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SHADOWING IN ORDINARY DIFFERENTIAL EQUATIONS

Abstract. Shadowing deals with the existence of true orbits of dynalsigatems near
approximate orbits with sufficiently small local errors. Altigh it has roots in abstract
dynamical systems, recent developments have made shadowirayrieiv effective tool for
rigorous computer-assisted analysis of specific dynamicénys, especially chaotic ones.
For instance, using shadowing it is possible to prove th&emnce of various unstable periodic
orbits, transversal heteroclinic or homoclinic orbits ajwably the most prominent chaotic
system—the Lorenz Equations. In this paper we review theentistate of the theory and
applications of shadowing for ordinary differential edaas, with particular emphasis on
our own work.

1. Introduction

In this extended introductory section we give a narrativereew of shadowing. Pre-
cise mathematical statements of relevant definitions agoréms are presented in the
following sections.

Shadowing? An approximate orbit of a dynamical system with small locabes is
called apseudo orbit The subject of shadowing concerns itself with the exis-
tence of true orbits near pseudo orbits; in particular, ttigai data of the true
orbit are near the initial data of the pseudo orbit. Shadgvisna property of
hyperbolic sets of dynamical systems. It is akin to a cladgiesult from the
theory of ordinary differential equations [23]: if a nontamomous system has
a bounded solution, the variational equation of which aslmit exponential di-
chotomy, then the perturbed system has a bounded solutabyne

Origins? In its contemporary setting, the first significant resulthiadowing, the cel-
ebratedShadowing Lemmavas proved by Bowen [7] for the nonwandering sets
of Axiom A diffeomorphisms. A similar result for Anosov dgdémorphisms
was stated by Anosov [2], which was made more explicit by iSlB#]. The
Shadowing Lemma proved to be a useful tool in the abstraotyhe uniformly
hyperbolic sets of diffeomorphisms. For example, in [8] kar partitions for
basic sets of Axiom A diffeomorphisms were constructed gisire Shadowing
Lemma. Also shadowing can be used to give a simple proof ofi@snheo-
rem [59] that the shift can be embedded in the neighbourhdéa@dtansversal
homoclinic point as in [47] and [39].

Discrete systems?Since Anosov and Bowen, the Shadowing Lemma has been re-
proved many times with a multitude of variants. A notewortbgent develop-
ment, initiated by Hammel et al. [28], [29], has been a shadgwheory for
finite pseudo orbits of non-uniformly hyperbolic sets of@ifmorphisms which
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proved to be a powerful new paradigm for extracting rigormsults from nu-
merical simulations of discrete chaotic systems. This ldgveent also provided
new tools for establishing the existence of, for examphmgversal homoclinic
orbits in specific systems [21], [37]. For these recent shaapresults for dis-
crete dynamical systems, we recommend our review arti8g¢llowed by [21]
and the references therein.

ODEs? Developing a useful notion of a pseudo orbit and establgshim appropriate

Shadowing Lemma for ordinary differential equations pobt@ be more diffi-
cult because of the lack of hyperbolicity in the directiorttod vector field. The
first successful attempt in this pursuit and an accomparghagdowing Lemma
was given by Franke and Selgrade [26]. Here we will presenfawnulation
of pseudo orbits and shadowing for ordinary differentiali@ipns as initiated
in [14], [16]. Our formulation has the advantage that pseodiits are taken to
be sequences of points and thus can be generated numeridafiypermits one
to garner rigorous mathematical results with the assistafiaumerical simula-
tions. Such computer-assisted shadowing techniques nmeitractive comple-
ment to classical numerical analysis, especially in thestigation of specific
chaotic systems.

Chaotic numerics? The key signature of chaotic systems is the sensitivity efrth

solutions to initial data. This poses a major challenge imercal analysis of
chaotic systems because such systems tend to amplify,efpementially, small
algorithmic or floating point errors. Here is a gloomy acdoeinthis difficulty
as given by Hairer et al. [30]:

“The solution (of the Salzman-Lorenz equations with comistand
initial valuese = 10,r = 28,b = 8/3; x(0) = -8, y(0) = 8,
z(0) = 27) is, for large values df, extremelysensitive to the errors
of the first integration steps. For example,tat 50 the solution
becomes totally wrong, even if the computations are peréakrim
quadruple precision witff ol = 1029, Hence the numerical results
of all methods would be equally useless and no comparisoresnak
any sense. Therefore, we chodggy = 16 and check the numerical
solution at this point. Even here, all computations vilithl > 10~7,
say, fall into a chaotic cloud of meaningless results.”

Shadowing reveals a striking silver lining of this “chaotioud.” While it is
true that this chaotic cloud has little to do with the solntlmaving the specified
initial data, it is not meaningless: the chaotic cloud is aceedingly good ap-
proximation of another solution whose initial data is velyse to the specified
initial data. More generally, using the finite-time shadwogviheorem in [17],
it is possible to shadow numerically generated pseudosodbiinon-uniformly
hyperbolic) chaotic ordinary differential equations fong time intervals.

Chaos? There are many ways chaos can arise in a dynamical system.mfnoo

cause, as first observed by Poire§sl] over a century ago while studying the
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restricted three-body problem, is the presence of trasal&omoclinic points.
He called such points “doubly asymptotic” because they agenatotic both
in forward and backward times to a fixed point or a periodicitorBirkhoff
[4] proved that every homoclinic point of a two-dimensiodédfeomorphism is
accumulated by periodic orbits. Smale [59] confirmed Paiglsabservation by
proving that a transversal homoclinic point of a diffeorragmn in dimension
two and higher is contained in a hyperbolic set in which theogkc orbits are
infinitely many and dense. Sil'nikov [55] showed that a sanitesult holds for
flows. Recently, it has been conjectured by Palis and TaldsjsHat generically
chaotic orbits occur if and only if there is a transversal bohmic orbit. This is
indeed the case for continuous interval maps as shown in [6].

