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ON STRONG CONVERGENCE TO COMM ON FIXED POINTS

IN BANACH SPACES

Abstract. The purpose of this paper is to improve [9, Theorem 3.3] by removing the hy-
pothesis of uniform convexity. Weprove the following theorem: Let X be areflexive Banach
spacewhich has the sequentially weakly continuous duality map with gauge J. Let C be
a closed convex subset of X, let Γ = {T(t) : t ≥ 0} be a strongly continuous semigroup
of nonexpansive mappings on C. For fixed point u ∈ C, define the sequence {xn}n≥1 by
xn = αnu+(1−αn)T(tn)xn; for n≥ 1, where{αn} and {tn} are real sequences satisfaying
lim
n→∞

tn = lim
n→∞

tn
αn

= 0. Then the sequence{xn} converges strongly to apoint of FixΓ.

1. Introduction

Let X be a Banach space, and let C be a nonempty closed convex subset of X. A
mapping T : C → X is said to be nonexpansive if it satisfy ‖ Tx−Ty ‖≤‖ x− y ‖. It
is already known that T has a fixed point whileC is bounded closed convex subset of
a Hilbert space, seefor example [1]. Fix u∈C, then for each α ∈ (0,1) there exists a
uniquepoint xα inC satisfyingxα = (1−α)Txα +αu becauseof thenonexpansiveness
of themappingx→ (1−α)Tx+ αu . In 1965Browder proved the following theorem:

THEOREM 1 (Browder[3]). Let C be a closed convexsubset of a Hilbert space
H andlet T bea nonexpansivemapping onC with a fixed point. Let {αn} bea sequence
of (0,1) convergingto 0. Fix u∈C and definea sequence{un} by

un = (1−αn)Tun + αnu, f or n∈ N.

Then {un} converges strongly to the element of Fix(T) nearest to u.

In 1980Reich proved in [5] thesameresult for uniformly smooth Banach space.
This motivatesa large number of authors to look for extendingBrowder’sand Reich’s
results to the contraction semigroup case. However, only partial answers have been
obtained.
In [6], Shioji andTakahashi introducein Hilbert spacethe implicit iterationscheme

xn = αnu+(1−αn)σtn(xn), n≥ 1,

Where {αn} is a real sequence in (0,1),{tn} is a sequence of positive real numbers
divergent to ∞, and for each t > 0 andx∈C,σt(x) is the averagegiven by

σt(x) =
1
t

Z t

0
T(s)xds.

Under certain appropriate assumptions on {αn}, the authors proved that the sequence
{xn} converges strongly to an element of F .
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Suzuki [7] is the first who introduce, again in Hilbert space, the implicit iteration
scheme:

xn = αnu+(1−αn)T(tn)xn, n∈ N,

for the nonexpansive semigroupcase. Under some assumptions on the parameter se-
quences {αn} and {tn}, Suzuki proved that his iteration converges strongly to a point
of F . Weshould noteherethat in theiteration of Shioji andTakahashi xn isconstructed
throughthe average of the semigroup onthe segment (0,t) while in the Suzuki’s iter-
ation is constructed directly from the semigroup, so the iteration scheme of Suzuki is
stronger than theShioji ’sandTakahashi’sone.
Recently, Hong-KunXu [9] extendsSuzuki’s result to Uniform Banach spaceshaving
weakly sequentially duality map, and proved that Suzuki’sprocessconverges strongly
in such spaces. The purpose of this paper is to extend this result to a larger classof
Banach spaces, more precisely we show that the Suzuki’s result always holds in the
reflexiveBanach spaceswhich have aweakly sequentially duality map.

2. Preliminar ies

Let X be a Banach space, suppose µ is a continuous strictly increasing real-valued
function onR

+ satisfyingµ(0) = 0 and lim
t→∞

µ(t) = +∞.

DEFINITION 1. A mappingJ : X → X∗ is called a duality mappingwith gauge
function µif for every x∈ X,

〈x,Jx〉 =‖ Jx‖‖ x ‖= µ(‖ x ‖) ‖ x ‖ .

