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Preface

Two important research fields in Algebraic Geometry are the study of linear sys-
tems of curves with prescribed base points and the classification of defective varieties.
These topics go back to the work of classical Italian authors, as F. Enriques, G. Scorza,
B. Segre, C. Segre, F. Severi, A. Terracini, E. Togliatti and many others. These two
research fields can be viewed in the more general setting of polynomial interpolation
(thefirst one) and of projective embeddings (the second one).

On September 15-20, 2003 the meeting “ School (and Workshop) on Polynomial
Interpolation and Projective Embeddings’ was held at theDepartment of Mathematics
of the Politecnico diTorino.The School was articulated in two series lectures delivered
by L. Chiantini and R. Miranda. C. Bocci also gave exercises sessions. During the
Workshop many researchers gave contributions concerning their results in the field.
This special issue contains research papers regarding the topics of the Workshop and
abstracts of some of the short conferences given by the participants. The organizers
would like to thank all theparteci pantsto the School/ Workshop and the Departementof
Mathematics for the warm hospitality. Special thanks go to themain speakers for their
work before, during and after the School/ Workshop.The School/Workshop was par-
tially supported by the national group GNSAGA of INdAM, by the Department of
Mathematics of the Universities of Torino and Ferrarain the frameworkof the national
project “ Geometry on algebraic varieties’ cofinanced by Italian MIUR and by EAGER.

G. Casnati, N. Chiarli, S. Greco, R. Notari, M.L. Spreafico.
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A. Calabri*

ON THE REPRESENTATION OF ENRIQUES SURFACES AS
DOUBLE PLANES

Abstract. In this paper we give a short proof of the well-known représtion of Enriques
surfaces as double planes, by using the properties of tiénatipear system to the branch
curve.

Enriques surfaces play a fundamental role in the classiicaf complex algebraic
surfaces: historically they have been the first examplesafional surfaces with ge-
ometric genugpg = 0 and irregularityg = 0. Indeed, in 1894, Enriques suggested
in a letter to Castelnuovo that these properties were #dfily (the normalization of)

a sextic surface if?3(C) having the six edges of a tetrahedron as double lines. Soon
later, in 1896, Castelnuovo proved his celebrated ratitynaiterion, which states that
an algebraic surface is rational if and only if it is reguladdas bi-genu®; = 0.

In 1906, Enriques proved in [10] that every surface with= 1 andP3; =q =0
is isomorphic to his original example and he gave a rathempdetm treatment of these
surfaces, which have justly been named after him. In pdatidnriques showed that
they can be representeddsuble planes.e. as double covers &, branched along a
reduced curve of degree 8 as in the statement of Theorem W.belo

A modern approach to Enriques surfaces has been carriedyovdrbukh in
[2, 15] and by Artin in [1]. The former one, in particular, sted again how to repre-
sent them as double planes. Equivalently, Enriques siefeere be realized as double
coverings of a quadric surface ¥, and these models have turned out to be very use-
ful to study them, e.g. they allowed Horikawa to determine pleriods of Enriques
surfaces, see [14].

Nowadays, one usually says thais an Enriques surfacedf(Y) = 0 andKy is a
non-trivial element of 2-torsion in P{E). In particularY is supposed to be minimal.
It is very well-known that Enriques surfaces form an irrédlecfamily of dimension
10 and they are a distinguished class among surfaces withikodimension zero,
which include also abelian, hyperelliptic and K3 surfades. a detailed account of the
properties of Enriques surfaces, we refer the readers tedheinteresting book [9]
by Cossec and Dolgachev, where they considered Enriguiassatin any characteris-
tic; in particular see Chapter 1V therein for a comprehems@port on their projective
models (cf. also pp. 270-288in [3]).

In this paper we present a short proof of the well-known repngation of Enriques
surfaces as double planes. Namely we will prove the follgwin

*The author is a member of G.N.S.A.G.A—I.N.d.A.M. “Frarm@Severi” and is partially supported by
E.C. project EAGER, contract n. HPRN-CT-2000-00099.
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2 A. Calabri

THEOREM 1. A smooth model of a double plane: X — P2 is a surface of Ko-
daira dimension zero with e pg = 0if and only if there is a Cremona transformation
y : P2 ——5 P2 such that the induced normal double plane, birationallyieglent to
7 : X — P2, is branched along a reduced curve of degree 8 which has tves ILy,
L as irreducible components and the residual sextic has th@ximg singularities:

1. adouble pointat p= L1 N Ly;
2. atacnode at a pointjpe Li, i =1, 2, where L is the tacnodal tangent.

Either pp or p2 may possibly be infinitely near of the first order tg. p

Letw : X — P2 be a double plane and lgt: Y — Sbe its canonical resolution,
branched over the smooth curize One sees that, ¥ has Kodaira dimensios-oo,
then|B + mKs| = ¢, for everym > 2, and in [5] we saw how to use these conditions
in order to classify rational and ruled double planes.

If Y has Kodaira dimension zero apg(Y) = q(Y) = 0, i.e.Y is birationally
equivalent to an Enriques surface, one sees théB/2) = 0, |B/2 + Kg| = ¢,
B+ mKs| =@ form > 2 and|B + 2Kg| = {D}, whereD is a curve which does not
move (see Lemma 1 below). We will show that these conditivesaough to find a
Cremona transformatiop : P2 --» P2 as in the statement of Theorem 1.

In other words, our proof is based only on the properties afdfocovers and on
the numerical characters (plurigenera and irregularifyimriques surfaces, with no
need to use the geometry of curves on them.

In Section 1, we will fix notation and recall some well-knovatts about double
coverings. Then, in Section 2, we will prove Theorem 1.

Let us finally remark that a representation of Enriques sedadourfold covers
of P2 has been described by Verra in [16] and by Casnati and Ekéufsjl

1. Notation and preliminaries.

We consider algebraic varieties defined over the field of derpumber<C. Let« (X)
denote the Kodaira dimension of an algebraic var¥tyA double planer : X — P?
is a double covering of the projective plaf& i.e.x is a finite flat morphism of degree
2. Two double planes andp : Z — P? are said to béirationally equivalenif there
exists two birational mapg : P? --» P2 andg : Z --» X suchthatr o ¢ = y o p.

In particular, if X is normal, a Cremona transformatign: P2 --» P2 uniquely
determines the birational map: Z --» X, whereZ is normal, and we will say that
p : Z — P?is the double plane induced hyandy .

Let us recall some well-known facts about double coverirsge(e.g., [3]). A
double covering : Y — Sof any smooth rational surfacgis uniquely determined
by its branch curv€ in S. MoreoverC is smooth if and only ifY is smooth, andC is
reduced if and only ify is normal. IfC is not reduced, sag = ) ; m;C;, where the
Ci’s are the irreducible components@fandm; > 1, then the normalizatiowf” of Y
is a double covering of branched ove} ; € Ci, wheres; = m; mod 2¢ {0, 1}.
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Let 7 : X — P2 be a normal double plane, branched along a reduced €irve
If C is not smooth, there exists a birational morphism S — P2 such that the
normalizationY of X xpz Sis smooth. The induced double covering Y — Sis
usually calledhe canonical resolutionf = (see [3, p. 87] or [6]).

Let B be the branch curve of andC be the strict transform it of C. Then
B=C+ > i e Ei, wheregj € {0, 1} and theE;’s are the irreducible exceptional
curves inS. Let us say thak; is branchedif ¢ = 1, andunbranchedotherwise.
Recall thatB is anevendivisor in S, i.e. B/2 is well-defined in the Picard group P%®)
of S, andp,(Oy) = Os ® Os(—B/2), thus theplurigeneraof Y are

Pm(Y) = h%(S, mB/2 + mKg) + h%(S, (m — 1)B/2 + mKs),

for all m > 1, whereas itgregularity is q(Y) = pg(Y) — pa(B/2).

In order to describe the singularities ©f it is convenient to recall and to use the
classical notions of infinitely near points (cf. [13, p. 39§12, v. 2, pp. 336—386],
[7], or [5] in this setting). Let us write the birational mdrismo : S — P? as
o = opo---o0010o0p, Wheresi : § — S_1 is the blow-up at a point; € §_1 and
P2 = S 1, S= S. One says that is infinitely nearto Xj, and we writexx > X;j, if
Xk € (Ok—10---00j )*1(xj). By xk >° Xj we mean thax is infinitely nearof order s
to xj. We say thaky is properif it is not infinitely near tox;, for any j # k. In other
words, a proper point really belongsits.

Let us denote b¥; (E, resp.) the strict (total, resp.) transform$rof the excep-
tional curveai‘l(xi) C § of gi. Recall thatgj = E* — Zj o] ET in Pic(S), where
agij € {0, 1}. One says that; is proximateto x; if and only if qjj = 1.

In Pic(S), write C = 2dL — Y i GE’, wherelL is a total transform of a line,
2d = C- L = degC) andg; = C - E is usually called thenultiplicity of C at ;.
ThenB =C+Y; & Ei =2dL—Y"; biE, whereby = B-E = ¢ —&i +Y_; 4 £ ji-
Let us say thab; is thevirtual multiplicity of the branch curve of atx;.