In spite of the remarkable mathematical results abovestensal homaoclinic
orbits are quite difficult to exhibit in specific chaotic flowEkven the periodic
orbits, to which the homoclinic orbits are to be doubly astatip, are hard to
come by. Recently in [22], we have formulated a practicalambf a pseudo
homoclinic, more generally pseudo connecting, orbit aralgd a shadowing
theorem that guarantees the existence of transversal tioinpor heteroclinic,
orbits to periodic orbits of differential equations. Thepbyheses of this theorem
can be verified for specific flows with the aid of a computerstienabling us
to prove the existence of a multitude of periodic orbits arahsversal orbits
connecting them in, for example, yet again, the chaotic hoiequations.

Contents? Here is a section-by-section description of the contentsefemainder of
this paper:

e In Section 2, we first give definitions of an infinite pseudoibdnd its
shadowing by a true orbit. Then we present two infinite-tirhadowing
results, one for pseudo orbits lying in hyperbolic invatisets, and another
for a single pseudo orbit in terms of a certain operator.

e In Section 3, shadowing definitions for finite pseudo orbitd a Finite-
time Shadowing Theorem for non-uniformly hyperbolic systeare for-
mulated. This theorem is significant in proving the exiseeattrue orbits
near numerically computed ones for long time intervals.

e In Section 4, the shadowing of pseudo periodic orbits is iciened. The
Periodic Shadowing Theorem stated here is very effectivestablishing
the existence of periodic orbits, including unstable oneimensions three
and higher.

¢ In Section 5, the notion of a pseudo connecting orbit coringtivo pseudo
periodic orbits is formulated. Then a Connection Orbit Siveidg Theo-
rem that guarantees the existence and transversality ofeactnnecting
orbit between true periodic orbits is stated. In the paléicoase when the
two periodic orbits coincide we have a Homoclinic Shadowliiggorem,
with the aid of which existence of chaos, in the sense of Rofncan be
rigorously established in specific systems.
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e In Section 6, some of the key computational issues such astrootion
of good pseudo orbits, rigorous bounds on quantities thpeapin the
hypotheses of the shadowing theorems, and floating poinpuatations
are addressed.

e In Section 7, we present several examples to demonstragdfirtiveness
of the shadowing results above as a new computer-assistiedidgee for
establishing rigorously finite, periodic, and transvetsadnoclinic orbits
in the quintessential chaotic system—the Lorenz Equations.

e In Section 8, we conclude our review with some parting thasigh
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2. Infinite-time shadowing

In this section we first introduce notions of an infinite pseedbit and its shadowing
by a true orbit of a system of autonomous differential equesti Then we state two
general results that guarantee the shadowing of infinitagmerbits. The first result,
Theorem 1, in the spirit of the classical Shadowing Lemma sisadowing theorem for
pseudo orbits lying in a compact hyperbolic set. The seceadlt, Lemma 1, replaces
the hyperbolicity assumption with the invertibility of artain linear operator. The sec-
ond result is more general; in fact, the classical theordlovig from it. Moreover, the
second result has practical applicability in numericalidations as we shall demon-
strate in later sections. Whilst the hyperbolicity assuomptin a compact invariant set
is not possible to verify in any realistic example (strantjeators are not usually uni-
formly hyperbolic), the invertibility of the operator assated with a particular pseudo
orbit can frequently be established.

Consider a continuous dynamical system
1) x= f(x),

where f : U — R" is aC? vector field defined in an open convex subdetf R".
Let ¢! be the associated flow. Throughout this paper we use thedeaclinorm for
vectors and the corresponding operator norm for matricddia@ar operators, and in
product spaces we use the maximum norm.

DEFINITION 1. Definition of infinite pseudo orbit. For a given positive num-
ber 4, a sequence of pOiHI{S’k}'kfioo in U, with f(yx) # 0 for all k, is said to be
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a o pseudo orbibf Eq. (1) if there is an associated bounded seque{hgﬁfj‘im of
positive times with positiviefycz hk such that

IYike1 — o™ ()|l <6 fork e Z.

Next, we introduce the notion of shadowing an infinite pseaduwt by a true
orbit.

DEFINITION 2. Definition of infinite-time shadowing. For a given positive
numbere, a d pseudo orbit{yk};j‘iOo of Eqg. (1) with associated time{bk}ﬁj"_oo is
said to bes-shadoweddy a true orbit of Eq. (1) if there are poinl{sq(}ﬁjioo on the
true orbit and positive time{stk};:‘ioo with % (x) = Xk41 such that

IXk —Ykll <& and |tk—hx|<e forkeZ.

In our first Shadowing Theorem we will assume that pseuddlibiin a com-
pact hyperbolic set. For completeness, we recall the defindf a hyperbolic set as
given in, for example, [47].

DerINITION 3. Definition of hyperbolic set A set Sc U is said to behyper-
bolic for Eq. (1) if

(i) f(x) #0forall xin S;
(ii) S is invariant under the flow, that ig!(S) = S for all t;
(i) there is a continuous splitting
R"=E%x) @ ES(x) ® EY(x) forxeS

such that E(x) is the one-dimensional subspace spannegiftgy)}, and the sub-
spaces E(x) and EY(x) have constant dimensions; moreover, these subspaces
have the invariance property

D' ()(E*(x)) = E3(#'(x)), Dg'(x)(E"(x)) = E¥(¢'(¥))
under the linearized flow and the inequalities

IDS'(X) &Nl < Kie™™H&| fort >0, & e ES(x),
D (X) &Il < Koe™|&||  fort <0, & e EY(X)

are satisfied for some positive constantg Kz, a1, anda.

Now, we can state our first shadowing theorem for infinite geeorbits of
ordinary differential equations.