Such a mapping J is said to be weakly sequentially continuous if J is sequen-
tially continuousrelativeto theweak topologieson both X andX∗. It isalready known
that thespaces l p,1 < p < ∞, possessduality mappingswhich areweakly sequentially
continuous.

DEFINITION 2. Let D be a subset of X. A mapping T : D → X is said to be
accretiveif for all u,v∈ D, andsome j ∈ J(u−v),

〈Tu−Tv, j〉 ≥ 0.

HereJ denotes thenormalized duality mapping, i.e. for x∈ X,

J(x) = { j ∈ X∗ : 〈x, j〉 =‖ x ‖2=‖ j ‖2}.

One connection between accretiveoperatorsand nonexpansivemappingsis immediate.
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If T : D → X is nonexpansive, then for U = I −T,x,y∈ D, and j ∈ J(x−y),

〈Ux−Uy, j〉 = 〈x−y− (Tx−Ty), j〉

= ‖ x−y ‖2 −〈Tx−Ty, j〉

≥ ‖ x−y ‖2 − ‖ Tx−Ty ‖‖ x−y ‖

≥ 0.

ThusU is accretive.
On the other hand not all accretive mappingsare of the form I −T with T nonexpan-
sive.

Now if weset φ(t) =
R t

0 µ(τ)dτ, t ≥ 0, then weobtain J(x) = ∂φ(‖x‖), ∀x∈ X,

where∂ denotesthesubdifferential in the senseof convex analysis.
The first part of the following lemmais an immediate consequenceof the subdifferen-
tial inequality and theproof of the second part can be foundin [4]; see also [9].

LEMM A 1. Let X be a Banach space, and assume that it has weakly sequen-
tially continuousduality mappingJ with gaugeµ, then we have:

(i) For all x,y∈ X, there holdsthe inequality

φ(‖ x+y ‖) ≤ φ(‖ x ‖)+ 〈y,J(x+y)〉.

(ii ) Assume that a sequence{xn} ∈ X is weakly convergent to a point x. Then there
holds the identity

limsup
n→∞

φ(‖ xn−y ‖) = limsup
n→∞

φ(‖ xn−x ‖)+ φ(‖ y−x ‖)

for all x,y ∈ X. In particular, X satisfies Opial’s property; that is, if {xn} is a
sequenceweakly convergent to x, then holds the inequality

limsup
n→∞

‖ xn−x ‖< limsup
n→∞

‖ xn−y ‖, y∈ X, y 6= x.

3. Main result

Recall that aoneparameter strongly continuous semigroup of nonexpansivemappings
onC is a family Γ = {T(t) : t ≥ 0} which satisfy:

(i) T(0)x = x for all x∈C;

(ii ) T(t +s)x = T(t)T(s)x for t,s≥ 0 andx∈C;

(iii ) lim
t→0+

T(t)x = x for x∈C;
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(iv) for each t > 0,T(t) is nonexpansive.

We denoteby F theset of commonfixed pointsof Γ; that is,

F = Fix(Γ) = {x∈C : T(t)x = x,∀t > 0} =
\

t>0

Fix(T(t)).

We know that F is nonempty while C is a bounded closed convex of a Hilbert space;
see[2].
Now we are able to giveour main result.

THEOREM 2. Let X be a reflexiveBanach spacehaving aweakly sequentially
continuousduality mappingJ,C a closed convexsubset of X andΓ = {T(t) : t ≥ 0} a
strongly continuous semigroup of nonexpansivemappingsonC such that F 6= /0. Define
a sequence{xn} in C implicitly by thefixed point iteration process

xn = αnu+(1−αn)T(tn)xn,

where u ∈ C is an arbitrarily fixed element in C and{αn} and{tn} are sequences of
real numbers such that αn ∈ (0,1) andtn > 0 for all n≥ 1, and lim

n→∞
tn = lim

n→∞
(αn

tn
) = 0.