Notice that ifxx > Xj, thenck < cj, becaus€ - Ej > 0. But the same is not
true for theb;’s: it may happen thaky >1 Xj andby > bj. This occurs if and only
if bk = bj +2,ck = cj andej = 1. In that case, let us say that (xk, resp.) is a
defectivg(excessiveresp.) point. One can check thatis defective if and only ifE;
is a branched anEi2 = —2, or, equivalently, if and only ib~1(E;j) is a(—1)-curve in
Y (see, e.g., [6] for more details).

For example, itC has a triple poink; P2 with a triple pointx infinitely near to
it, i.e. in our notatiorkx >! xj andck = ¢j = 3, thenbj = 2, ¢ = 1 andby = 4, thus
Xj is defective andy is excessive.

Regarding Cremona transformatiops: P? --» P2, recall that Noether-Castel-
nuovo Theorem states thatis the composition of finitely manguadraticCremona
transformations, i.e. such that the pull-back of the neinefd is a net of conics passing
through three simple points, which can be proper or infipitetar. In particular, if
these three points arg, X1, X2, with virtual multiplicity bo, b1, bz, one checks that the
branch curve of the induced normal double plane has degteelsh — b; — by and
virtual multiplicities 2 —b; —bp, 2d —bg— by, 2d —bp—b; at the points corresponding
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to Xo, X1, X2, respectively (cf., e.g., Lemma 5.1 in [5]).

2. Proof of Theorem 1.

First we determine some properties of the branch curve,taratijoint linear systems,
of a double plane whose canonical resolution is a suffacEKodaira dimension zero
with pg = q = 0. This clearly force$;, = 1 andPsn41 = 0, for everyn > 1, and
the minimal modeW of Y is such thaK&v =0 (see, e.g., Lemma VIIl.1 in [4]).

LEMMA 1. Letw : X — P2 be a normal double plane and : Y — S its
canonical resolution, branched over the smooth curve Bérsthooth rational surface
S. If Y is such that (Y) = pg(Y) = q(Y) = 0, then

(i) IB/24+ Ks|=0;

(i) pa(B/2) =0;
(i) hO(S, B+ 2Ks) =1,i.e.|B + 2Kg| = {D};
(iv) |IB+ mKs| =@ form > 2.

Proof. The double cover formulas faug(Y) andq(Y) recalled in §1 imply trivially
(i) and (ii). If m > 3 is odd, sayn = 2n + 1 with n > 0, thenPy(Y) = 0 forces
InB + mKg| = ¢, thereforg B + mKs| = @, because is effective.

Since P2(Y) = 1, one has eitheB + 2Kg| = @ or |B/2 + 2Kg| = @, where
the former (the latter, resp.) linear system correspondsednvariant (anti-invariant,
resp.) part of2Ky|. Note that the Riemann-Roch Theorem a{@, = 0 imply that
hO(—2Kw) > 0, hencedw (2Kw) = Ow. This means that the invariant part|@Ky |
is not empty, i.e|B+2Kgs| = {D} is a curve which does not move. Sineg,(Y) = 1,
n > 1, it follows that|B + 2nKs| c [nB 4+ 2nKs| = {nD}, and the inclusion is strict
becauseB is effective andB cannot be part oD. Therefore|B + 2nKs| = ¢, for
n > 1, which concludes the proof. O

Now we want to show how to use the above properties (i)-(iriger to find a
Cremona transformatiop : P2 --» P2 as in the statement of Theorem 1. This can
be easily shown by applying the techniques we used to cjasdibnal double planes.
Indeed, the key results in [5] are Propositions 9.4 and @vhi;h can be stated together
as follows:

PROPOSITIONI. Let7 : X — P2 be a normal double plane, branched along
a reduced curve C of degre, and letp : Y — S be its canonical resolution,
branched along the smooth curve B (cf. notatio@i). Suppose that4iB/2) > —1.
If |IB+mKsg| = ¢ for every m> mg, where ny is a fixed integer with m< 2d/3, then
there exists a Cremona transformatiBA --» P2 such that the induced double plane
is branched along a curve of degréd’ with a point x of maximal virtual multiplicity
> 2(d" — mp). [l
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The main idea of the proof of the previous proposition is ttet conditions
IB 4+ mKs| = @, m > mg, imply that the branch curve has singularities of “large”
multiplicity at some points. This should imply that one cgply a quadratic Cre-
mona transformation, centered at these points, which middeebranch curve some-
what “simpler”, and then go on inductively. Proposition ®4[5] shows that the
following configuration of the singular points, . .., X, of the branch curve is such
that one does not easily see which quadratic Cremona tranafion “simplifies” the
branch curve:

(x) thereis a poinkg with bg > 2(d —mg) and each point; such thab; > d—bgp/2,
say fori =1, ..., h, is excessive, say; >1 Xn,i, withb; = 2+ d — bp/2 and
such that there is a link; passing through, Xi, Xn+ -

In this case, moreovek,; is an irreducible component of the branch curve.
Proposition 9.12 in [5] shows that, fa(B/2) > —1, then configuratior) may
occur only ifh = 3 andbp = by, in which case one can apply two quadratic transfor-
mations centered &4, . . ., Xe and again one can “simplify” the branch curve.

In our situation Proposition 1 clearly implies the followin

COROLLARY 1. Letw : X — P2 be a normal double plane, branched along a
reduced curve C of degre& > 10, and letp : Y — S be its canonical resolution.
If Y is birationally equivalent to an Enriques surface, thiere exists a Cremona
transformations : P? --» P2 such that the induced double plane is branched along a
curve of degre@d’ with a point % of maximal virtual multiplicity § = 2d" — 4.

Proof. By Lemma 1, we can apply Proposition 1 withy = 3. This implies the
assertion wittby > 2d’ — 4. On the other hand, by > 2d" — 2, thenk (Y) = —oo (cf.,
e.g., Lemma 8.6 in [5]) and we get a contradiction. O

Now we are ready to conclude the proof of Theorem 1.

Letw : X — P2 be a normal double plane, branched along a reduced €infe
degree @, with usual notation introduced in 81.

If 2d < 4, thenY has Kodaira dimensionco.

Suppose that@ = 6. If the maximal virtual multiplicity isbg > 4, then again
k(Y) = —oo. Otherwisepy < 2 andpg(Y) = h%(S, B/2 + Ks) = h%(S, O(9)) = 1.

This forces & > 8. Suppose that®2= 8. Again, if the maximal virtual multi-
plicity is by > 6, thenk(Y) = —oo. Leth be the number of points; with virtual
multiplicity bj = 4. Lemma 1, (ii), says that & pa(B/2) = 3 — h, therefore
h = 3. After re-ordering the indexes, we may assume fjaix1, xo are the points
with bg = by = by = 4.

Suppose that all of them are excessive, say! xi 3, with bj,3 =2,i =0, 1, 2.
Then we may assume thag € P2 and eitherxs € P2 or x4 >1 xg. In both cases
the quadratic Cremona transformation centerexhaks, X4 induces a normal double
plane branched along a curve of degree 8 with a point, casrepg toxs, which is
not excessive and of virtual multiplicity 4.
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So we may assume thag € P2. Note that, if we could find two points; and
Xj with bj = 4 andb;j > 2 such that there exists a quadratic Cremona transformation
centered ako, X, Xj, then the induced normal double plane would be branchedgalon
a curve of degree 6, which contradicts our assumptions, according to theipusv
discussion.

This implies that bothxs, X, must be excessive, say > x3 andx, >1 x4, and
moreover that there are two lindg, L, passing throughxo, x3, X1 andxg, X4, X2,
respectively. Note that this is configuratiod) vith mp = h = 2 and that

IB+2Ks| = Es+ Es+ 2L —2E5 — E] —--- — Ej| = {Ea+ E4+ L1+ Lo},

which agrees with Lemma 1, (iii), where, abusing a little ofation, we denote bi;
also the strict transform i of the lineL;, i = 1, 2. Note also that; is clearly also
an irreducible component of the branch cuf¥gbecause it meeS at xo, X;, Xj+2,
whereC has multiplicityco = 4, ¢; = 3, ¢i12 = 3, respectively. Settingo = xp and
pi = Xj4+2,1 = 1, 2, this proves Theorem 1, in cased 2 8.

In order to conclude the proof of Theorem 1, it suffices to sktoat, if 2d > 10,
then there exists a Cremona transformasior? --» P2 such that the induced normal
double plane has degree2d.

By Corollary 1, we know thalbg = 2d — 4. Note that either
() xo € P2, thuscy > bg = 2d — 4; or

(i) there is no proper point of virtual multiplicity@— 4 andxg is excessive, with
xo >1 xi € P2, for somei, thusco = ¢; = 2d — 5.

Consider first the latter case. Theth 2 10, otherwise the lin&Xg would be a double
component of the branch cur@ contradicting the assumption thais reduced. Thus
bp = 6,bj =4 andcy = ¢; = 5. By Lemma 1, (i), we have that

hence there is a poingj with b; = 4 such that either the quadratic Cremona trans-
formations centered ako, xi, Xj is well-defined, orx; > x«, with by > 2, and the
guadratic Cremona transformatiéhcentered ako, x;, Xk is well-defined. In both
two situations, the branch curve of the induced normal deptane has degree 10,
which concludes the proof in case (ii).