THEOREM 1. Infinite-time Shadowing Theorem Let S be a compact hyper-
bolic set for Eq. (1). For a given sufficiently smalb 0, there is a5 > 0 such that any
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J pseudo orbil{yk}g"’_Oo of Eq. (1) lying in S ig-shadowed by a true orb{kk};“jioo.
Moreover, there is only one such orbit satisfying

fyk)* 0k —yk) =0 forkezZ

In preparation for our second infinite shadowing result, et introduce var-
ious mathematical entities. Take a fixed pseudo qm:f_oo with associated times
{hk};rjioo. Let Yk be the subspace of Ronsisting of the vectors orthogonal t@yy).
Then letY be the Banach space of bounded sequencegvi ke z with vk € Yk, and
equipY with the norm

IVl = sup vkl
ke Z

Also, letY be a similar Banach space except hat Yii1. Then let
Ly:Y — Y
be the linear operator defined by
(LyV)k = Vks1 — PeyaDp™ (i vk,
wherePy : R" — R" is the orthogonal projection defined by

f(y)*v
Pivv=v— ————— f(yk).
Ifoone 'O
SolLy is a linear operator associated with the derivative of the fitong the pseudo
orbit, but restricted to the subspaces orthogonal to theowéeld. This operator plays
a key role in what follows. We assume that the operator isrtible with a bounded
inverse:

Lyt < K.
Next we define various constants. We begin with
Mo = supl f (X)Il, My = sup|[Df (X[, Mz = sup||D?f (x|,
xeU xeU xeU

and

Pmin = kIQfZ hk, Nmax= kseughk'

Next, we choose a positive numhgr< hnin such that for alk and||x — yk|| < ¢o the
solutiong!(x) is defined and remains ld for 0 < t < hy + &o. Continuing, we define

A= inf [[f(y)l, Mo=supllf(yl, M= sup|Dfiyl.
kez ke Z kez
Now, we define the following constants in terms of the onesaaly given:

C= max{K, AL (eMihmaxk 1)} ,
C=(1-MC)1c,
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and
N8 I:moml + ZmleMl(hmari-so) + Ma(hmax+ 80)92M1(hmax+so)] ,

Nz=8[ 1+ 4C (Mo -+ e¥i(macte0)) | [MyMy + MaMo -+ 2MpeMi(mactoo) |
2
N3=8 [1 +4C (Mo + e""l(“maxﬂ‘o))] M1 M.

Now, we can state our second shadowing result for an infirsigaigo orbit in
terms of the associated operatgrand the constants introduced above.

LEMMA 1. Infinite-time Shadowing Lemma. Let {yk};r;“joo be a bounded
pseudo orbit of Eq. (1) with associated tin{eﬁ}‘ki’ioo such that ly is invertible with
ILy2) < K. Then if

4C6 < &0, 2M31C6 < 1, C?(N15 + N2d? 4+ N3®) < 1,

the pseudo orbifyy};>° . is e-shadowed by a true orbitx 1 >°  of Eqg. (1) with

associated timeftx};>° . and with
e < 2Co.
Moreover this is the unique such orbit satisfying

fyk)*xk —yk) =0 forkeZ

Notes on infinite-time shadowing:The details of the proof of the Infinite-time Shad-
owing Lemma are given in [22]. The idea of the proof is to sethgyproblem of finding
a true orbit near the pseudo orbit as the solution of a noatieguation in a Banach
space of sequences. The invertibility of the linear operajoimplies the invertibility
of another linear operator associated with the abstrattignoand this enables one to
apply a Newton-Kantorovich type theorem [33] to obtain thistence and uniqueness
of the true orbit.

One uses the Infinite-time Shadowing Lemma to prove the tefitine Shad-
owing Theorem. The main problem is to show that hyperbglicitplies that the oper-
atorLy : Y — Y is invertible with a uniform bound on its inverse. A slightifferent
proof of the Infinite-time Shadowing Theorem is in an earieblication [16].

For flows, unlike diffeomorphisms, there are various akives for the defini-
tion of a pseudo orbit. Should it be a sequence of points aitisol segments that are
functions of time? Here we have elected to use sequencesrifpdhese choices of
definitions have obvious advantages when we consider fisgaqo orbits that come
from numerical computations. With such considerations indnthe definitions of a
pseudo orbit and shadowing for ordinary differential etpres as given here first ap-
peared in [14] and [16]. The problem in proving the shadovilmprem for flows is
the lack of hyperbolicity in the direction of the vector fieltb compensate for this, we
allow a rescaling of time in our definition of shadowing.
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A shadowing theorem for flows, with a somewhat differentaotf shadowing,
was first proved in [26]. Different versions of the shadowtingorem have been proved
in [42], [34], [35], [16], and [49]. For a “continuous” shading theorem, see [47] and
also [49]. In the latter book the author also proves a shaapttieorem for structurally
stable systems, which includes that for hyperbolic systems

3. Finite-time shadowing

Since chaotic systems exhibit sensitive dependence aéal indinditions, a numerically
generated orbit will diverge quickly from the true orbit tvihe same initial condition.
However, we observe that a computed orbit is a pseudo ortisanpaccording to our
Infinite-time Shadowing Lemma, would be shadowed by a trié an the presence
of hyperbolicity, albeit with slightly different initial @ndition. It turns out chaotic
systems are seldom uniformly hyperbolic but still exhibibagh hyperbolicity that

pseudo orbits can still be shadowed for long times. To this e formulate a finite-

time shadowing theorem in this section. As in the InfinitediShadowing Lemma,
our condition involves a linear operator associated withfikeudo orbit but now the
aim is to choose a right inverse with small norm. First we lle&cgrecise notion of

shadowing of a finite pseudo orbit by an associated nearkyoirit. Then we present
the Finite-time Shadowing Theorem.

DEFINITION 4. Definition of finite pseudo orbit. For a given positive num-
berd, a sequence of pointyk}l'(\‘:0 is said to be @ pseudo orbibf Eq. (1) if f(yx) #O
and there is an associated sequel{lhe}l’z':_ol of positive times such that

Iyker — o™yl <6 fork=0,...,N—1.

DEFINITION 5. Definition of finite-time shadowing. For a given positive
numbere, an orbit of Eqg. (1) is said te-shadowa ¢ pseudo orbit{yk}k'\':o with as-

sociated time$hk}|'(\‘:_0l if there are pointhk}l'(“zo on the true orbit and time{stk}l’(\'z_o1
with o' (xx) = Xk1 such that

IXk —Ykll <& fork=0,...,N and |tx—hyx|<e fork=0,...,N—-1

To state our theorem we need to develop a bit of notation anaduace certain

relevant mathematical constructs. L{%}L\LO be ad pseudo orbit of Eq. (1) with

associated time&k}l'(\':_ol. With the subspace¥ and the projection® defined as in

Section 2, we define a linear operator
Ly: Yox - x YN — Yy X -- X YN

in the following way: Ifv = {Vk}|'(\':0 isinYp x -+ x Yy, then we takeLyv =
{[LyVIk}p=5 to be

[LyVIk = Vi1 — Pir1 D™ (yio)vi fork=0,...,N—-1
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The operatot_y has right inverses and we choose one such right in\l.eyéeNith
ILy < K.