Then {xn} converges strongly to a point of F.

Proof. Remark that thesequence{xn} is bounded, indeed, let z∈ F, then we have:

‖ xn−z‖ ≤ αn ‖ u−z‖ +(1−αn) ‖ T(tn)xn−z‖

≤ αn ‖ u−z‖ +(1−αn) ‖ xn−z‖

hence‖ xn−z‖≤‖ u−z‖ .

Since X is reflexive, then there exists a subsequence{xnk} of {xn} which converges
weakly to somex∈C.
Let t > 0, we can assume that t > tn, since{tn} convergesto 0.
If we set

t̃k = tnk, m= [
t
t̃k

], x̃k = xnk and α̃k = αnk,

then
T(t̃k)x̃k− x̃k = α̃k(T(t̃k)−u),

so wehave

‖ xnk −T(t)x ‖ ≤
m−1

∑
i=0

‖ T((i +1)t̃k)x̃k−T(it̃k)x̃k ‖ + ‖ T(mt̃k)x̃k−T(mt̃k)x ‖

+ ‖ T(mt̃k)x−T(t)x ‖

≤ m‖ T(t̃k)x̃k− x̃k ‖ + ‖ x̃k−x ‖ + ‖ T(t −mt̃k)x−x ‖

≤ t
α̃k

t̃k
‖ T(t̃k)x̃k− x̃k ‖ + ‖ x̃k−x ‖

+ max
0≤s≤t̃k

‖ T(s)x−x ‖ .
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Ask→ ∞, we get:

limsup
k→∞

‖ xnk −T(t)x ‖≤ limsup
k→∞

‖ xnk −x ‖ .

Hence, by Opial’sproperty, we concludethat T(t)x= x, for all t ∈R
+, andthen x∈ F.

Now if we assumethat there exist {xnp}, and{xnq} two subsequencesof {xn} such that
{xnp} and{xnq} convergeweakly to x andy respectively.
Then as it was seen abovex andy are in F.

In onehandwe have:

〈u−xnp,J(y−xnp)〉 = (
1

αnp

−1)〈(I −T(tnp))xnp,J(y−xnp)〉

= −(
1

αnp

−1)〈(I −T(tnp))y− (I −T(tnp))xnp,J(y−xnp)〉

≤ 0

Because I −T(tn) is accretive as it beseen earlier.
In theother hand, and bythesame argument asabove, also we get that

〈u−xnq,J(x−xnq)〉 ≤ 0.

Aswe tend p andq to ∞ we get 〈u−x,J(y−x)〉 ≤ 0 and 〈u−y,J(x−y)〉 ≤ 0.

Thuswe get by addingthis two inequaliti es:

〈x−y,J(x−y)〉 ≤ 0

Then ‖ x− y ‖ φ(‖ x− y ‖) ≤ 0. So we conclude that x = y, and the sequence {xn}
convergesweakly to x.
We claim that {xn} converges strongly to x.
In fact, we know that there existsasubsequence{xnk} of {xn} such that

limsup
n→∞

〈u−x,J(xn−x)〉 = lim
k→∞

〈u−x,J(xnk −x)〉

But the last term of the above identity converges to 0 since J is weakly sequentially
continuous.
In theother hand, by (i) of Lemma1, we know that:

φ(‖ xn−x ‖) = φ(‖ (1−αn)(T(tn)xn−x)+ αn(u−x) ‖)

≤ φ((1−αn) ‖ T(tn)xn−x ‖)+ αn〈u−x,J(xn−x)〉

≤ (1−αn)φ(‖ xn−x ‖)+ αn〈u−x,J(xn−x)〉
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Thusφ(‖ xn−x ‖) ≤ 〈u−x,J(xn−x)〉
Hencelimsup

n→∞
φ(‖ xn−x ‖) ≤ limsup

n→∞
〈u−x,J(xn−x)〉 = 0.

Then ‖ xn − x ‖ converges to 0, and {xn} converges strongly to x and the proof is
complete.
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