Consider finally case (i). If there is a poixtwith b; > 6, then apply a quadratic
transformation centered ap, x; and a general point in the plane, thus the branch
curve of the induced normal double plane has degr@el — 2 and the proof is done.
So we may assume that, apsgt all otherx;’s haveb; < 4. By Lemma 1, (ii), we have
that 0= pa(B/2) = (d — 1)(d — 2)/2 — h, whereh is the number of pointg;, say
X1, ..., Xn, With bj = 4.

We claim that there are two poirts andxj, with bj = 4 andb; > 2, such that the
quadratic Cremona transformation centeregpaix;, X; is well-defined, therefore the
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branch curve of the induced normal double plane will haveeleg 2d — 2 and the
proof of Theorem 1 will be concluded.

Indeed, either all the points,, ..., X, are excessive, or there is a poiat with
bi = 4, and such that eithes € P2 or x; > xo. If all the x;'s are excessive, then
xi >1 Xj i with bj ) = 2, and moreover there is one of them, saysuch that either
Xjk) € PZ Or Xj (k) >l X0-

Note thatx, ..., X, cannot be all proximate t®&g, becauseC has multiplicity
2d —4,ord — 5, atxg, withd > 4, andh = (d — 1)(d — 2)/2. Thus we cannot
find a quadratic transformation as above only if the pokatare as in configuration
(%), with mg = 2. In that case, letj,i = 1, ..., h, be the strict transform i of the
line passing througho, Xn+i, Xi. For everyi = 1,..., h, the curveL; should be a
component oB and also of B + 2K g|, which is

h 2h
IB+2Ks|= ) Ean+|2d-6)(L—E)—) Ef|
i=h+1 i=1

and we get a contradiction with Lemma 1, (iii), which says S, B + 2Ks) = 1,
because we should hatie= (d — 1)(d — 2)/2 such lines. O
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C. Fontanari*

A REMARK ON THE AMPLE CONE OF ﬂg,n

Abstract. Here we address a question on the ample cone of the moduéspécurves with
an inductive approach inspired by a paper of Arbarello andh@lba.

1. Introduction

The moduli spaceﬂg,n of n-pointed stable curves of gengsis a very natural and
classical object, which from Riemann’s times on has beeplgéevestigated by sev-
eral authors. Despite this fact, the birational geometoﬁ_VQ{n still remains a mystery.
Indeed, every attempt in finding a regular pattern in the ggonof such a space seems
destined to fail. This long history of trials and errors bepalready in 1915 with Sev-
eri: being aware of the fact thatlg is unirational forg < 10, he was led to conjecture
that Mg is unirational for all generg (see [10], end of § 2.). That this is not really
the case was shown in the first eighties by Eisenbud, HarrtsMumford, who were
able to prove thai\g is of general type fog > 24 (see [7], [2]). Anyway, the hope
for a uniform description of the birational nature of the mbdpacesMy was still
alive and inspired the celebrated Slope Conjecture by slaril Morrison (see [6]): if

ax — bs is the class of an effective divisor oblg, then it should b& > 6+ F5.

In particular, since the class of the canonical divisor/efy is exactly 13. — 25, it
would follow thatﬂg has negative Kodaira dimension fgr< 22. Unfortunately, as
recently pointed out by Farkas and Popa (see [4]), the SlapgeCture does not hold
for g = 10: a counterexample is provided by the divisor correspugth curves on
a K3 surface. Moreover, effective divisors behave in a wilahmer already in genus
zero: as observed by Keel and Vermeire (see [11]), the nauess that every effec-
tive divisor onﬂo,n is an effective linear combination of boundary classessauit

to be false for everym > 6. However, one can still hope to fix at least the geometry
of ample divisors. Recall tha/t_/lg,n has a natural stratification by topological type,
the codimensiork strata corresponding to curves with at leksingular points. In
the paper [5] by Gibney, Keel, and Morrison, the followingr@ture is attributed to
Fulton:

CoNJECTUREL. ([5] (0.2)) A divisor onﬂg,n is ample if and only if it has posi-
tive intersection with all one-dimensional strata.

The main result of [5] is that Conjecture 1 holds for@if and only if it holds for
g = 0. In the same paper it is also described a natural approdbh ttase oM : as
already pointed out by Keel and McKernan in [9], Conjecturealild be implied by a

*This research is part of the T.A.S.C.A. project of I.N.d.A,BLpported by P.A.T. (Trento) and M.I.U.R.
(Italy).
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positive answer to:

QuESTION1. ([5] (0.13)) If a divisor onMg , has non-negative intersection with
all one-dimensional strata, does it follow that the divisolinearly equivalent to an
effective combination of boundary divisors?

Until now, the best achievement in this direction is thedoding:

THEOREM1. For n < 6, the answer to Question 1 is affirmative.

As we shall see, it is possible to approach such a result ierakdifferent ways.
First of all, as noticed in [5] (0.14), Question 1 admits agdyrcombinatorial refor-
mulation, which can be checked by using a computer precfeely < 6 (indeed, its
computational complexity makes it untractable alreadynfet 7). Next, a more con-
ceptual analysis of the case= 6 has been carried out in the paper [3] by Farkas and
Gibney. Essentially, their idea is to express every dividoon Mg as an explicit
linear combination of boundary divisors whose coefficiearts intersection numbers
with one-dimensional strata.

Here instead we are going to present a new proof, which fallaw inductive
strategy inspired by the paper [1] by Arbarello and Cornaliddamely, letP =
{1,2,...,n} and for everyS C P with 2 < |S| < n — 2 let Ajg 5y be the boundary
component of/Vo_,n whose general element is the union of two copie@bflabelled
respectively bySandP \ S, meeting at one point. We denote &ythe corresponding
class in Pi¢Mo ) and we define inductively:

Py = {823}
PBn = PnaU{g:BC{l,....,n,ngB2D{n—1,n-2}}
U{dBe\(n) : 8B € Dn-1\ Zn-2}.

Then we have

PrROPOSITION1. %, is a basis OPiC(MO,n).

Moreover, forn < 5 every divisor having non-negative intersection with alke
dimensional strata can be expressed as an effective liogalination of divisors in
ABn; for n = 6 this is no longer the case, but one still maintains a cootdhe sign of
coefficients, which is strong enough to conclude the prodfreforem 1 in a few lines.
Unfortunately, as grows up, the combinatorial complexity of the problem exigle:
indeed, even the case= 7 seems to be completely out of reach.

2. The tools

We are going to make essential use of the following basisfact
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LEMMA 1. (Arbarello—Cornalba) Le¥ : ﬂo,Au{q} — ﬂo,p be the map which
associates to any A {g}-pointed genus zero curve the P-pointed genus zero curve
obtained by glueing to it a fixedAJ {r }-pointed genus zero curve via identification of
g andr. Then for every B P with B # A and B# A° we have

oB ifBc Aand B# A
*(6B) = 3B\ AcU{q) if B> A®and B#£ A°
0 otherwise
(see [1], Lemma 3.3).
LEMMA 2. (Keel) Ifa,b,c,d € {1, 2, ..., n} are four distinct elements, then the

following relation holds inMg n:

> n- X on

a,beT a,ceT
c,d¢T b,dgT

(see [8], (2) p. 550).

LEMMA 3. (Gibney-Keel-Morrison) Let

D= Z bsés

ISI=2

be a divisor onMo, and set lg := 0 for |S| = 1. Then D has non-negative intersec-
tion with all one-dimensional strata if and only if

bius +biuk +biuL = by +by + bk + b

for every partiton UJUK UL ={1,2,...,n}

(see [5], Theorem 2.1).

For further details, we refer the interested reader to tigiral papers; however,
we stress that the corresponding proofs are very short anaegitary.

3. The proofs

Proof of Proposition 1From [8] it is known that PiGMg ) is a free group on21 —
(2) — 1 generators. Therefore, in order to get the claim it will bifisient to show:

n
(1) || =271 — (2> -1
(2) there are no linear relations among the element®f

We are going to check (1) by induction an
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If n =4, itis clear that’84 has the right cardinality.
If n > 5, by inductive assumption we have

| B_1| = 2772 — (” ; 1) -1

and

n-5 _3
|Bn-1\ $n-2| = Z <n K )

k=0
It follows that

n—3
|Bn \ Bn-1l = ( K >+|<%)nl\<%)n2|=

and

N
7
N
|
N
N S
—
|
H
Il
N
7
N
+
2
N
VN
>
=~ |
N
S~
|
7N
>
N
|_\
N~
|
—
>
|
H
N
|
H
Il

I
N
7
N
|
N
)
N
H
N——"
|
|_\
+
f >
o
N
)
=~
N
N————"
I
3

As for (2), let us argue by induction anagain.
If n = 4 there is nothing to prove.

If n > 5, letd agdg = O be a linear relation i4,. By Lemma 1 applied tA :=
P\ {n,n — 1} we have:

Ozﬁ*(zagaB)z Z agdp

S€PBn_1

hence by inductive assumpti@y = 0 for everysg € %n_1. Next, by Lemma 1
applied toA := P \ {n, n — 2} we have:

0= 19*(2 agdép) = Z agép

dpe\(nj€%n-1

hence by inductive assumptiag = O for everysg such thabge (n) € %n_1. In order
to conclude, we have only to show that the elementgirwithn ¢ B 2 {(n—1,n—2}
are linearly independent. This fact is a direct consequehE], Lemma 3.9, so the
proof is over.