Also we define constants as before Lemma 1 with the randebeing appropriately
adjusted. Now we can state our theorem.

THEOREM 2. Finite-time Shadowing Theorem. Let {yk}f(“:0 be ad pseudo
orbit of Eq. (1) with associated time{bk}{(“:‘ol and let Ly—l be a right inverse of the
operator Ly with [|L;!|| < K. Then if

4C6 < o, 2M1Co <1,  C?(Nd+ N2o? + N3o®) < 1,
the pseudo orbity}_, is e-shadowed by a true orbii}_o with
e < 2C4.

Notes on finite-time shadowing: The proof of the Finite-time Shadowing Theorem
above is quite similar to that of Lemma 1 except that here weRmuwer’s fixed
point theorem rather than the contraction mapping priecipl

It was first observed in [28], [29] that pseudo orbits of ciertehaotic maps
could be shadowed for long times by true orbits, despiteable bf uniform hyperbol-
icity. Others, [9], [10], and [52] realized that these olvations could be generalized
using shadowing techniques. Here the key idea is the catistnuof a right inverse
of small norm for a linear operator similar to the one usedrifinite-time shadowing.
The choice of this right inverse is guided by the infinite gicase—one takes the for-
mula for the inverse in the infinite-time case and truncateppropriately (see [18]).
However, the ordinary differential equation case is sonawmore complicated. It is
not simply a matter of looking at the time-one map and appl¥re theory for the map
case. One must somehow “quotient-out” the direction of #etar field and allow for
rescaling of time as is done in Theorem 2; this needs to be Heoause of lack of
hyperbolicity in the direction of the vector field. That thésds to much better shad-
owing results is shown in [17]. For other finite-time shadaogviheorems in the context
of autonomous ordinary differential equations, see [113],[[32], [62].

4. Periodic shadowing

In simulations of differential equations apparent perantbits, usually asymptotically
stable, are often calculated. In this section we show howl@kilmg can be used to
verify that there do indeed exist true periodic orbits néwmr ¢computed orbits. Our
method can be applied even to unstable periodic orbits wanelubiquitous in chaotic
systems. We first recall the notions of pseudo periodic @hit periodic shadowing
for autonomous ordinary differential equations. Then, veg¢esa Periodic Shadowing
Theorem which guarantees the existence of a true periodicr@ar a pseudo periodic
orbit.
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DEFINITION 6. Definition of pseudo periodic orbit. For a given positive num-
ber g, a sequence of poin{yk}l'(\‘zo, with f(yx) # O for all k, is said to be & pseudo
periodic orbitof Eq. (1) if there is an associated sequerﬁb@}L“zo of positive times
such that

Ilyke1 — ™) <6 fork=0,...,N—1,

and
Iyo — ™ (yn)Il < 6.

DEFINITION 7. Definition of periodic shadowing. For a given positive num-
ber ¢, ad pseudo periodic orbityk}l’<\':0 with associated time{shk}l'(\‘zo is said to bezs-
shadowedby a true periodic orbit if there are poini{xk}k'\‘zo and positive timegtk}k'\‘=0
with p%(xk) = Xkp1 fork =0, ..., N — 1, andxg = ¢'N(xy) such that

IXk —Ykll <¢ and |tx—hg|<e fork=0,...,N.

To decide if a pseudo periodic orbit is shadowed by a trueodariorbit we
need to compute certain other quantities. {_ﬁl},’(\'zo be ad pseudo periodic orbit of
Eq. (1) with associated time{i;nk}L\‘zo. With the subspace¥ and the projection®x
defined as in Section 2, we define a linear operator

Ly: Yox Yy x - xYn—= Yy x- - x YN X Yo
as follows: ifv = {vi}[_, then

(LyV)k = Viy1 — Py Dp™ (yiovi,  fork=0,...,N -1
(LyV)N = Vo — PND@™ (yn)Vn.

We assume the operatdy, is invertible with IILy’lII < K. Also we define
constants as before Lemma 1 with the rang& being appropriately adjusted. Now,
we can state our main theorem.

THEOREM 3. Periodic Shadowing Theorem Let {yk},'(“:0 be ad pseudo peri-

odic orbit of the autonomous system Eq. (1) such that theadpet.y is invertible with
ILy 3 < K. Theniif

4C6 < &0, 2M31C6 < 1, C?(N15 + N2d® 4+ N3o®) < 1,

the pseudo periodic orbifyk}l_, is e-shadowed by a true periodic orbjki}f., of
Eg. (1) with associated timédg [, and with

e < 2C6.
Moreover, this is the unique such orbit satisfying

flyk)*xk—yk) =0 forO0O<k<N.



Shadowing in ordinary differential equations 99

Notes on periodic shadowing:The proof of the Periodic Shadowing Theorem above
is in [15]. Computation of periodic orbits with long periodsjuires special care; this
situation is addressed in [19].

Normally one expects periodic orbits to be plentiful in cti@dnvariant sets.
One would like to be able to prove that periodic orbits aresedn attractors like those
for the Lorenz Equations. This we have not been able to do.dderyin [15], [19] we
were able to use shadowing techniques to prove the existénegious periodic orbits
of the Lorenz Equations, including orbits with long periodlge will display some of
these periodic orbits in Section 7.

The idea of using computer assistance for rigorously est@b the existence
of periodic orbits occurred to other people before us. Fetaince, Franke and Sel-
grade [27] gave a computer-assisted method to rigorouslyepthe existence of a
periodic orbit of a two-dimensional autonomous system.eBtllevant studies are [1],
[43], [44], [54], [58], and [61].

