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A CHARACTERIZATION OF THE EXPONENTIAL STABILITY
OF EVOLUTIONARY PROCESSES IN TERMS OF THE
ADMISSIBILTY OF ORLICZ SPACES

Abstract. A characterization of the exponential stability of evabmi@ry rocesses in terms
of the admissibility of some pairs of spaces, is given. Théhwet of "test functions” from a
very large class of spaces is used. Thus are obtained geageals of some results given by
N. van Minh, F. Rabiger and R. Schnaubelt.

1. Introduction

In this paper we establish that an evolutionary protéss{U (t, s) }t>s>0 0n a Banach
spaceX is exponentially stable if (and only if) for each measura$tealued function
f from a Banach spacé(X) the function

t
(1) Xf(t) = / U, 7) f(r)dr, t>0
0

lies in E(X). The construction oE(X) is related to an Orlicz spade (i.e E(X) is
the space of all X-valued measurable functidnssuch that — | f ()| : Ry —
R4 isin E.) Our paper continues the line of research that charactesigasnential
stability in terms of "Perron-type” theorems. For instanoensider a nonautonomous
abstract Cauchy problem,

(2 X'(t) = AOX(t), x(S)=Xs, Xs€ D(A(S) t>=s>0

on a Banach spacé. Assume, fora moment, that 2 is well-posed in the sensetthed t
exists an evolutionary procefid (t, s)}t>s>0 Which gives a differentiable solutiof(-).
This means thax(:) : t — U(t,s)x(s),t > s > 0, is differentiable for any given
initial conditionsx(s) = xs € D(A(S)), X(t) € D(A(t)), and 2 holds. Now lef be a
locally integrableX - valued function orR;. and consider the inhomogeneous Cauchy
problem:

®3) X'(t) = ADX(®) + (), x(0) =0, t>0

The functionu¢ given by 1 is called anild solution of 3. In some well-known partic-
ular cases (see for instance [8]) is the unique classical solution of 3. This type of
characterization of exponential stability for 2 has a faidng history that goes back
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to the paper "Die stabilitatsfrage bei differentialgaigigen” [14],where Perron gave a
characterization of exponential stability of the soluida the linear differential equa-
tions

dx n

T A)x, tel0,+o00), xeR

where A(t) is a matrix bounded continuous function, in terms of the texise of
bounded solutions of the equations

dx

i A+ ()

where f is a continuous bounded function &.. After these seminal researches of
O. Perron, relevant results concerning the extension abR&rproblem in the more
general framework of infinite-dimensional Banach spacagwbtained in pioneering
monographs by M. G. Krein, J. L. Daleckij, R. Bellman, J. L.ddara and J. J. Schaffer.
In last few years, several results about exponential syabitd exponential dichotomy
for the case of exponentially bounded and strongly contisuevolution families were
obtained by N. van Minh ([11], [12]), F. Rabiger [11] , Y. eshkin ([2], [6], [7], [8]),
M. Megan ([10], [15]), P. Preda ([15], [16], [17]), T. Rangdl([7], [8]), R. Schnaubelt
(8], [11], [18]).

In the spirit of Perron’s idea, the aim of this paper is to repa very general and
useful approach for the subject concerning the connecgbmden the exponential sta-
bility of evolutionary processes and the admissibility eftain function spaces, using a
well-known class of function spaces which are translatimatiant and also rearrange-
ment invariant( see for instance ([13]). Theses type ofapace called in the literature
Orlicz spaces. Related to the subject above, we note thi&nom the most common
classes of spaces used as "input” and "output” spaces weileRispaces. These are
in particular Orlicz spaces, so this treatment include atiquéar cases the situations
above. A unified treatment can be imposed for the connecetweden the admissi-
bility and exponential stability, since the present cheaazation includes as particular
cases many interesting situations. Among them, we (ofe L P)-admissibility. Also,
our results generalize some well-known results due to N.Marh, F. Rabiger and
R. Schnaubelt. Moreover, the paper breaks new ground asdafigroach brings as
particular cases other useful situations.

2. Preliminaries

In this section we list the principal notations and symb#lsr a Banach space we
denote byM (R, X) the space of all Bochner measurable functions fiemto X
and

LRy, X) = {f e MRy, X) : /K | f)|dt < oo}

for each compad € R,

LPRy, X) = {f e MRy, X) : /

Ry

| ft)|Pdt < oo, peld, oo)}
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L% Ry, X) = :f € M(R;,X) s esssup | f(D)] < o0, pe L, oo)}
teR4

It is known thatLP (R, X), L*® (R, X) are Banach spaces endowed with the respec-

tively norms:
1
P
fllp= (/ IIf(t)II”dt)
Ry

|1 fllec = esssup||f(t)]|
tER+

In order to simplify the notations we putP := LP(R,,R), L*® := L*°(R,, R), for
all pe[l,00)andL} = LL (Ry,R).

loc loc
Now, for the convenience of the reader, we recall the dedimitif Orlicz spaces.