O
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_Proof of Theorem 1The casen = 4 is obvious. Fixn = 5 and letD be a divisor
on Mg s having non-negative intersection with all one-dimensistata. Write

D = ¢j2,3)6(2,3} + C(3,4)0(3,4) + C{1,5)8{1,5} + C{2,5)0(2,5) + C{1,4)0{1,4)

in the basis#%s. From Lemma 3 it follows thatpz sy > 0 (letl = {2}, J = {3},

K={1L L =1{45);cze >0(etl = {3}, =1{4}, K ={5,L ={12})

cisy = 0(letl = {1}, J = {5}, K = {3}, L = {2,4}); c5 = O (let| = {2},

J={5,K=1{4},L={13});cg=0(letl ={1}, I ={4}, K ={2}, L ={3,5}).

Hence the case = 5 is over. Fix nown = 6, let D be a divisor onA_/lo,e having

non-negative intersection with all one-dimensional stieatd expres® = > cgdg in

the basis%s. ¢From Lemma 1 applied td := P \ {6,5} and toA := P\ {6, 4}

as in the proof of Proposition 1 and from Lemma 3 it followsttath coefficients are
non-negative, with the unique possible exceptiod;of, 5. However, ifcj1 45 < 0,

then by applying the relation:

SR T
45¢B 2,5¢B
2,3¢B 3,4¢B

(see Lemma 2), we can repladg 4,5y With (1 2 3. If we express

D= Z CgdB + Ci12,38(1.2.3)
B£(L 4,5)

we havecy # cg only for B = {3,4}, B = {1,3,4}, B = {2,5}, andB = {1, 2, 5};

in all these cases, Lemma 1 shows ttiat> 0. Sincecg > 0 for everyB # {1, 2, 3}
and eithercg 4,5 0r ¢y , 5 is non-negative, it follows that Question 1 has a positive
answer also fon = 6.

O

REMARK 1. In the casen = 6, one may wonder whether the sign®f 4 5 is
actually ambiguous or not. Indeed, it is possible to comstexplicit examples with
C{1.45 < 0 (for instance, take{1,4,5} = —1,C;234 = C1,25 = C[3.4) = C2,35 =
C(1,34) = C2,5) = Cj245 = €345 = C2345 = 1,C15 = C23 = C1,245 =
C1,34,5 = C(1,4) = Ca,5y = 0 and use Lemma 3) and witly 4 5y > O (for instance,
takecy1, 4,5y = Ca,5) = Cj2,3) = C(2,3.4,5) = C(2,34} = C(2,3,5) = C(2,45) = C(3.45 = 1,
C(1,25) = C3.4) = C{1,3.4) = C2,5) = C[1,5) = C{1,2,.4,5) = C(1,3.4,5) = C{1,4y = 0 and
use Lemma 3). We also point out that the number of indeterimiigns grows up with
n (for instance, in the case = 7, none of the coefficientsy 4.5, C2,3,6}, C(1,2,5,6},
C2,5,6), C(2,3,5,6}, andcyy, 456 is forced to be non-negative by Lemma 3); moreover,
for n > 7 there seems to be no uniform way to apply a relation from Larrim order
to remove a negative sign without introducing any other one.
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T. Keilen' — C. Lossen*

A NEW INVARIANT FOR PLANE CURVE SINGULARITIES

Abstract. In [5] the authors gave a general sufficient numerical condition for the T-smooth-
ness (smoothness and expected dimension) of equisingular families of plane curves. This
condition involves a new invariant y* for plane curve singularities, and it is conjectured to
be asymptotically proper. In [9], similar sufficient numerical conditions are obtained for the
T-smoothness of equisingular families on various classes surfaces. These conditions involve
a series of invariants y;, 0 < o < 1, with y = y*. In the present paper we compute
(respectively give bounds for) these invariants for semiquasihomogeneous singularities.

When studying numerical conditions for the T-smoothness of equisingular fam-
ilies of curves, new invariants of plane curve singularities V(f) c (C2,0) turn up.
These invariants are defined as the maximum of a function depending on the codimen-
sion of complete intersection ideals containing the Tjurina ideal, respectively the equi-
singularity ideal, of f, and on the intersection multiplicity of f with elements of the
complete intersection ideals. In Section 1 we will define these invariants, and we will
calculate them for several classes of singularities, the main results being Proposition 1,
Proposition 2 and Proposition 3. It is the upper bound in Lemma 3 which ensures that
the conditions for T-smoothness with these new conditions (see [4], [5], [9]) improve
the previously known ones (see [3]). In the remaining sections we introduce some no-
tation and we gather some necessary, though mainly well-known technical results used
in the proofs of Section 1.

We should like to point out that the definition of the invariant y;* below is a
modification of the invariant “y *” defined in [5], and it is always bound from above by
the latter. Moreover, the latter can be replaced by it in the conditions of [5] Proposition
2.2.

NOTATION 1. Throughout this paper, R = C{x, y} will be the ring of conver-

gent power series in the variables x and y, and m = (X, y) <« R will be its maximal
ideal.

1. The yj-invariants

For the definition of the yJ-invariants the Tjurina ideal, respectively the equisingularity
ideal in the sense of [12], play an essential role. For the convenience of the reader we
recall their definitions.

DEFINITION 1. Let f € m be areduced power series. The Tjurina ideal of f

*Supported by DFG grant no. Lo 864/1.
TSupported by the European mathematical network EAGER.
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is defined as
f of
.eam:(a_,a_, f>
ax oy
and the equisingularity ideal of f isdefined as
1%(f) = {g e R| f +egisequisingular over C[e]/(?)} 2 1%(f).

Their codimensions
1(f) =dimg R/1%8(f),

respectively
() = dimg R/1%(f),

are analytical, respectively topological, invariants of the singularity type defined by
f. Note that () is the codimension of the p.-constant stratum in the equisingular
deformation of the plane curve singularity defined by f. It can be computed in terms
of multiplicities of the strict transform of f at essential infinitely near points in the
resolution tree of (V (), 0) (cf. [10]).

DEFINITION 2. Let f € m be areduced power series, andlet0 < o < 1 bea
rational number.
If | isazero-dimensional ideal in Rwith 1¥3(f) € | Cmandg € |, wedefine

i H 2
a(fi1, g = @O FAZ ) dme(R/D)
i(f,g) —dimg(R/I)

and

Va3 1) i= max {1+ @)? - dima(R/), 2a(Fi1.9) |
gel.i(f.g) <2-dimc(R/1)),

wherei (f, g) denotes the intersection multiplicity of f and g. Note that, by Lemma 1,
i(f,g) > dimg(R/1) for all g € |. Thus y,(f; I) is awell-defined positive rational
number.

We then set

yer(f) :=max {0, o (f; 1) | I 2 1%(f) isacompleteintersection ideal }
and
v (f) :=max {0, yo(f; 1) |1 2 1%(f) isacompleteintersection ideal }

Note, if f € m \ m?, then 1¥8(f) = I%(f) = R and there is no zero-dimensional
complete intersection ideal containing them, hence y $2(f) = y&(f) = 0.

LEMMA 1. Let f € m? bereduced, and let | be anideal such that | ®(f) C
| Cm.
Then, for any g € |, we have

dimc(R/1) < dime (R/(f, 9)) =i(f, g).
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Proof. Cf. [11] Lemma 4.1; the idea is mainly to show that not both derivatives of f
can belong to ( f, g). O

Up to embedded isomorphism the Tjurina ideal only depends on the analytical
type of the singularity. More precisely, if f € R is any power series, u € Ra unit and
¢ : R — Ran isomorphism, then 1¥Uu - f o ¢) = {go ¢ | g € | ¥(f)}. Thus the
following definition makes sense.

DEFINITION 3. Let S be an analytical, respectively topological, singularity
type, and let f € R bearepresentative of S. e then define

Yo (S) 1= g (1),

respectively
Yoo (S) := max{y;>(g) | gisarepresentative of S}.

Since i (f,g) > dimg(R/I) in the above situation, we deduce the following
lemma.

LEMMA 2. Let f € m? bereduced, 1¥3(f) € | C m be a zero-dimensional
ideal,and0 <o < B < 1,theny, (f; 1) < yp(f; 1).
In particular, for any analytical, respectively topological singularity type

Ya (S) < yg(S)  respectively,  y;%(S) < y5(S).
For reasons of comparison let us also recall the definition of 7 $?, 7, « and é.
DEFINITION 4. For f € Rwedefine
t2(f) == max{0, dimg(R/1) | | 2 1¥¥(f) a completeintersection},
and
1o (f) := max{0, dimg(R/1) | | 2 1 () acompleteintersection}.

Again, for analytically equivalent singularities the values coincide, so that for an ana-
Iytical singularity type S, choosing some representative f € R, we may define

16 (S) == i ().
For a topological singularity type we set
1&(S) == max{t$(Q) | g arepresentative of S}.
Note that obviously
(S <S8 and F(S) < (8,

where 7 (S) isthe Tjurina number of S and %5(S) is as defined in Definition 1.
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DEeEfFINITION 5. For f € Rand O = R/(f), we definethe §-invariant
8(f) =dimg O/0
where © ¢ O isthe normalisation of O, and the k-invariant

of of
=i fa = Al
k() I(,a 8X—i—ﬂ 8X>’

where (« : B) € P} is generic.

