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WEIGHTED POWER MEANS OF OPERATORS

Abstract. Let σ1,σ2, · · · ,σn be positive real numbers satisfying
n
∑

i=1
σi = 1 andA1,A2, · · · ,An

be positive operators. LetMσ,γ(A) = (
n

∑
i=1

σiA
γ
i )

1/γ, γ > 0. It has been shown that lim
γ→0+

Mσ,γ

exists. Some known inequalities have also been generalized.

1. Introduction

K. V. Bhagwat and R. Subramanian [2] considered the validityof the well known in-
equalities between power means of a set of positive real numbers, when the latter are
replaced by positive operators on a Hilbert space. They proved an analogue of the
arithmetic-harmonic mean inequality for positive numbersin the case of positive op-
erators. In what follows, we extend the above said inequality to weighted means. The
procedure for extension of the arithmetic-harmonic mean inequality to weighted means
suggested in [2], though standard is yet involved. It turns out that the method of proof
employed in [2] when suitably modified, gives a direct proof of weighted arithmetic-
harmonic mean inequality.

We show that lim
γ→0+

Mσ,γ(A), whereMσ,γ(A) = (
n

∑
i=1

σiA
γ
i )

1/γ, σi (i = 1,2, ...,n)

are non-negative numbers with
n
∑

i=1
σi = 1 andAi (i = 1,2, ...,n) are positive operators,

exists and equalsMσ,0(A) = exp{
n

∑
i=1

σi logAi}. The existence of this limit has been

proved in [4], however, the method of proof therein is ratherlong and tedious. We
give a direct proof of the existence of the limit. The value ofthe limit reduces to the
usual generalized geometric mean in the case of commuting operators. The surprising
fact in the case of Hilbert space operators is that the generalized geometric mean is not
less than or equal to the weighted arithmetic mean. There is areference to generalized
geometric mean in [5] as well.

Some other inequalities proved in [2] have also been extended to weighted
means.
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2. Weighted Power Means

ThroughoutH will denote a Hilbert space andA j , 1≤ j ≤ n, are bounded self adjoint
positive definite linear operators fromH to H . Let σ j , 1 ≤ j ≤ n, be positive real

numbers such that
n
∑
j=1

σ j = 1 andγ 6= 0 be a real number. SetMσ,γ(A) = (
n
∑
j=1

σ jA
γ
j)

1/γ.

The following theorem holds.

THEOREM 1. With notations as in paragraph above, we have

lim
γ→0+

(
n

∑
j=1

σ jA
γ
j)

1/γ = exp{
n

∑
j=1

σ j logA j}.

Proof. Observe that

n

∑
j=1

σ jA
γ
j =

n

∑
j=1

σ jexp{γlogA j}

= I + γ
n

∑
j=1

σ j logA j +
n

∑
j=1

σ j

∞

∑
k=2

(γlogA j)
k

k!

= I + γ
n

∑
j=1

σ j logA j +
∞

∑
k=2

γk

k!

n

∑
j=1

σ j(logA j)
k.

So,
(

n

∑
j=1

σ jA
γ
j

)1/γ

=

(
I + γ{

n

∑
j=1

σ j logA j +
∞

∑
k=2

γk−1

k!

n

∑
j=1

σ j(logA j)
k}

)1/γ

= exp

{
1
γ log(I + γ{

n

∑
j=1

σ j logA j +
∞

∑
k=2

γk−1

k!

n

∑
j=1

σ j(logA j)
k})

}

= exp

{
1
γ (

∞

∑
l=1

(−1)l−1

l
γl{

n

∑
j=1

σ j logA j +
∞

∑
k=2

γk−1

k!

n

∑
j=1

σ j(logA j)
k}l )

}

= exp

{
n

∑
j=1

σ j logA j +
∞

∑
k=2

γk−1

k!

n

∑
j=1

σ j(logA j)
k

+γ
∞

∑
l=2

(−1)l−1

l
γl−2{

∞

∑
k=1

γk−1

k!

n

∑
j=1

σ j(logA j)
k}l

}
.