Lety : R — R4 be afunction that is non-decreasing, left-continuous asthe
propertyp(t) > 0, for allt > 0. Define

t

d(1) =/(p(S)dS

0

A function® of this form is called &oung functionFor f : R, — R a measurable
function and® a Young function we define

e¢]

M2 (f) =fd><|f(s)|)ds.
0

The setL® of all f for which there exists & > 0 such thaM®(kf) < oo is easily
checked to be a linear space. With the norm

1
||f||q>=inf{k>0: MCD(Ef)Sl}

the spacéL?®, | - |l») becomes a special type of Banach space called an Orlicz.space

REMARK 1. Itis easy to check thago ) € L® and

I lo = !
Xxotille = o1 (l)
t
forallt > 0.
ExaMPLE 1. ThelL P spaces are examples of Orlicz spaces

The connection between Orlicz spaces andltRespaces is given by

REMARK 2. L® = LPifand only if ®(t) = tP, forallt > 0.
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The "only if” part is obvious. Conversely it ® = LP then| xo.t1lle = llx0.t1ll ps

1
forallt > 0, and so®~1(s) = s? forall s > 0, which implies thatb(t) = tP, for all
t>0.

EXAMPLE 2. If we taked(t) = e' — 1thenL® c LP, forall p € [1, 00).

Indeed one can see thdt < m!®(t) forallt > 0 and allm € N* which implies
thatL® c L™, for all m € N*. Having in mind that.™ (L™ c LP forall p €
[m, m+ 1], and allm € N*, it follows thatL® c LP, forall p € [m, m + 1], and all
m e N*,

In what follows, if E is a Orlicz space then we denote by

EXX)={f e MRy, X) :t—> [[f(D)]| : Ry — Risin E}.
REMARK 3. E(X) is a Banach space endowed with the norm
Iflecy =11fON e

REMARK 4. If {fa}ney C E(X), f € E(X),andf, — f in E(X) whenn — oo,
then there existsfp, Jkeny @ Subsequence ¢fp }cn such that

fn, & f ae.
For proof of this see [19].
PROPOSITION]. If ® is a Young function of the Orlicz spacé ithen
i) Themap @ : R} — R givenby &(t) = to—1 (%) is nondecreasing.
t
i) [1f(s)lds<ap®)|fle,foralt >0, feL®.
0
Proof. i) First let us prove that the map : R% — R*, given byb(u) = 22X js

u
nondecreasing. If & u; < uzthen

ui u2

0] 1 1
(Uy) = — /(p(S)dS: —/(p (Ev> ﬂdv =
ui uz ui uz uz
0 0
1 1 (U2)
up @ (u2
u2 ¢ <U2v> v= uz /(p(v) v uz
0 0

In order to prove thadg is nondecreasing let & t; < to. It follows that 0 < wy :=
o1 (é) <! (%) := wy and sob(wz) < b(w1). Having in mind that

1 1
b = db =
) =Hw 2P =
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it follows thatae is a nondecreasing function.
ii) Considerf € L®,t > 0,k > 0 such tham?® (% f) < 1. Then we have that

t t
1 1 1 1
o (k—tflf(S)ldS) < —f<1><E|f(S)I)dS§ o
0

0

t
f [f(s)|ds<td ! <?1> K,
0

and so

which implies that
; 1
!/If@NdS§t®1<?)HfH¢==a¢UNHHo
0

forallt >0, f € L?. O

REMARK 5. Using a simple translation argument we may state that
to+t
f [f(s)lds <ap®]lfllo
to

foralltg>0,t >0, f € L®.

DerINITION 1. A family of bounded linear operators acting on X and denotgd b
U ={U(t, s)}t>s>0 is called an evolutionary process if the following statetsdrold:

e)) U(t,t) = | (where | is the identity operator on X), for all O;

e) U (-, s)x is continuous offis, c0), foralls > 0, x € X; U(t, )X is
continuous o0, t], forallt > 0, x € X;

ea) U, s)y=U,nu(,s),forallt >r >s>0;

&) there exist Mw > 0 such that

U, s)| < Me?®® forall t>s>0.

DEFINITION 2. The evolutionary proceds = {U(t, S)}t>s>0 is called uniformly
exponentially stable (u.e.s) if there exist two stricthsitiwe constants N\Nv such that
the following statement hold:

U, s)|| < Ne™ =9,

DerFINITION 3. The pair(E, F) of Orlicz spaces is said to be admissible to the
evolutionary proces# if for all f € E(X) the function ¥ : R, — X defined by
t

xf(t) = [U(t,s) f(s)ds liesin KX).
0
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3. The main result

LEmMMA 1. If the pair (E, F) of Orlicz spaces is admissible é6then there exists
K > 0such that

IXfllEx) < K FllE(X)-

Proof. We define the linear operatdr: E(X) — F(X) given by
t

(THH) =f Ut s f(9)ds
0

If {gn}neny € E(X), g € E(X), andh € F(X) are such that

E(X)

F(X)
Oh —

g, Ton — h,

then .
I(Tg)®) = (TYHM®I < /o U (t, s)(gn(S) — g(s))]lds <

t
sfo M€ |gn(s) — g(s)ds

< Me”ap(t)llgn — gllecx)

forallt > 0 and alln € N. It follows, using again the Remark 2, thagg = h, and
henceT is closed and so, by the Closed-Graph Theorem it is also min8o we
obtain that

IXtllFooy = 1T Flleey < ITH I fllg(x), forall f € E(X) as required
O

LEMMA 2. If L® is an Orlicz space, he L®, h > 0 and there are two positive
constants a and b such thafrh < ah(t) + b, forallr >t > Owithr —t < 1then
he L.