Using periodic shadowing techniques, one can also provigeaus estimates
for the Lyapunov exponents of periodic orbits. Details ofts@omputations, along
with the Lyapunov exponents of several periodic orbits ef tlorenz Equations, are
given in [19].

5. Homoclinic shadowing

General theorems proving the existence of a transversabtionit orbit to a hyper-
bolic periodic orbit, or a transversal heteroclinic orlhaecting one periodic orbit to
another periodic orbit, of a flow are few. In this section wegant two such theorems.
In Section 7 we will show the effective use of these theoremspecific systems.

We first introduce the definition of an infinite pseudo periodibit, which is
just the finite pseudo periodic orbit in Definition 6 extengediodically. This is more
convenient for our purposes in this section.

DerINITION 8. Definition of infinite pseudo periodic orbit. A sequence
Yk} ., with associated timeg};/>° . is said to be & pseudo periodic orbibf
period N > 1 of Eq. (1) ifinfxe z €k > 0, f(yk) # Oforall k and

Iykrr — %)l <6 and yiin =Yk, Ckin =Ck  fork e Z.

Now we define shadowing of such a pseudo periodic orbit.

DEeFINITION 9. Definition of periodic shadowing. For a given positive num-
ber &, an infinites pseudo periodic orbityy}/>° _ with associated timegi 1, >° _ is
said to bes-shadowedy a true periodic orbit if there are poin@k};;'ioo and pos-
itive times{tk}‘k*;"iOo such thatx, Ny = Xk and kN = tx andp(xx) = Xk1 for all
ke Zand

IXk —Ykll <& and |tx—hg| <& forkeZ.
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We next formalize the definition of a pseudo connecting otgmoclinic or
heteroclinic, connecting one pseudo periodic orbit to agot

DEFINITION 10. Definition of pseudo connecting orbit.Consider twa pseudo
periodic orblts{yk}k__Oo and{yk} ~ With associated tlme{sﬁ’k}k__oO and{fk};“;’ioo
An infinite sequence{awk} W|th assomated tlme$hk}k_700 is said to be ad
pseudo connecting orbuonnectlng{yk} R (o) {yk}k__OO if f(wg) # O for all k
and

(i) IWks1 — @M (wi)|| < o fork e Z,

(ii) Wk = Vi, hg = £ for k < p andwy = yk, hx = ¢k for k > g for some integers
p<gqg.

In particular, {Wk};;’o_oo is said to be gpseudo homoclinic orbif there existsr, 0 <
7 < N, such thafy = Yk, andfyx = k. for all k.

Shadowing of a pseudo connecting orbit is defined as in Digim# for infinite-
time shadowing.

LetLw : Y — Y be the linear operator defined by

(LwV)k = Vi1 — Plr1 DA™ (Wi v,

wherePy, Y andY are defined as in Section 2 withreplacingy. We assume the op-
erator is invertible and thalﬂ_vT,lll < K. Also we define constants as before Lemma 1
with y replaced byw.

With the definitions and notations above, here we state oun steadowing
theorems for connecting pseudo orbits. The first theoremagiiees the existence of a
true hyperbolic connecting orbit near a pseudo connectibi. dNote that an orbit is
hyperbolicif and only if the invariant set defined by it is hyperbolic addefinition 3.

THEOREM4 Connectlng Orbit Shadowing Theorem Suppose that
{yk} - and {yk} ~ are twoo pseudo periodic orbits with periods and N, re-
spectlvely, of Eq. (1) Le{twk}k_foO be ad pseudo connecting orbit of Eq. (1) with

associated timegh}>° _ connecting{y 1 >° . to {yi} > .. Suppose that the op-
erator Ly is invertible with
Il < K.

Then if
4C6 < g0, 4MiC6 <min{2, A}, C?2 (N15+ Npo2 + N353) <1,

() the pseudo periodic orblts{;yk}k,_oo and {yk}k ~ », are e-shadowed by true
periodic orbits{Xx}p> _  of periodN and{xy}g ., of period N where

e < 2@5,

moreoverg! (Xg) and ¢! (Xo) are hyperbolic (non-equilibrium) periodic orbits;
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(i) the pseudo connecting orhiitvic}/>° __ above is als@-shadowed by a true orbit
{22 o Moreover,¢!(zo) is hyperbolic and there are real numbeisand
such that|¢' (z0) — ¢'** (Xo) Il - 0as k— —oc and||¢' (z0) —¢'** (xo)I| — O
ast— oo.

In the special case of the theorem above when the two peradits coin-
cide, we obtain a transversal homoclinic orbit as hypediglof the connecting orbit
implies its transversality. Now, an additional conditierequired to ensure that the
connecting orbit does not coincide with the periodic orbite condition given in the
theorem below is that there be a point on the pseudo homodibit sufficiently dis-
tant from the pseudo periodic orbit. With the setting as i pinevious theorem, we
state the following theorem.

THEOREMS5. Homoclinic Orbit Shadowing Theorem. Suppose the(yk};rj‘ioo
is a ¢ pseudo periodic orbit with period N of Eq. (1). L{an‘/k}ﬁ;’iOO be ad pseudo
homoclinic orbit of Eq. (1) with associated timgs},/>° _ connecting{y, },>° . =
Wi 22 o 10 IV ., whereO < 7 < N. Suppose that the operator,Lis invert-
ible with

Il < K.

Then if
4CS < ¢0, 4M1Co <min(2, A}, C2 (N15+ Npo2 + N353) <1,

(i) the pseudo periodic orbityx};>° . above ise-shadowed by a true periodic orbit
{Xk}pe _o Of period N where
e < 265,

moreoverg! (xo) is a hyperbolic (non-equilibrium) periodic orbit;

(i) the pseudo homoclinic orb{twk};r;"ioo above is als@-shadowed by a true orbit
{72 o- Moreover,¢'(zo) is hyperbolic and there are real numbeisand a
such that¢' (zo) — ¢'+% (x0)| - 0as k— —oo and||¢' (z0) — '™ (x0)[| — O
as t— oo. Furthermore, provided there exists r with<pr < g such that

_ eMl(hmax-i-Eo)—l _
Iwe = yill > (I F vl + 2M105)M—1 + 4G5

for0 < k < N — 1, thenz does not lie on the orbit oty and so we may
conclude thatz is a transversal homoclinic point associated with the pdido
orbit ¢ (o).