8 and « are topological (thus also analytical) invariants of the singularity de-
fined by f so that for the topological, respectively analytical, singularity type S given
by f we can set

3(S) =68(f) and «(S) =« (f).

Throughout this article we will sometimes treat topological and analyt-
ical singularities at the same time. Whenever we do so, we will write
I *(f) for 1 #(f) respectively, for | €( f), and analogously we will use
the notation y,;, t5 and t*.

The following lemma is again obvious from the definition of v, (f; I), once we
take into account that « (f) = i (f, g) for a generic element g € 1 ¥(f) of f and that

for a fixed value of d = dimg(R/I) the functioni +— W takes its maximum
on [d + 1, 2d] for the minimal possible valuei = d + 1.

LEMMA 3. Let f € m? be reduced, and let | be an ideal in R such that
[(fyc | Cm.
Then
L+ a)? - dima(R/1) < yu(f; 1) < (dime(R/1) + @)’

Moreover, if « (f) < 2-dimg(R/1), then

(- k() + (L —a) - dime(R/D)?
k() —dimg(R/1)

Ya(f5 1) >
In particular, for any analytical, respectively topological, singularity type S
L+ a)? 758 < v (S) < (5 (S) +a)’,
andif k(S) < 2- 75 (S), then

(a k(S + L -a) -1 (S))2

Ve (8) = «©) =72 )
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In order to make the conditions for T-smoothness in [9] as sharp as possible, it
is useful to know under which circumstances the term (1 4+ )2 - dimg(R/1) involved
in the definition of y(S) is actually exceeded.

LEMMA 4. If Sisatopological or analytical singularity type such that « (S) <
2. 1%(S), then
A4 a)? - 5(S) < v (S).
Thisisin particular the case, if S # A and 7 (S) = *(S), i. e. if the Tjurina ideal,
respectively the equisingularity ideal, of some representativeis a completeintersection.

Proof. Lemma 3 gives

(@ xS + L —a)- 72 (S)°

(S
Ve () = ©) - @®

If we consider the right-hand side as a function in « (S), it is strictly decreasing on the
interval [O, 214 (8)] and takes its minimum thus at 2 - 7% (S). By the assumption on
k (S) we, therefore, get

VES) > L+ a)? - 12 (S).

Suppose now that 75 (S) = t*(S) and S # A;. By Lemma 5 we know §(S) <
7%(S) < 7(8S). On the other hand, we have «(S) < 2 - §(S) (see [6]). Therefore,
k(S) <2-15(S). O

LEMMA 5. If S £ Aj isany analytical or topological singularity type, then
5(S) < t8(8).

Proof. If (C, 2) is a representative of S and if 7*(C, z) is the essential subtree of the
complete embedded resolution tree of (C, z), then

5 multp(C) - (Multp(C) — 1)

8(S) = >
pe7*(C,2)
and
Ity (C) - Ity (C 1
5(8) = Z multp (©) (n21u p(©) + )—#free points in 7*(C, z) — 1,

pe7*(C,2)

where multp(C) denotes the multiplicity of the strict transform of C at p (see [6]).
Setting ep = 0if pissatellite, ey = 1if p # zisfree, and e, = 2, then multp(C) > ¢p
and therefore

28 =8+ Y (multp(C) —ep) = 8(S).
pe7*(C,2)

Moreover, we have equality if and only if mult;(C) = 2, multp(C) = 1 forall p # z
and there is no satellite point, but this implies that S = Aj. |
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For some classes of singularities we can calculate the y-invariant concretely,
and for some others we can at least give an upper bound, which in general is much
better than the one derived from Lemma 3. We restrict our attention to singularities
having a convenient semi-quasihomogeneous representative f € R (see Definition 8).
Throughout the following proofs we will frequently make use of monomial orderings,
see Section 2.

PROPOSITION 1 (SIMPLE SINGULARITIES). Let « be arational number with
0 < & < 1. Then we obtain the following values for y&(S) = y52(S), where S isa
simple singularity type.

| S [ v&(S) =2 |

A k>1 K+ a)?

Dk, 4<k<4++2-Q2+a) et 2)”

Dk, k>4+2-Q2+«) (k—2+a)?
K+2a)?

Ex, k=6,7,8 (kt2e)

Proof. Let Sk be one of the simple singularity types Ak, Dk or Ex, and let f € R be
a representative of Sk. Note that the Tjurina ideal | #2( f) and the equisingularity ideal
I %(f) coincide, and hence so do the y -invariants, i. e.

YE(Sk) = ¥ (Sk).

Moreover, in the considered cases the Tjurina ideal is indeed a complete in-
tersection ideal with dim¢ (R/I e"j‘(f)) = Kk, so that in particular the given values are

upper bounds for (14«)2-dimg(R/1) for any complete intersection ideal | containing
the Tjurina ideal. By Lemma 3 we know

(@ «k(Sk) + (1 —a)-k?
Kk (Sk) — k

Note that k (Ax) = K+ 1, k(Dx) = k+ 2 and «(Ex) = k+ 2, which in particular gives
the result for Sx = Ax. Moreover, it shows that for Sy = Dk or Sk = Ex we have

< Y (Sk) < K+ a)?.

(K + 20)?

Ya(Sk) = 2

If we fix a complete intersection ideal | with 1 ¥3(f) C I, then

(@-i(f,9)+ 1 - -dimg(R/1)?
i(f,g) —dimg(R/I)

with g € | such thati(f,g) < 2-dimg(R/I), considered as a function ini(f, g) is
maximal, when i (f, @) is minimal. Ifi (f, g) — dimc(R/1) > 2, then

)\'Of(f; Iag):

)

2
Mﬁwmﬁ%ﬂ.
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It therefore remains to consider the case where
(1) i(f,9)—dime(R/1) =1

for some | and some g € |, and to maximise the possible dimg(R/1).
We claim that for Sy = Dg with f = x2y—y*~1 as representative, dim¢(R/1) <
k — 2, and thus | = (x, y*2) and g = x are suitable with

Aa(F51,%) = (k=2 +a)?,

which is greater than w if and only if k > 4 4+ /2 - (2 4+ «). Suppose, therefore,
dimc(R/1) = k — 1. Then y*=1, x3 e 188(f) = (xy,x%2 — (k—1) - y*2) c I, the
leading ideal L., (1%3(f)) = (x3, xy, y*=2) < L (1), and since by Proposition 4
dimc(R/1) = dimg (R/L< (1)), either Lo (1) = (x3,xy, y*=3) or Lo (1) =
(x2, xy, y*=2). In the first case there is a power series g € | such that g = y*—3 +
ax + bx2 (mod 1), and hence | 5 yg = yk2 (mod 1), i.e. y*2 e |. Butthen x% € |
and x? € L_(1), in contradiction to the assumption. In the second case, similarly,
there is a g € | such that g = x? (mod I), and hence x? € | which in turn implies
that y*=2 e I. Thus | = (x2, xy, y*2), and dimc (1 /ml) = 3 which by Remark 8
contradicts the fact that | is a complete intersection.
The cases of the exceptional singularities Eg, E7 and Eg are treated similarly.
[l

PROPOSITION 2 (ORDINARY MULTIPLE POINTS). Leta bearational number
with 0 < « < 1, and let Mg denote the topological singularity type of an ordinary k-
fold point with k > 3. Then

yEM) =2 (k—1+a)?

In particular
YEMO > L4 a)? - 18 (My).

Proof. Note that for any representative f of My we have

ofx of
K k> e

es __|ea k _[Z2k K
I=(H) =1"(f)+m _<8x’ 3y

where fy is the homogeneous part of degree k of f, so that we may assume f to be
homogeneous of degree k.

If | is a complete intersection ideal with mK c 18(f) C I, then by Lemma 9
dimg(R/1) < (k— mult(l) + 1) - mult(1).
We note moreover that forany g € |

i (f, g) > mult(f) - mult(g) > k- mult(l),
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and that for a fixed | we may attain an upper bound for A , (f; I, g) by replacingi (f, g)
by a lower bound fori (f, g).

Hence, if mult(l) > 2, we have
(k— (1 —a) - (mult(l) — 1)) - mult(1)?2
mult(l) - (mult(l) — 1)

(2) re(f;l,0 < <2-(k—1+4a)?

while dimg(R/1) < k—1for mult(l) = 1 and the above inequality (2) is still satisfied.
This together with Lemma 9 shows
yEM) <2-(k—1+a)?.
On the other hand, considering the representative f = xK — yK, we have
19(f) = (x*“1y* 1 x®y° la+ b =k),

and | = (y* 1, x2) is a complete intersection ideal containing 1(f). Moreover,
i(f,x%) =2k, dimg(R/1) = 2- (k — 1), thus

(- i(f,x3) + (1 — ) - dimg(R/)?

e 2
i (f.x2) — dimg(R/1) =2 k=1+a)"

Yo (M) >

The in particular part then follows right away from Corollary 1. O

Since a convenient semi-quasihomogeneous power series of multiplicity 2 de-
fines an Ag-singularity and one with a homogeneous leading form defines an ordinary
multiple point, the following proposition together with the previous two gives upper
bounds for all singularities defined by a convenient semi-quasihomogeneous represen-
tative.