Proof. By the hypothesis we have that
h(in+1) <ah(s)+b, forallne Nandalls € [n,n+ 1]

and from here

n+1
hin+1) < a/ h(s)ds+ b < aap(1)||h|| v + b, foralln e N,

n

which implies that
¢ = suph(n) < occ.
neN

Using again the hypothesis, we obtain that

h() <ah(n)+b <ac+b, forall neN, andallt € [n,n+1].
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LEMMA 3. If the pair (L®, L®) is admissible td/, where® is a Young function,
then the following statements hold:

i) Forall f e L®(X) there exist ab > 0 such that
IXs(M)] < alxs )| +b, forallr >t >0withr —t < 1,
i) the pair (L®, L*) is admissible té/.

Proof. i) We have that

r
Xf(r) = /U(r,s)f(s)ds:
0
t r
= /U(r,t)U(t,S)f(S)dS+/ u(,s)f(syds
0 t
r
= U(r,t)xf(t)+/ u,s) f(s)ds forallr >t >0.
t
Therefore

r
Ixs ()l < Me‘“<“t>||xf(t)||+f Me”T=9 f(s)|ds
t

IA

t+1
Me?|Ixs ()] + Me“’f [ f(s)lds
t

IA

Me“|[xt ()]l + Me®ap ()| f [l ox)

forallr >t > O0withr —t <1.
The condition ii) follows directly from i) and Lemma 2. O

LEMMA 4. Letg: {(t,tp) € R2:t>tyg>0) - R4 be a function such that the
following properties hold:

1) g(t, to) < g(t,s)g(s, ), forallt > s>ty > 0;
2) there exist Ma > 0 and be (0, 1) such that

g(t,tg) < M, foralltg > 0and all t € [tg, tg + a],

g(to+a,tg) <b, foralltg> 0.

Then there exist two constants N> 0 such that

g(t,to) < Ne "™ forallt > tg > 0.
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Proof. Lett > tg > 0 andn = [%] the largest integer less or equal tHngEP. Then
we have that
g(t, to) < g(t, to + na)g(to + na, to) <
< g(t, to + nab" < Mb" = Me™""@ < Neg V(-1

wherev = —% Inb, N = Me"?, as required. O
Now we can state the main result of this paper.

THEOREM 1. U is u.e.s. if and only if there exists an Orlicz spac® $uch that
the pair(L?®, L®) is admissible t@/.

Proof. Necessityit follows easily from Definition 2 that the pa{L. >, L*>°) is admis-
sible tol{.

Sufficiency. First observe that if the paifL®, L®) is admissible td/ then by
Lemma 3 the paitL®, L) is admissible td{. Letx € X, to > 0andf : Ry — X,

f(t) = U(t, to)x, telto,to+1]
10, t e Ry \ [to, to+ 1]
It is easy to check that € L®(X) and|| f lLex) < Me‘*’ﬁ”x” and
0, 0<t<to

Xg (1) =
t;"J“1U(t,s)f(s)ds t>tg+1

If t > top+ 1then

to+1
Xi(t) = f U(t, s)U(s, to)xds= U(t, tg)x
t

0
which implies that
1
oD

forallt > tg+ 1, tg > 0 and allx € X. Hence there exitk > 0 such that

U, to)x|l = [IXs Of < [Xflloo = K[ fllLox) < KMe? Il

U (t, to)]] < L, forallt >ty > 0.
Lettg >0, § >0, xe Xandg: Ry — X

) = U(t, to)X, t e [to,to+46]

=10 t € Ry \ [to, to+ ]

Theng e L®(X), and||gll o(x) < Lﬁ(l)llxll- It follows that
3

t 0, t € [0, tp)
xg(t)=/ Ut,s)f(s)ds=14 (t —toU(t, to)x, t e [to,tog+5)
0 SU(t, to)X, t € [tg+ 6, 00)
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and so

2

to+§

$ to+4
EIIU(toJrS,to)XII =/ (S—to)IIU(to+5,to)XlldSS/ (s—to)L|U (s, to)x]lds

to to

to+6
= L/ [Xg(s)llds < Lap (§)[IXgllLex) < KLas @) [I9llex) <
to

< KL2a S—QL— K L2
< o (8) ——-IIXIl = Sl
d-1(5)

foralltg > 0, § > 0, x € X. We obtain that

2K L2
|U(to + 6, to)|| <

, foralltg >0, § > 0.

By Lemma 4 it follows that there exist two constahtsy > 0 such that

U (t, to)]| < Ne"®) forallt >ty > 0.
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