Notes on homoclinic shadowing:We prove the theorems above partly using earlier
theorems. First we prove the existence of the periodic ®uEtng the Periodic Shad-
owing Theorem. Then we use the Infinite-time Shadowing Lernonshow the ex-
istence of a unique orbit shadowing the pseudo homocliri.oHowever, here we
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have to show this orbit is asymptotic to the periodic orbltsturns out that this can
be proved by a compactness argument using the uniquenes®oWo, we need to
show the transversality as well. This follows from the hyqmicity which is proved
by a rather involved argument. Detailed proofs of theserttras are available in our
forthcoming paper [22].

Examples of flows with transversal connecting orbits arecgcaThe papers
[36], [38], and [64] have examples of connecting orbits itestal mechanics. Note
that [36] also employs shadowing methods but applies a ¢medor a sequence of
maps (see also [49] for such a theorem) rather than a theqrecifisally for differen-
tial equations. There are also studies using shooting mdetbombined with interval
arithmetic that attempt to establish the existence of cciimg orbits; see, for exam-
ple, [60] where such orbits in the Lorenz Equations are cdetpun Section 7 we will
exhibit the existence of a transversal homoclinic orbitie Lorenz Equations for the
classical parameter values.

There are a number of studies for effectively computing eateuapproxima-
tions to finite segments of orbits of flows connecting two @eié orbits. For example,
[25] and [48], inspired by [3], approximate a connectingibly the solution of a cer-
tain boundary value problem and they derive estimates #etlor in the approxima-
tion. However, all existing work is carried out on the asstiorpthat a true connecting
orbit exists. In contrast, our Connecting and Homoclinia&wing Theorems pro-
vide a new computer-assisted method for rigorously esfaiblj the existence of such
orbits.

According to Sil’'nikov’s theorem [55], [56], and [46], theistence of a transver-
sal homoclinic orbit implies chaos. A single transversakhgclinic orbit does not
imply chaos. However, a cycle of transversal heteroclimlaite does imply chaos.
Our Connecting Orbit Shadowing Theorem can be used to phavexistence of such
cycles in, for example, the Lorenz Equations, as demoumestiat[22].

6. Implementation issues

There are two main computational issues in applying theshiend) theorems we have
presented in the previous sections:

(i) Smallg: finding a suitable pseudo orbit with sufficiently small nigas local error
bound;

(i) |IL~Y| < K: verifying the invertibility of the operatak (or finding a suitable right
inverse) and calculating a rigorous upper bothdn the norm of the inverse.

In this section we highlight certain key ideas regardingéheomputational consider-
ations, at suitable points directing the reader to referemehere further details can be
found.

(i) Finding a suitable pseudo orbittn the case of finite-time shadowing, one
could be tempted to use a sophisticated numerical integratiethod with local error
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tolerance control to generate a good pseudo orbit. Howévesrder to claim the
existence of a true orbit near the computed approximate,ontd need aigorous
bound on the local discretization eri@rWe have found a high-order Taylor Method to
be the most effective numerical integration method forpligpose. To get a rigorods
one must also account for the floating point errors in theutation of ¢ (yx), which
we handle using the techniques of Wilkinson [65]. Detailthefimplementation of the
Taylor Method with floating error estimates for the LorenaiBtions are given in [17].

In the case of periodic or homoclinic shadowing, it is verfficlilt to find a
pseudo periodic orbit or pseudo homoclinic orbit witBmall enough by a routine use
of a numerical integrator using simple shooting, that isiotss initial conditions are
tried until one is found with a smadl. Usually thed found in this way is not small
enough to apply our theorems. To get a pseudo orbit with alsmalwe refine the
“crude” pseudo orbit with a suitable global Newton’s metht@lobal” means we work
with the whole pseudo orbit, not just its initial point siriturns out that working with
just the initial point is not effective.

Now we describe what we do in the periodic case. {Iw}l'(“zo be a¢ pseudo
periodic orbit of Eq. (1), found perhaps by simple shootimigby concatenating seg-
ments of several orbits. In general, thassociated with such a crude pseudo orbit will
not be sufficiently small to apply our Periodic Orbit ShadagviTheorem. We want to
replace this pseudo periodic orbit by a nearby one with alsmalldeally there would
be a nearby sequence of pOiI{lXﬁ}L\l:O and a sequence of timetﬁ}l’(“zo such that

Xeg1 = % (xx) fork=0,..., N—1

Xo = o™ (XN).

We writexx = Yk + zk, Wherezy is orthogonal tof (yx), andty = hx + s. So
we need to solve the equations

Zer = oM TH (Y +20) —yke1 fork=0,...,N—-1
20 = ™ N (yN + 2n) — Yo.

As in Newton’s method, we linearize:

PMTH (Y + 20) — Y1 ~ F (@™ ()5 + D™ (Vi) z + ™ (Vi) — Yicr1.
Next we write
Ze = Uk,
whereuy € R"1 and{Sk}L“ZO is a sequence af x (n — 1) matrices chosen so that
[f(yk)/Il f (v ] is orthogonal. So now we solve the linear equations
Scr1lie1 = f(Yir1)S + D™ (yi) Sk + g« fork=0, ..., N -1
Soto = f(yn)sn + D™ (yn)Suun + On

for s andug, wheregk = ¢™(yk) — yk+1. Multiplying each equation in the first set
by §,, and f (yk+1)* and multiplying the last equation b and f (yo), under the
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assumption of no floating point errors, we obtain

Ukt+1 — AxUk = S:Hgk fork=0,...,N—1

@ Uo — ANZN = §0ON

and
s = — I F Vi) 72 F (Vi) (DA™ (yi) Scuk + g} fork=0,...,N -1
sn = — I f (o)l 72 (yo) " {D#™ (yn)SnUN + ON ),

whereAy = S, D¢ (yi)S fork =0,...,N — 1andAy = §Dg" (yn)Sn. So
the main problem is to solve Eq. (2). This is solved by expigithe local hyperbolicity
along the pseudo orbit which implies the existence of catitrg and expanding direc-
tions. We use a triangularization procedure which enabdetsolve forward first
along the contracting directions and then backwards albagekpanding directions.
Note that it is numerically impossible to solve the wholeteys forwards because of
the expanding directions.

