy— 0+. O
1% Ol i
= i=

n
REMARK 1. The generalized geometric mean, namely,{éZpoongAj}, is
=1

not necessarily less than the weighted arithmetic mearelhd
n n
exp{ ) ojlogAj} < ZGjAj
=1 =

implies the mapx — €* is operator convex, which as is well known, is false in gehera
(see [3] Problem V.5.1, p.147).
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We shall need the following lemma in the sequel. For a proaé (8] p.114).

LEmMA 1. If B is strictly positive and A> B then A is strictly positive and
B1>A1>0

THEOREM 2. For a set of positive operator§Ai,Az,---,Aq} on a Hilbert

n
space# , a set of positive real numbers, 02, --- ,0, satisfying Zci =1land g>
P>1, Mgg(A) > Mg p(A), where A= (A,Az, -+ ,An).
Proof. Thecase K p=q is trivial, so we prove only the result far< g, i.e.,pq ! <
1. SetA] = Bj anda = pq
n n n

n
i= Jf i=

using the concavity of the mapp— A%, O <a < 1, ([3] Th.V.25 & V2 10). If p >

1, then the mapA — AP is order preserving (see [3]) and sm(:§ ajA])P t>

n
3 oAl it follows that
=]

n n
(Z ng?)l/q > ( Z JP )P,

O

COROLLARY 1. For positive operators Ai=1,2,...n, q< p< —1andg; >

n
0,i=1,2,....,nwith ¥ o; =1, we have
i=1

MO’,Q(A) S MO‘,D(A)
where A= (A1,A, ..., An).

Proof. ReplacingAj by AJ-’l in Theorem 2, we obtain
n n
( O-J_A_*‘h)l/(h > ( O-jAfpl)l/pl,
AT (A
for q1 > p1 > 1. Since the right hand side of the above inequality is positising
Lemma 1 and then replaceq:, —p1 by g, p respectively, we obtain the desired in-
equality. O

THEOREM3. For positive operators Ai =1,2,...,n and positive real numbers
n
oi, i =1,2,...,nwith 5 g; =1, the following inequality holds
i=1

MG,V(A) < Mo,l(A) < MG,ZV(A)
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where A= (Aq,Az,...,Ay) and1l/2 <y <1

Proof. We need only to prove the first inequality as the last inetyaitrivial from
Theorem 2. Now, since/R <y<1,ie., 1<y ! <2 and the functiorx — XY is
operator convex (see [3] Ex.V.2.11) it follows that

n

(ZciA,Y)l/Vg iGiAh

Mo y(A) < Mg 1(A).
|

COROLLARY 2. For positive operators Ai = 1,2,...,n, and positive real num-
n
berso; >0,i=1,2,....,nwith § o; =1, we have
i=1

Mo 2y(A) < Mg —1(A) < Mg y(A)
for—1<y<-1/2.

Proof. From Theorem 3, we have

n n

(1) (Zlo-iA‘YI)l/yl < _iciAi < (_Z\O-iAizyl)l/zylv

forl/2<y; <1

ReplacingA by At in (1), using Lemma 1 and then replacipgby —y, we
obtain the desired result. O

THEOREM 4. For positive operators Ai = 1,2,---,n and positive real num-
n
bers.oi,i=1,2,--- ,nwith 3 o; = 1the following inequality holds
i=1

Proof. Since the map — x ! is operator convex, it follows that

(iiowﬁ) h < iioiAi.

Now replacingh; byA1y and using the order perserving property of the mapx“, 0 <
a <1, we obtain

fory>1.

n

Z@NWY

(iq&hl”s<
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Finally, we have the following theorem (c.f. [1]).

THEOREMS. Let g p be real numbers. such that one of the following holds

(@) q>p q¢ (-1,1), p¢ (~1,1);
(b)g>1>p>1/2; or

() p<—-1<q<-1/2
Then

Mo,q (A) > Mo,p(A).

Proof. (a). If g > p > 1, the result follows from Theorem 2. 1 > q > p, the result
follows from corollary 1. In case ¥ —p < g, we obtain from Theorem 2, Theorem 4
and Corollary 1 above the desired inequality. The case whelg ¥ —p may be dealt
with similarly.

(b). On combining the results of Theorem 2 and Theorem 3 waiolhe desired
inequality.

(c). On combining the results of Corollary 1 and Corollary & abtain the desired
inequality. O

REMARK 2. Negative weighted power means of positive operators eaeb
fined by a suitable limiting process as described in [2]. Sitle details are no dif-
ferent, they are hence not provided. All the inequalitigsidshed above hold for
positive operators.

References

[1] Aui€ M., MOND B., Pe¢aRIC J. AND VOLENEC V., Bounds for the differences of matrix means
SIAM J. Matrix Anal. Appl18 (1) (1997), 119-123.

[2] BHAGWAT K.V. AND SUBRAMANIAN R., Inequalities between means of positive operatéic.
Camb. Phil. Soc., (1978), 393—-401.

[3] BHATIA R.,Matrix analysis Springer-Verlag, 1997.

[4] NussBaumR.D.AND CoOHENJ.E.,The arithmetic geometric mean and its generalizations &r-n
commuting linear operatorsAnn. Sci. Norm. Sup. Sci. I\L5 (2) (1989), 239-308.

[5] TrRAPPG.E.,Hermition semidefinite matrix means and related inequaditLinear and Multilinear
Alg. 16(1984), 113-123.

AMS Subject Classification: 47A63, 47A64

VASUDEVA H.L., Department of Mathematics, Panjab Universi
Chandigarh-160014, INDIA.

SINGH Mandeep, Department of Mathematics, S.L.I.E.T.
Longowal-148106, INDIA.

e-mail: nsrawla@yahoo. com

Lavoro pervenuto in redazione il 27.04.2006 e, in forma d&fi il 11.10.2007.



