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ON STRONG CONVERGENCE TO COMM ON FIXED POINTS
IN BANACH SPACES

Abstract. The purpose of this paper is to improve [9, Theorem 3.3] by removing the hy-
pothesis of uniform convexity. We prove the foll owing theorem: Let X be areflexive Banach
spacewhich has the sequentially weekly continuows duality map with gauge J. Let C be
a dosed convex subset of X, let I = {T(t) : t > 0} be astrondy continuows smigroup
of norexpansive mappings on C. For fixed pant u € C, define the sequence {Xn}n>1 by
Xn = 0pu+ (L—ap)T(th)x%; forn>1, where {an} and {t,} arered sequences stisfaying
rlifo‘ot” = rl]!’go;—'; = 0. Then the sequence {x,} converges grondy to apoaint of FixI.

1. Introduction

Let X be aBanadc space and let C be anorempty closed convex subset of X. A
mapping T : C — X is sid to be norexpansiveif it satisfy || TX— Ty [|<[| x—y|. It
is already knowvn that T has afixed pant while C is bounded closed convex subset of
a Hilbert space seefor example[1]. Fix u € C, then for eadh a € (0,1) there exists a
unique point X4 in C satisfyingxq = (1 —a)TXy + au because of the norexpansiveness
of themappingXx — (1—a)Tx+au . In 1965Browder proved the foll owing theorem:

THEOREM 1 (Browder[3]). Let C bea closed convexsubset of a Hilbert space
H andlet T bea norexpansivemapping onC with a fixed pant. Let {an} bea sequence
of (0,1) corvergingto 0. Fix u € C and dfine a sequence {un} by

Up=(1—apn)Tup+0anu, forne N.

Then {un} converges grongdy to the dement of Fix(T) nearest to u.

In 1980Reich provedin [5] the same result for uniformly smooth Banacdh space
This motivates alarge number of authorsto look for extending Browder’s and Reich’s
results to the contradtion semigroup case. However, only partial answers have been
obtained.
In[6], Shioji and Takahashi introducein Hil bert spacethe implicit iteration scheme
Xn = OpU+ (1 —0n)0y, (Xn), N > 1,

Where {an} is ared sequencein (0,1),{t,} is a sequence of paositive red numbers
divergent to oo, andfor eadt > 0 and x € C, 0y (x) isthe average given by

ot(x) = %/{)tT(s)xds.

Under certain appropriate assumptions on {an}, the authors proved that the sequence
{Xn} converges grongdy to an element of F.
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Suzuki [7] is the first who introduce, again in Hilbert space the implicit iteration
scheme:

Xn = Gnu“_ (l_ an)T(tn)Xn7 ne N,

for the nonexpansive semigroup case. Under some asaumptions on the parameter se-
quences {an} and {t,}, Suzuki proved that his iteration converges grondy to a point
of F. We shoud nae herethat in theiteration of Shioji and Takahashi x,, is constructed
throughthe average of the semigroup onthe segment (0,t) while in the Suzuki’s iter-
ation is constructed diredly from the semigroup, so the iteration scheme of Suzuki is
stronger than the Shioji’s and Takahashi’s one.

Recently, Hong-Kun Xu [9] extends Suzuki’s result to Uniform Banac spaces having
wedkly sequentially duality map, and proved that Suzuki’s processconverges grongy
in such spaces. The purpose of this paper is to extend this result to a larger class of
Banach spaces, more predsely we show that the Suzuki’s result always holds in the
reflexive Banach spaces which have aweakly sequentialy duality map.

2. Preliminaries

Let X be aBanach space suppcse | is a continuows grictly increasing red-valued
function onR ™" satisfyingu(0) =0 and|i Mu(t) = +eo.

DEFINITION 1. AmappngJ: X — X*iscalled a dudity mappngwith gauge
function pif for evay x € X,

06:3%) = Ix [ x fl= wCllx ) 1l

Such amapping J is said to be weekly sequentialy continuowsif J is squen-
tialy continuotsrelative to the wesk topdogieson bah X and X*. It isarealy knovn
that the spaces|P,1 < p < o, possessduality mappings which are weekly sequentially
continuous.

DEFINITION 2. Let D be a subset of X. AmappngT : D — X is sid to be
accretiveif for all u,v e D, andsome j € J(u—V),

(Tu=Tv,j) >0.
Here J denotes the normali zed duality mapping, i.e. for x € X,
I00 = {5 X% j) =l x|>=]  [I}.

One mnredion between acaetive operatorsand norexpansivemappingsisimmediate.
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If T:D — Xisnorexpansive, thenforU =1 —-T,x,ye D, and j € J(x—Y),

<UX_UyaJ> = <X_y_(TX_Ty)7]>

Ix=y | =(Tx=Ty,})

[ x=y[>— | Tx=Ty|l[| x—Y|
0.

AVARIY,

ThusU isacaetive.
On the other hand nd al acaetive mappings are of the form | — T with T norexpan-
sive.

Now if we set @(t) = [Su(T)dt, t > 0, thenwe obtain J(x) = aq(||x||), ¥x € X,
where d dencatesthe subdfferential in the sense of convex analysis.
Thefirst part of the followinglemmais an immediate consequence of the subdfferen-
tial inequality and the proof of the seaond part can be foundin [4]; see dso [9)].