PROPOSITION 3 (SEMIQUASIHOMOGENEOUS SINGULARITIES). Let Sp g be
a singularity type with a convenient semi-quasihomogeneous representative f € R,
q>p=3.

2
—(1-a)-| 4 ) )
Then y3(Sp.q) = (a-a-or[3]) > q'(p*;“")z and we obtain the following

upper bound for y25(f):

p.q veo ()

q > 39 <3.(g-2+a)?

9¢1,2) || <3-(q=1+a)?

pel2d || =2-@-1+)?

Qeld00) || <@—-1+a)?
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Proof. To see the claimed lower bound for y $°(Sp q) recall that (see [6])
es _jof of ay,B
3) 15() = (5% 33> x*¥” [ @p+ Ba = pa).

In particular, 15(f) < (y, xqu%J), dimg(R/1) = q — L%J and i(f,y) = g, which
implies the claim.

Let now | be a complete intersection ideal with | ®(f) C I. Applying Lemma9
and d(l) < q, we first of all note that

(1+a)?- (q+1)?

2 <2-(q—1+a)?.

(L +a?-dimg(R/1) <

Moreover, if % > 3, then

(1+w? (a>+49+3)
6

1+ a)? - dime(R/1) < <(@q-1+a)
since dime(R/1) < dimg (R/195(f)) < (XA by (3),
It therefore suffices to show

3-(q—-2+w?, ifg> 39,
3-(q-1+w?, ifde(1,2),
(4) )\a(fal,g)f 2~(q—1+01)2, If§€[2,4),

where g € | withi(f,g) <2-dimc(R/1). Recall that

(-i(f,9)+ (L —a)-dimg(R/1))?
i(f,g) —dimg(R/I)

Fixing | and considering A, (f; I, @) as a function in i (f, g), where due to (11) the
latter takes values between dimg(R/1)+1and 2-dimg (R/1), we note that the function
is monotonically decreasing. In order to calculate an upper bound for A ,(f; I, g) we
may therefore replacei ( f, g) by some lower bound, which still exceeds dim ¢(R/1)+1.
Having done this we may then replace dimg(R/1) by an upper bound in order to find
an upper bound for A(f; I, g).

Note that for q > 39 we have

4
(5) i—g-(q—1+a)2§3~(q—2+a)2.

Fix | and g, and let L (pq)(9) = x*yB be the leading term of g w. r. t. the
weighted ordering < (p g (see Definition 6). By Remark 5 we know

(6) i(f,9) > Ap+ Bq.
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Working with this lower bound for i (f, g) we reduce the problem to find suitable upper
bounds for dimc (R/1). For this purpose we may assume that L (p ) (9) is minimal, and
thus, in particular, B < mult(l).

If A=0, inview of Remark 4 we therefore have

dh+1 _q+1

B = mult(l) < ,
(= 2 - 2

and thus by Lemma 9 then
@) dim¢(R/1) <B-(q— B+1).
Moreover, for A = 0 Lemma 11 applies with h = g and we get

B-(B-1)

B-1
®) mdeﬂ)§B~q—1—§:L%J§B~q—1—{3J d

i=1 P

Since x*y? e | forap+ q > pg, we may assume Ap + Bqg < pg. But then,
since dimg(R/1) < dimg R/(g—y 9. x°y? | ap+ g = pq), we may apply Lemma

12 withh = % and C = p — 1. This gives

A-1 B—1
@ dimo(R/D < Ap+Ba—AB- Y [2]->"|%4]-min{A [2]].
i=1 i=1
and if B = 0 we get in addition
(10) dimg(R/1) < A-(p—1).
Finally note that by Lemma 1
(11) i(f,g) >dimg(R/I1).

Let us now use the inequalities (5)-(11) to show (4). For this we have to consider
several cases for possible values of A and B.

CAsel: A=0,B>1.
If B =1, then by (8) and (11) we have Ao (f; 1,9) < (9 — 1 + «)?.
We may thus assume that B > 2. By (6) and (7)

B2.(q—(1—a)- (B—1)°
B-(B—1)

ra(fi1,9) < <2.(q-1+a)?

If, moreover, ﬂp > 3, then we may apply (8) to find

B2-(q— (1—a)-(B—1)

E(q 1 01)2.
B-(B-1
I_%J .%J’_]
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Taking (5) into account, this proves (4) in the case A=0and B > 1.
CAse2: A=1,B>1
From (9) we deduce

dimg(R/1)<B- (-1 +(p—1) — L%J L B(B=D)

Since 2 - to apwe thus get
B+ Dpte)?
ha(F11,0) < B+(L%J .q;#‘iz)_}_l-(q—lea)z
3;‘*7?;.@—1%)2 <@-1+a? if 9 >3,
= (i?sz'(q—lJra)z <3 @-1+w? ifl=2
2. (B0 (q-1+a)? <¥.@-1+w? ifl>1
Once more we are done, since 1 < 32.
CASE3:A>2,B>1.
Note that [r | > r — 1 for any rational numberr, and set s = % then by (9)
dime(R/1) < Ap+Bg—(A-1)-(B—1)— 20D _SBBD _1_nmin{A [s]}.

This amounts to
ra(F51,09) <
2
(Ap+qu(1fa>-((Afl>~<Bfl>+%+wﬂ+mmm, rs]}))
(A-1)-(B-1)+ 25 4 5B B-D 13

2
(A-(p—1+a)+B-(@-1+0a)) ,
- S (AvB)'( _1+a)’
(A-1)-(B-1)+ A'(éksfl) + SAB~(2871) 13 ¢ q

where )
(A B)— (£+B)
% —
(A—1)-(B—1)+ A5 +SB<B 43
For the last inequality we just note again that 2 %j:g < 2 — 1 while for the second

inequality a number of different cases has to be conS|dered We postpone this for a
moment.

In order to show (4) in the case A > 2 and B > 1 it now suffices to show

‘;’—9 ifs>1,
12) e(A,By<{ 2, ifs>2,
1 if s> 4.
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Elementary calculus shows that for B > 1 fixed the function [2,00) - R : A —
(A, B) takes its maximum at

16 — 3B
A=max {2, T
2+ 3
If B < 3, then the maximum is attained at A = 2+; , and
S
16 — 3B 8sB — 8B + 64
(p(A’ B) S(p 715 = 2 2 .
242 4s°B —4s* —4sB +28s—1

Again elementary calculus shows that the function B — ¢ (1‘23 3;‘3, B) is monotoni-
cally decreasing on [1, 3] and, therefore,
13 8s + 56
A, B) < , = = S).
@( )_¢(2+% ) s =1 Y1(9)

Slnce also the functlon Y1 is monotomcally decreasing on [1, co) and ¥1(1) = 2—4 <
19, Y1(2) = 47 <2and y1(4) = 95 < 1 Equation (12) follows in this case.
As soon as B > 4 the maximum for ¢ (A, B) is attained for A = 2 and

2. (sB +2)2
s3B2 — 3B 4 252B + 45?2 + 25’

Once more elementary calculus shows that the function B — ¢(2, B) is monotonically
decreasing on [4, o). Thus

(A, B) =¢(2,B) =

4.(1+ 2s)?
6s3 + 652 + s
Applying elementary calculus again, we find that the function Wz is monotonically
decreasing on [1, o), so that we are done since ¥2(1) = 13 < 19, Y2(2) = 3— <2
and Y2 (4) = 5 < 1.

Let us now come back to proving the missing inequality above. We have to
show

¢(A,B) = 92,4 = = Y2(9).

A-(A-1 -B-(B—1
A+B=<(A-1)-(B-1+ 25 - ; )+1+MMAJﬂL

or equivalently
A-(A-1) Jrs- B-(B-1)
2s 2

If B > 2, then AB > 2Aand *BB=D 1+ 2 4 min{A, [s]} > 2B, so we are done. It
remains to consider the case B = 1, and we have to show

+2+min{A, [s]} + AB—-2A—-2B > 0.

A? — A—2sA+2s-min{A,[s]} >0
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If A < [s]or A= 2 this is obvious. We may thus suppose that A > [s] and A > 3.
Since %2 > A it remains to show

2A2
T_2sA+2s-f3120-
For this
%_ZSA >0, ifA>3s
oA g_%\ >0, if2s<A<3s,

A

— _2sA+2s-[s] > 8

3 2 _sA >0, if¥<A<2s
28 _2A -0 if[s]<A<

CAase4: A>1,B=0.
Applying (9) and (10) we get

A 2
A ) g @1t for any A
ha(F:1,9) < T A@-2+0?
A2.(p—14a)? Ll 2
ZiA;llL%J+min{A,[%]} <os(A-OQ-14+)° IfA=3,
where

2
& 2A2

A = =
#r.s(A) ACD _(A-D+v SA—Q22+9) -A+2-(v+1).5°

withv =2fors e (1,2]and v = 3 fors € (2, 00).
In particular, due to the first two inequalities we may thus assume that
3, if g > 39,
3s?, ifse(1,2),
282, ifse[2,4),

2, ifse[4,00).

A>

Note that ¢3 s(A) < 1 for s > 4, since
92 752 s.-(1+2s) s
A>2="4°> > -\/s? —3s 33
- 16+16_2-(s—2)+s—2 t3
This gives (4) for s > 4.