Once the new pseudo periodic orbjk + zk}{(“:0 with associated timeghy +
a<}|'(“:0 is found, we check if its delta is small enough. If it is not, vepeat the proce-
dure for further refinement. For complete details see [19imilar method to refine a
crude pseudo homoclinic orbit is given in [22].

(ii) Verifying the invertibility of the operator (or finding suitable right inverse)
and calculating an upper bound on the norm of the inverAgain we just look at
the periodic case. A similar procedure is used in the finfteetand homoclinic cases
but in the homoclinic case it is rather more complicatedesithe sequence spaces are
infinite-dimensional; however, we can handle it due to theoglcity at both ends.
First we outline the procedure which would be used in the ohs#act computations.

To constructl_gl, we need to find the unique solutiap € Y of
Zi1 = PeraDo™(yzc + ok, fork=0,...,N-1
20 = PnDg™(yk)zn + O.
whenevegg isinYgi1 fork =0, ..., N—1andinYpfork = N. We use thex (n—1)
matricesS as defined ir{i) and make the transformation
Zx = SUk,
whereuy is in R"~1. Making this transformation, our equations become
Ukl — Akuk = § 10k, fork=0,...,N -1
Uo — ANUN = SON,
whereAg is the(n — 1) x (n— 1) matrix Ax = §j+lD¢hk(yk)S< fork=0,...,N—1
andAn = §D¢™ (yn)Sn.

As in (i), these equations are solved by exploiting the hyperbyplighich im-
plies the existence of contracting and expanding direstion
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We use a triangularization procedure which enables us e dokward first
along the contracting directions and then backwards albagkpanding directions.
Thus we are able to obtain a computable criterion for ink@itly and a formula for the
inverse from which an upper bound for the inverse can be iobdai

Of course, we have to take into account round-off and dietdn error. For
example, we have to work with a computed approximatiom(yx). However,
this only induces a small perturbation in the operator. Arotproblem is that the
columns ofS, as computed, are not exactly orthonormal. N&xtannot be computed
precisely. Finally the difference equation cannot be sbksactly but we are still able
to obtain rigorous upper bounds, using standard pertunb#tieory of linear operators
and the techniques in [65] to obtain rigorous upper boundhermrror due to floating
point operations. The necessary interval arithmetic camptemented by using IEEE-
754 compliant hardware with a compiler that supports roogadanode control. For
more details of these and other issues see [19] and for thie-fimie and homoclinic
cases see [17] and [22], respectively.

30 T T T T T T I‘

10 -

30 1 1 1 1 1 1 1
-20 -15 -10 -5 O 5 10 15 20

Figure 1: A pseudo orbit, with < 1.978 x 10~12, of the Lorenz Equations for the
classical parameter values= 10,8 = 8/3, p = 28 and initial datq0, 1, 0) projected
onto the(x, y)-plane. There exists a true orbit within< 2.562x 10~ of this pseudo
orbit. For clarity, we have plotted only the first 120 time tsndf the pseudo orbit.
Shadowing of this pseudo orbit for much longer time is pdesib
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20 -10 5 0 5 10 15 20 20 15 -10 5 0 5 10 20

(a) (b)

Figure 2: Two short pseudo periodic orbits of the Lorenz Higna for the classi-
cal parameter values projected onto ixe y)-plane. The pseudo orbit in (a) has
approximate period.b59 time units; it is shadowed by a true periodic orbit within
¢ < 1.800x 10712, It is interesting to observe that these periodic orbitscistavith
the nonperiodic orbit in Fig. 1.

7. Examples

In this section, we offer representative applications ef shadowing theorems from
Sections 3, 4, and 5, using the Lorenz Equations [41]

X=0(y—X)
y=pX—Yy—Xz
Z=Xy— fz

with the classical parameter values= 10, p = 28, f = 8/3. Using the Lyapunov
functionV (x, y, 2) = px? + oy? + o (z — 2p)?, it is not difficult to establish that the
set

U=1{(x,¥.2): px*+ 0y’ +0(z2—2p)* < 0p’B?/(f - 1))

is forward invariant under the flow of the Lorenz Equationsdo> 1, p > 0, and
£ > 1. Each pseudo orb(yk},'(\'zo of the Lorenz Equations we calculate below lies
inside this forward invariant ellipsoid .

First we give an example of finite-time shadowing for theiaitata(0, 1, 0)
used by Lorenz. The pseudo orl{%}ﬁzo of the Lorenz Equations in Fig. 1 and the
sequence of matrices approximatiBg " (yx) are generated by applying a Taylor se-
ries method of order 31 with initial valug) att = 0 and with constant time ste.
The Taylor method has the advantages that a bound for thediscaetization error is
easily calculated and it also allows us to use relativelydastep sizebg. This pseudo
orbit is depicted in Fig.1. It is & pseudo orbit withy < 1.978 x 10~13 and we are
able to show that it is-shadowed by a true orbit with < 2.562 x 102 for at least
850, 000 time units. This example is taken from [17] where all thplementation de-
tails can be found. A pseudo orbit from almost all initialalaf the Lorenz Equations
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20 ———————— 20 ——————————
15 F . 15 F .
10 - . 10 F .
5 . 5| .
of ) - of -
5+ - 5 4
10 . 10 - .
15 - . 15 - .
20l 20—
45 0 -5 0 5 10 15 45 -0 5 0 5 10 15
X) (Y)

Figure 3: “X” and “Y” pieces of a crude pseudo periodic orHitlee Lorenz Equations
for the classical parameter values projected ont@xhg)-plane. Concatenated copies
in the order XY and XYY are used as initial guesses for the @ldtewton’s method
to generate the refined pseudo periodic orbits in Fig. 2.

are shadowable for reasonably long time intervals. In timeeseeference shadowing
times of many other pseudo orbits are tabulated.