Notice that for 0< γ < 1,

||
∞

∑
k=2

γk−1

k!

n

∑
j=1

σ j(logA j)
k|| ≤ γ

∞

∑
k=2

1
k!

n

∑
j=1

σ j ||logA j ||
k

≤ γ
∞

∑
k=2

1
k!

max
1≤ j≤n

||logA j ||
k

≤ γ
(

exp{ max
1≤ j≤n

||logA j ||}− min
1≤ j≤n

||logA j ||−1

)
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and

||γ
∞

∑
l=2

(−1)l−1

l
γl−2

(
∞

∑
k=1

γk−1

k!

n

∑
j=1

σ j(logA j)
k

)l

||

≤
∞

∑
l=2

||
∞

∑
k=1

γk

k!

n

∑
j=1

σ j(logA j)
k||l

≤
∞

∑
l=2

(
∞

∑
k=1

γk

k!
max

1≤ j≤n
||(logA j)

k||

)l

≤
∞

∑
l=2

(
exp(γ max

1≤ j≤n
||(logA j ||−1)

)l

≤
∞

∑
l=0

(
exp(γ max

1≤ j≤n
||(logA j ||−1)

)l

−1−{exp(γ max
1≤ j≤n

||(logA j ||)−1}

=





1

1−

(
exp

(
γ max

1≤ j≤n
||logA j ||

)
−1

)





−exp(γ max
1≤ j≤n

||logA j ||.

Consequently,

(
n

∑
j=1

σ jA
γ
j

)1/γ

tends to exp{
n

∑
j=1

σ j logA j} asγ → 0+ .

REMARK 1. The generalized geometric mean, namely, exp{
n

∑
j=1

σ j logA j}, is

not necessarily less than the weighted arithmetic mean. Indeed,

exp{
n

∑
j=1

σ j logA j} ≤
n

∑
j=1

σ jA j

implies the mapx→ ex is operator convex, which as is well known, is false in general
(see [3] Problem V.5.1, p.147 ).
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We shall need the following lemma in the sequel. For a proof (see [3] p.114).

LEMMA 1. If B is strictly positive and A≥ B then A is strictly positive and
B−1 ≥ A−1 > 0.

THEOREM 2. For a set of positive operators{A1,A2, · · · ,An} on a Hilbert

spaceH , a set of positive real numbersσ1,σ2, · · · ,σn satisfying
n

∑
i=1

σi = 1 and q≥

p≥ 1, Mσ,q(A) ≥ Mσ,p(A), where A= (A1,A2, · · · ,An).

Proof. The case 1≤ p= q is trivial, so we prove only the result forp < q, i.e., pq−1 <
1. SetAq

j = B j andα = pq−1.

(
n

∑
j=1

σ jA
q
j )

α = (
n

∑
j=1

σ jB j)
α ≥

n

∑
j=1

σ jB
α
j =

n

∑
j=1

σ jA
p
j ,

using the concavity of the mapA→ Aα, 0 < α < 1, ([3] Th.V.2.5 & V.2.10). If p ≥

1, then the mapA → A1/p is order preserving (see [3]) and since(
n

∑
j=1

σ jA
q
j )

pq−1
≥

n

∑
j=1

σ jA
p
j , it follows that

(
n

∑
j=1

σ j A
q
j )

1/q ≥ (
n

∑
j=1

σ jA
p
j )

1/p.

COROLLARY 1. For positive operators Ai , i = 1,2, ...n, q≤ p≤ −1 andσi >

0, i = 1,2, ...,n with
n
∑

i=1
σi = 1, we have

Mσ,q(A) ≤ Mσ,p(A)

where A= (A1,A2, ...,An).