If now s € (2,4), then ¢35 is monotonically decreasing on [2s?, c0), as is
S > @3.5(2s%) on [2, 4), and thus

452
2s8 — 252 —s+4

8
<P3,s(A) =< (03,3(252) = < g <2,
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while for s = 2 the function ¢2 2 is monotonically decreasing on [8, co) and thus
92,2(A) < 2 < 2. This finishes the case s € [2, 4).

Let’s now consider the case s € (1,2) and g > 39 parallel. Applying ele-

mentary calculus, we find that ¢ s takes its maximum on [3, co) at A = 11+—222 and is
monotonically decreasing on [£3:, co). Moreover, the function s — ¢2.s(£5) is

monotonically decreasing on (1, 2). If s > % then

54
sl = 0222 < 001 (8) = .
Due to (5) it thus remains to consider the case s € (1, §) and A > 3. If A > 8, then

64 54
A < 8 = —< —
®2,5(A) < ¢2,1(8) 73 =19’
since the function s — ¢2.s(8) is monotonically decreasing on [1, 2).
So, we are finally stuck with the case A € {4,5,6,7}and 1 <
We want to apply Lemma 9. For this we note first that by Lemma 13 in
d(l) < p+1and A=mult(l) < %2. But then

dimg(R/I) < A-(p—A+2)

and thus,

A2 (p—(1—a)- (A—2) A ) )
Ao (51,9 < A (A 2 < (A_z)-(q—2+a) < 2-(q—2+a)*.
This finishes the proof. O

REMARK 1. In the proof of the previous proposition we achieved for almost
all cases Aq (51, 9) < 3¢ - (@ — 1+ )2, apart from the single case L -, , (@) = X.
The following example shows that indeed in this case we cannot, in general, expect any
better coefficient than 3. More precisely, the example shows that the bound

3-(q—2+4a)?

is sharp for the family of singularities given by x4 — y9—1 g > 39. A closer investiga-
tion should allow to lower the bound on g, but we cannot get this for all g > 4, as the
example of Eg and Eg show.

Moreover, we give series of examples for which the bound (q — 1+ ) 2 is sharp,
respectively for which 2 - (q — 1 + «)? is a lower bound.

ExAMPLE 1. Throughout these examples q > p > 3 are integers.
1. Let f =x9 — y9=1 then yS(f) > 3. (q — 2+ «)?. In particular, for q > 39,

yE(f)=3-(q-2+a)
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2. Let% <2and f = x% — yP, then
yE(H =2 (q-1+ )

3. Let f e R be convenient, semi-quasihomogeneous of ord p o) (f) = pg, and
suppose that in f no monomial xKy, k < q—2, occurs (e. g. f = x% —yP), then
y&(f) > (q — 1+ a)?. In particular, if ﬂp > 4, then

yE(f) =(q—1+a)?

4. Let f = y3 —3x8y + 3x12 then f does not satisfy the assumptions of (c), but
still yS(f) = W4+ a)? =(q -1+ )2

5. Let f = 7y 4 15x” — 21xy, then f is semi-quasihomogeneous with weights
(p, 9) = (3, 7) and convenient, but yfs(f) < 25 < 36 = (q — 1)2. This shows
that (q — 1)? is not a general lower bound for Yo (Sp.q)-

2. Local monomial orderings

Throughout the proofs of the auxilary statements in Section 4 we make use of some
results from computer algebra concerning properties of local monomial orderings. In
this section we recall the relevant definitions and results.

DEFINITION 6. A monomial ordering is a total ordering < on the set of mono-
mials {x*y# | «, B > 0} suchthat for all o, 8, ¥, 8, ., v > 0

XAyP < xVyd = x@tHyPrY o v Eryty

A monomial ordering < is called local if 1 > x*y# for all («, B) # (0,0), anditisa
local degree ordering if

a+pB>y+8 = x*yPF <xVy.

Finally, if < is any local monomial ordering, then we define the leading monomial
L - (f) withrespect to < of a non-zero power series f € Rto bethe maximal monomial
x®y# such that the coefficient of x*y# in f does not vanish. For f = 0, we set
L.(f):=0.

If| <Risanidealin R, thenL (1) = (L_(f) | f e 1) iscalleditsleading ideal.

We will give now some examples of local monomial orderings which are used
in the proofs.

EXAMPLE 2. Leta, 8, y, 8 > 0 be integers.
1. The negativelexicographical ordering <|s is defined by the relation

xyP <isx’y? = a>yor(@=yandp > 9.
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2. The negative degree reverse lexicographical ordering < gs is defined by the rela-
tion

XUyP <gs X'y} = a+p>y+sor(@+B=y+5andg > 3.

3. If positive integers p and g are given, then we define the local weighted degree
ordering <(p,q) With weights (p, g) by the relation

X0y <p XY = ap+Bq>yp+3qor
(ap+Bg=yp+dqand B < J).

We note that <gs is a local degree ordering, while <5 is not and <(p q) is if and only
ifp=gq.

Let us finally recall some useful properties of local orderings (see e. g. [7] Corol-
lary 7.5.6 and Proposition 5.5.7).

PROPOSITION 4. Let < be any local monomial ordering and | a zero-dimen-
sional ideal in R.

1. Themonomialsof R/L - (I) forma C-basisof R/I. In particular
dimg(R/1) = dime (R/L<()).
2. If < is a degree ordering, then the Hilbert Samuel functions of R/l and of

R/L - (1) coincide (see Definition 7, and see also Remark 2).

3. The Hilbert Samuel function

A useful tool in the study of the degree of zero-dimensional schemes and their sub-
schemes is the Hilbert Samuel function of the structure sheaf, that is of the correspond-
ing Artinian ring.

DEFINITION 7. Let | < R be a zero-dimensional ideal.

1. Thefunction

i d+1
HIJR'/I ZZ—>Z:d|—>{ g:mc(R/(|+m ). gig’

is called the Hilbert Samuel function of R/I.
2. We define the slope of the Hilbert Samuel function of R/1 to be the function
Hg/, !N — N:d Hg, d) - Hi, (d - D).

Thus
HE| (d) = dime (m? /(1 N m?) + m?+D),
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is just the number d + 1 of linearly independent monomials of degree d in md
minus the number of linearly independent monomials of degreed in (I N md) +
md+1.
3. Finally, we define the multiplicity of | to be
mult(1) :=min {mult(f) [0 £ f € 1},
and the degree bound of | as

d(h) :=min{d e N |m? c 1}.

Let us gather some straight forward properties of the slope of the Hilbert Samuel
function.

LEMMA 6. Let J € | < R bezero-dimensional ideals.
1 HE,(d)=d+1forall0<d < mult(l).
2. HR, (d) < HR (d — 1) forall d > mult(l).
3. HR, (d) < mult(l).
4. HR (d)=0foralld >d(l)and HR, # 0for all d < d(l). Inparticular
d()—1
dimg(R/1) = > HE, ).
d=0
5. HR, (d) < HY ;(d) forall d € IN.
6. d(l) and mult(l) are completely determined by H g/l.
Proof. For (a) we note that | < m9 for all d < mult(l) and thus

Hg/l (d) = dim¢ (md/md+1) =d+1forall0 < d < mult(l).

By definition we see that Hg/, (d) is just the number of linearly independent
monomials of degree d in m9, which is d+1, minus the number of linearly independent

monomials, say my, ..., m, of degree d in (I N md) + m9+1, We note that then the
set
{(xmq, ..., xme, ymy, ., ymed Sme- (0N md) 4+ mdt) < (1 nmdFt) 4 md+2

contains at least r + 1 linearly independent monomials of degree d + 1, once r was
non-zero. However, for d = mult(l) and g = gq + h.o.t € | with homogeneous part
ga # 0 of degree d, we have gg € (I Nm?) +md+?, thatis, d = mult(l) is the smallest
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integer d for which there is a monomial of degree d in (I N md) + m9*1, Thus for
d>mult(l) -1

HE A+ <@+2)—(+)=d+1—r=HZ, @,

which proves (b), while (c) is an immediate consequence of (a) and (b).
Ifd > d(l), then Hé/l (d) = dimg(R/1) is independent of d, and hence we
have Hg/, (d) =0 forall d > d(I). In particular,

d(h—1
Y HE () = HE @) — 1) — HE (—1) = dime(R/1).
i=0
Moreover, m%D=1 41 £ 1 = 1 + m%D, sothat H}  (d(I) —1) # 0, and by (b) then
Hg/l (d) # 0forall d < d(l). This proves (d), and (e) and (f) are obvious. O

REMARK 2. Let < be a local degree ordering on R, then the Hilbert Samuel
functions of R/l and of R/L (1) coincide by Proposition 4, and hence we have as
well

HR/ = HR/L_ ). () =d(L<(D), and mult(l) =mult (L_(])),

since by the previous lemma the multiplicity and the degree bound only depend on the
slope of the Hilbert Samuel function.

REMARK 3. The slope of the Hilbert Samuel function of R/I gives rise to
a histogram as the graph of the function H g/,. By the Lemma 6 we know that up
to mult(l) — 1 the histogram is just a staircase with steps of height one, and from
mult(l) — 1 on it can only go down, which it eventually will do until it reaches the
value zero for d = d(l). This means that we get a histogram of form shown in Figure
1. Note also, that by Lemma 6 (a) the area of the histogram is just dim ¢(R/1)!

ng/l (d)

mult(l)

mult(1) dih d

Figure 1. The histogram of H g/, for a general ideal 1.