25 T T T T T T T 30
20 - P
15 i
10 b

20

10

B 0

-10

-20

.25 L L L L L L L 30 L L L L L L L
20 -15 -10 -5 0 5 10 15 20 20 -15 -10 5 O 5 10 15 20

(@) (b)

Figure 4: Two long pseudo periodic orbits of the Lorenz Emurett for the classical
parameter values projected onto the y)-plane. The pseudo periodic orbit in (a)
is of type XXYYXXXYYYXYXYXXXYY. The pseudo periodic orbit in (b) has ap-
proximate period 1100.787 time units; it is shadowed by a periodic orbit within

£ <5239x 10712

Next, we present examples of periodic shadowing. Periathitsoof the Lorenz
Equations exhibit a great deal of geometric variations &eg have been the subject
of many publications; see, for example, [1], [5], [63]. Mo$these works are either of
numerical nature or pertain to a model system which is betlég capture the essential
features of the actual equations. One of the first rigorousahstrations of a specific
periodic orbit of the Lorenz Equations was given in [15] gsihe Periodic Shadowing
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25 T T T T T T T

20 |+

15

10

210 F

25 1 1 1 1 1 1 1
-20 -15 -10 -5 0 5 10 15 20

Figure 5: The pseudo periodic orbit of the Lorenz EquatioamfFig. 2(a) (plotted in
small circles) and a pseudo homaoclinic orbit (plotted irsjloibubly asymptotic to this
pseudo periodic orbit witd < 2.012 x 10-12. There exist a true hyperbolic periodic
orbit and a true transversal homoclinic orbit within< 2.266 x 10~2 of the pseudo
ones.

Theorem of Section 4.

In Fig. 2 two short pseudo periodic orbits of the Lorenz Eopret are plotted.
The pseudo periodic orbit in Fig. 2(a) has approximate pefi®59 and is readily
visible on the computer screen by following the solutiormirthe initial data

(—12.78619065852397642—19.3641879371180046424.0)

with a decent integrator. We found the periodic orbit in FA¢p) as follows: first we
computed the two orbit segmernXsandY in Fig. 3 whose endpoints were fairly close
and concatenated them together to form a pseudo periodicX¥bwith a quite large
J. Then we used the global Newton’s method as outlined in &edito find a re-
fined pseudo periodic orbit with sufficiently smaélto apply the Periodic Shadowing
Theorem. With a similar concatenation method, it is possiblgenerate pseudo peri-
odic orbits with various geometries. Additional pseudaquic orbits are depicted in
Figs. 2 and 4. Further computational and mathematicalldaththe analysis of these
pseudo periodic orbits are available in [15], [19], [22].

Lastly, we give an example of homoclinic shadowing. Firsttaek the pseudo
periodic orbit in Fig. 2(a). Using our concatenation tecjua followed by a global
Newton’s method, we next found a pseudo homoclinic orbitnemting the pseudo
periodic orbit to itself. This pseudo connecting orbit, efnis pictured in Fig. 5, has
8 < 2.012x 10712, The values of the significant constants associated wighpgudo
connecting orbit and the requisite inequalities for the ldolimic Orbit Shadowing
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Parameters:
o =100, p=80/3.0, p=280
Convex set:
U={(XY,2:pxX*+0y’+0@z—2p)* <op®B*/(p— D)}
Significant quantities:

Mo < 55461807694948548 K =567.89771838622869
M1 < 87.040362193445489 A > 37.640569857537358
Mz < 1.4142135623730951 Mp < 24391779884309116
hmax = 0.011826110602228697 M; < 28.802758744306345
hmin = 0.0019715050733614117C < 567.89771838622869
€0 = 1.000000000000000% 10~° C < 567.89777438966746

N = 168 N; < 57496233185753386
p =167 N> < 2.8839060646841878 1011
q = 3940 N3 < 1.56463368561509792 107
T =76 ¢ = 2.265968539258488% 10~ °

6 = 2.011877270107116& 10121 = 3277
Inequalities:

4C6 < 4.570162045467784% 107° < ¢
4AM1C§ < 3.9778855972025359 10~/ < min(2, A) = 2
C?((N3d + N2)6 + Nq)d < 3.730658598247289% 1072 < 1

Figure 6: Significant constants and the requisite inedaalfor the pseudo homoclinic
orbitin Fig. 5. From the Homoclinic Shadowing Theorem, thexist a true hyperbolic
periodic orbit and a true transversal homoclinic orbit Wwith < 2.266 x 10~° of the
pseudo ones.

Theorem in Section 5 are tabulated in Fig. 6. It is evidenhftbese numbers that the
hypotheses of our Homoclinic Orbit Shadowing Theorem alféléd.

Thus we conclude: there exists a true transversal homodihit withine < 2.266 x
109 of this pseudo one. As outlined in the Introduction, the texise of such an orbit
implies chaotic behavior in the vicinity.
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8. Closing remarks

In the preceding pages, we have tried to demonstrate titg atid the promise of shad-
owing as a new development in the rigorous computer-assastalysis of ordinary dif-
ferential equations. Shadowing can be used to show thaicemmputer simulations
of chaotic systems do indeed represent true states of thensyMoreover, shadowing
is able to establish the existence of orbits with variousagiyical properties such as
hyperbolic periodic orbits and transversal homoclinic etenoclinic orbits. In contrast
to classical numerical analysis which tries to compute kmonbits as accurately as
possible, shadowing can show their existence rigorously.

One limitation of the shadowing methods presented hereaistitiey will only
work with systems which display some hyperbolicity, evenat uniform. Limits to
shadowing due to fluctuating Lyapunov exponents or unstdintension variability
have been investigated in [24], [53].

In this review article we tried to give the highlights of ouork in shadowing
during the past decade. Due to the inevitable time and spatstraints, we could not
include many other developments in shadowing; we apoldgi#tee authors of numer-
ous excellent publications to which we could not refer. Weéae have convinced
you of the utility of shadowing and that you will be interestenough to look at the
details of our work and the works of the others listed in tHfenences.
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