LEMMA 1. Let X be a Banach space, and asuume that it has weakly sequen-
tially continuows dudity mapping J with gaug |, then we have

(i) For all x,y € X, there haldsthe inequdity

@l x+y[) < @l x[)) + (¥, I(x+y)).

(i) Asuumethat a sequence {xn} € X isweakly corvergent to a pant x. Then there
holds the identity

limsupg( %o =y |[) = limsup@(|| xa —x ) + @[l y = x )

for all x,y € X. In paticular, X satisfies Opial’s property; that is, if {xn} isa
sequenceweakly corvergent to x, then hdds the inequadlity

limsup || xa —x|[|<limsup || X =Y |,y € X,y #X.
n—oo Nn—oo0

3. Main result
Recdl that a one parameter strondy continuows €migroup d norexpansive mappings
onCisafamily I = {T(t) :t > 0} which satisfy:

(i) T(O)x=x fordl xeC;

(i) Tt+s)x=T(t)T(s)x fort,s>0 andxeC;

i) limT(t)x=x forxeC;
(|||)tL0+ (t)x=x forxe
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(iv) foreadht > 0,T(t) isnorexpansive.
We denote by § the set of commonfixed pantsof I'; that is,
F=Fix(N) = {xeC:T(t)x=xVt >0} = [|Fix(T(t)).
t>0
We know that § is nonempty while C is a boundd closed convex of a Hilbert space
see[2].
Now we ae &leto give our main result.

THEOREM 2. Let X be a reflexive Banach space having aweakly sequentially
continuouws dudity mappng J,C a closed corvexsubset of X andlN = {T(t):t >0} a
strondy continuows emigroup d norexparsivemappngsonC such that § # 0. Define
a sequence {xn} in C implicitly by the fixed pdnt iteration process

Xn - Gnu—l— (1_ an)T(tn)th
where u € C is an arbitrarily fixed element in C and {a,} and {t,} are sequences of
real numbers such that a, € (0,1) andt, > Ofor all n> 1, andr!i Mty = r!irgo(?—;) =0.
Then {xn} corverges drongdy to a pdnt of §.

Proof. Remark that the sequence {xn} isbounded, indedd, let z € §, then we have:

[ % — 2] On || u=2z[| +(1—an) || T(tn)% — 2|

<
< anflu=zf|+(L-an) [[xa—2z]

hence | %, —z||<[| u—z]| .
Since X is reflexive, then there exists a subseguence {x,, } of {x,} which converges
wedkly to somex € C.

Lett > 0, we can asumethat t > t,, since {t,} convergesto O.

If we set ¢
fk = tI"Ik7 m= [ﬁL ik = Xnk and dk = anw
then
T ()% — X = ka(T (tx) —u),
so we have

m-1

X = T(OX] < Z) T (G + D)% — T (ifi)%e | + 1| T (i) % — T (mbo)x |

+ || T(mli)x—T(t)x ||
mi| TR — R || + || K —x || + || T(t —mi)x—x||

IN

IN

Ok o\~ ~ ~
tg 1T @R—Re [l + [ %= x|

+ max || T(s)x—x||.
0<s<fi
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Ask — oo, we get:

“rkNSUIOH X — T ()X ]|< |iLnsupH Xny =X || -
Hence, by Opial’s property, we concludethat T (t)x=x, foralteR*, andthenxe §.
Now if we sssume that there exist {Xn, }, and {Xn, } two subsequences of {xn} such that
{Xn,} @nd {xn, } convergewely to x andy respedively.
Then asit was e abovex andy arein §.
In ore hand we have:

1

(U=, Iy =2np)) = (G — = DU =T (tp)) X, IY =)

= (5~ D= Tl = (= Tl I~ )
< 0

Becaise| — T(tn) isacaetive ssit be seen ealier.
In the other hand, and bythe same agument as abowve, also we get that

(U—Xng; J(X—Xn,)) < 0.

Aswetend p andqto « weget (U—x,J(y—x)) <0and (u—y,J(x—y)) <O0.
Thus we get by adding this two inequaliti es:

(x=y,J(x-y)) <0

Then || x—y || o(|| x—y ) < 0. So we conclude that x =y, and the sequence {x,}
convergeswedly to x.

We daim that {x,} converges grondy to x.

Infad, we know that there exists a subsequence {x,, } of {x,} such that

limsup(u—Xx,J(X,— X)) = Ln;(u — X, (X, — X))

n—oo

But the last term of the ébowe identity convergesto 0 since J is wealy sequentialy
continuous.
In the other hand, by (i) of Lemma 1, we know that:

@] (1—an)(T (tn)%n —X) +an(u—X) ||)
(1 —0n) || T(ta)Xn —X[]) + ctn{U—X,I(X2 — X))
(L= an)@(| X — X ||) + (U —X, I (X0 — X))

o % —x11)

INIA
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Thus (]| xn —x ) < (=% (% — X))
Hencehmsup(p(Hxn x\|)<I|msup(u X,J(Xn— X)) = 0.

Then || xn — X || converges to O and {Xn} converges grongy to x and the prodf is
complete. |
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