Proof. ReplacingA j by A−1
j in Theorem 2, we obtain

(
n

∑
j=1

σ jA
−q1
j )1/q1 ≥ (

n

∑
j=1

σ jA
−p1
j )1/p1,

for q1 ≥ p1 ≥ 1. Since the right hand side of the above inequality is positive, using
Lemma 1 and then replace−q1, −p1 by q, p respectively, we obtain the desired in-
equality.

THEOREM3. For positive operators Ai , i = 1,2, ...,n and positive real numbers

σi , i = 1,2, ...,n with
n
∑

i=1
σi = 1, the following inequality holds

Mσ,γ(A) ≤ Mσ,1(A) ≤ Mσ,2γ(A)
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where A= (A1,A2, ...,An) and1/2≤ γ ≤ 1.

Proof. We need only to prove the first inequality as the last inequality is trivial from
Theorem 2. Now, since 1/2 ≤ γ ≤ 1, i.e., 1≤ γ−1 ≤ 2 and the functionx → x1/γ is
operator convex (see [3] Ex.V.2.11) it follows that

(
n

∑
i=1

σiA
γ
i )

1/γ ≤
n

∑
i=1

σiAi ,

i.e.,
Mσ,γ(A) ≤ Mσ,1(A).

COROLLARY 2. For positive operators Ai , i = 1,2, ...,n, and positive real num-

bersσi > 0, i = 1,2, ...,n with
n
∑

i=1
σi = 1, we have

Mσ,2γ(A) ≤ Mσ,−1(A) ≤ Mσ,γ(A)

for −1≤ γ ≤−1/2.

Proof. From Theorem 3, we have

(1) (
n

∑
i=1

σiA
γ1
i )1/γ1 ≤

n

∑
i=1

σiAi ≤ (
n

∑
i=1

σiA
2γ1
i )1/2γ1,

for 1/2≤ γ1 ≤ 1.

ReplacingAi by A−1
i in (1), using Lemma 1 and then replacingγ1 by −γ, we

obtain the desired result.

THEOREM 4. For positive operators Ai , i = 1,2, · · · ,n and positive real num-

bers.σi , i = 1,2, · · · ,n with
n
∑

i=1
σi = 1 the following inequality holds

(
n

∑
i=1

σiA
−γ
i

)−1/γ

≤

(
n

∑
i=1

σiA
γ
i

)1/γ

,

for γ ≥ 1.

Proof. Since the mapx→ x−1 is operator convex, it follows that
(

n

∑
i=1

σiA
−1
i

)−1

≤
n

∑
i=1

σiAi .

Now replacingAi by Aγ
i and using the order perserving property of the mapx→ xα, 0<

α ≤ 1 , we obtain

(
n

∑
i=1

σiA
−γ
i )−1/γ ≤ (

n

∑
i=1

σiA
γ
i )

1/γ.
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Finally, we have the following theorem (c.f. [1]).

THEOREM 5. Let q, p be real numbers. such that one of the following holds

(a) q≥ p q /∈ (−1,1), p /∈ (−1,1);
(b) q≥ 1≥ p≥ 1/2; or
(c) p≤−1≤ q≤−1/2.

Then
Mσ,q(A) ≥ Mσ,p(A).

Proof. (a). If q≥ p≥ 1, the result follows from Theorem 2. If−1≥ q≥ p, the result
follows from corollary 1. In case 1≤−p≤ q, we obtain from Theorem 2, Theorem 4
and Corollary 1 above the desired inequality. The case when 1≤ q≤−p may be dealt
with similarly.
(b). On combining the results of Theorem 2 and Theorem 3 we obtain the desired
inequality.
(c). On combining the results of Corollary 1 and Corollary 2 we obtain the desired
inequality.

REMARK 2. Negative weighted power means of positive operators can be de-
fined by a suitable limiting process as described in [2]. Since the details are no dif-
ferent, they are hence not provided. All the inequalities established above hold for
positive operators.
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