ExXAMPLE 3. In order to understand the slope of the Hilbert Samuel function
better, let us consider some examples.
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1. Let f = x2 —ykt1 k> 1, and let | = I¥(f) = (x, yK) the equisingularity
ideal of an Ag-singularity. Then d(l) = k, mult(l) = L and dim¢(R/l) = k.

k

Figure 2: The histogram of H g/l for an Ag-singularity

2. Let f =x2y —y* 1 k>4 andlet| = 198(f) = (xy,x% — (k — 1) - y*2)
the equisingularity ideal of a Dk-singularity. Then x3, xy, y*~1 € I, and thus
mk=1 < |, which gives d(1) = k — 1, mult(l) = 2 and dimg(R/1) = k, which
shows that the bound in Lemma 9 need not be obtained.

k—1

Figure 3: The histogram of H g/l for a Dg-singularity

3. Let f =x3—y*andlet | = 199(f) = (x2, y3) the equisingularity ideal of an
Eg-singularity. Then d(l) = 4, mult(l) = 2 and dim¢(R/1) = 6.
Let f =x3 —xy2andlet | = 1%(f) = (3x% — y3, xy?) the equisingularity

ideal of an E7-singularity. Then x3, xy2, y° € |, and thus m® c I, which gives
d(l) =5, mult(l) = 2and dimg(R/1) = 7.

Let f = x3 —y°andlet| = 1%8(f) = (x2, y*) the equisingularity ideal of an
Eg-singularity. Then d(1) = 6, mult(l1) = 2 and dim¢(R/Il) = 8.

—_— — —

4 | 5 | 6

Figure 4. The histogram of H g/, for Eg, E7 and Eg.

4. Let| = (x3,x2y, y3), thend(l) = 4, mult(l) = 3and dimg(R/1) = 7.

The following result providing a lower bound for the minimal number of gener-
ators of a zero-dimensional ideal in R is due to A. larrobino.

LEMMA 7. Let | < Rbeazero-dimensional ideal. Then | cannot be generated
by less than 1 + sup {H,%/I d-1) — Hg/l (d)|d=> mult(l)} elements.
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4

Figure 5: The histogram of ng/| for | = (x3, x%y, y3).

In particular, if | isa complete intersection ideal then for d > mult(l)
HE/(d—1) —1<H, ) <H,d-1.
Proof. See [8] Theorem 4.3 or [2] Proposition 111.2.1. O

Moreover, by the Lemma of Nakayama and Proposition 4 we can compute the
minimal number of generators for a zero-dimensional ideal exactly.

LEMMA 8. Let | < R be zero-dimensional ideal and let < denote any local
ordering on R. Then the minimal number of generatorsof | is

dime (1 /ml) = dime (R/L=(1)) — dime (R/L=(ml)).

REMARK 4. If we apply Lemma 7 to a zero-dimensional complete intersection
ideal | <R, i. e. azero-dimensional ideal generated by two elements, then we know that
the histogram of H g/l will be as shown in Figure 6; that is, up to the value d = mult(l)

mult(l)

mulit(l) d(gl)

Figure 6: The histogram of H g/, for a complete intersection.

the histogram of H g/l is an ascending staircase with steps of height and length one,
then it remains constant for a while, and finally it is a descending staircase again with
steps of height one, but a possibly longer length. In particular we see that

di+1 i d(l) is odd
13 mult(l) < $ |
(13) ult(l) =< SO if d(l) is even.
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k

Figure 7: The histogram of H Ig/mk' The shaded region is the maximal possible value
of dimg(R/1) for a complete intersection ideal | containing mX,

" ExAMPLE4. Let| = mKfork > 1. Thend(l) = mult(l) = kanddimg(R/1) =
(%)
LEMMA 9. Let | < R bea zero-dimensional complete intersection ideal, then
dimg(R/1) < (d(1) — mult(l) + 1) - mult(l).
In particular

@D it (1) odd,

dime(R/1) < %2 - if (1) even.

Proof. By Remark 3 we have to find an upper bound for the area A of the histogram of
Hg/l . This area would be maximal, if in the descending part the steps had all length
one, i. e. if the histogram was as shown in Figure 8. Since the two shaded regions have

H,\ (@

mult(l)

mult(l) d(l) — mult(1) d(h) d
Figure 8: Maximal possible area.
the same area, we get

A < (d(l) —mult(l) + 1) - mult(l).
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Consider now the function
R [mult(l), %] — R:xt> (d(l) —x+1)-x,

then this function is monotonically increasing, which finishes the proof in view of
Equation (13). O

COROLLARY 1. For anordinary m-fold point M, we have

D2 ifm > 3 odd,
7o (Mm) = 1 M42m i > 4 even,

1, ifm=2.

Proof. Let f be a representative of My,. Then
of of
18(f) =(—, — m
(" <8x’ ax>er ’
and as in the proof of Proposition 2 we may assume that f is a homogeneous of degree

m.
In particular, if m = 2, then 1%5(f) = m is a complete intersection and
tgs(Mg) = 1. We may therefore assume that m > 3.
For any complete intersection ideal | withm™ c 1%5(f) C | we automatically
have d(I) < m, and by Lemma 9

2 .
MDD if modd,

es

75 (f) < 24

Cl —_ .

mtam - ifm > 4 even.

Consider now the representative f = x™ — y™. If m = 2k is even, then the ideal
| = (x¥, yk*1y is a complete intersection with 1 () c | and

2
2
t8(f) > dime(R/1) = K> + k = w
Similarly, if m = 2k — 1 is odd, then the ideal | = (x¥, y¥) is a complete intersection
with 1%(f) c | and
m? +2m+ 1
(1) > dimg(R/1) = K2 = %'

4. Semi-quasihomogeneous singularities

DEFINITION 8. A non-zero polynomial of theform f = Za_p+ﬂ,q:d aa,,gx‘)‘y/3
is called quasihomogeneous of (p, q)-degree d. Thus the Newton polygon of a quasi-
homogeneous polynomial has just one side of slope — ap.
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A guasihomogeneous polynomial is said to be non-degenerate if it is reduced, that is if
it has no multiple factors, and it is said to be convenient if %, % € Zandag janda; «
’ ’q

are non-zero, that isif the Newton polygon meets the x-axis and the y-axis.

If f = fo+ f1 with fo quasihomogeneous of (p, q)-degree d and for any monomial
x*yP occurring in f1 with a non-zero coefficient we have o - p+ 8 - q > d, we say
that f isof (p, g)-order d, and we call fq the (p, q)-leading form of f and denote it
by leadp o) (f). We denote the (p, g)-order of f by ordp q)( ).

Apower series f € Rissaidto besemi-quasihomogeneous with respect to the weights
(p, q) if the (p, g)-leading formis non-degenerate.

REMARK 5. Let f € Rwith deg(, 4, (f) = pq and let fo denote its (p, g)-
leading form.

1. Ifgcd(p, q) =r, then fg hasr factors of the form aix% — biyrB, i=1,...,r.
If, moreover, fg is non-degenerate, then these will all be irreducible and pairwise
different, i. e. not scalar multiples of each other.

2. If f isirreducible, then fg has only one irreducible factor, possibly of higher

multiplicity.
3. If fp is non-degenerate, then f hasr = gcd(p, q) branches f1, ..., f;, whichare
. . s . . g P
all semi-quasinomogeneous with irreducible (p, q)-leading form ajx7 — bjyr
for pairwise distinct points (a; : b;) € IPcl, i=1,...,r.
The characteristic exponents of f; are % and Tp foralli =1,...,r,and thus f;

admits a parametrisation of the form
(X (1), yi (1)) = (ozitTp +hot, gt + h.o.t).

4. If fg is non-degenerate, i. e. f is semi-quasihomogeneous, and g € R, then

i(f,9) > ordp,q(9).
Proof.

1. If ap 4+ Bg = pq, then p | Bg and hence p | Br, so that 8 - Lp is a natural
number. Similarly « - a is a natural number. We may therefore consider the
transformation

fo(xd,y?) e CIX, ylr

which is a homogeneous polynomial of degree r. Thus fo(xé, pr) factorsinr
linear factors ajx — bjy,i =1, ...,r,sothat fo factors as

r
a p
(14) fo=]](ax™ —hbiyr).
i=1
Since gcd (Tp %) = 1, the factors aix% - biy?p are irreducible once neither a;
nor bj is zero.
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If fo is non-degenerate, then the irreducible factors of fq are pairwise distinct.

So, @ = 0impliesr = pand still aix% — biy?p = by y irreducible, while by =0
.. . q P . . .

similarly givesr = g and ajx7 — bjyT = a;x irreducible. Thus, in any case the

factors in (14) are irreducible and, hence, pairwise distinct.

2. With the notation from Lemma 10 and the factorisation of fq from (14) we get

r
= [ J@u—bi.
i=1

By assumption f is irreducible, hence according to Lemma 10 g has at most
one, possibly repeated, zero. But thus the factors of fq all coincide — up to scalar
multiple.

bg B4 ap Pa
_ Ili;autv? —bjur ve?

pq
uaPy v

g

3. The first assertion is an immediate consequence from (a) and (b), while the “in
particular” part follows by Puiseux expansion.
4. Let gp be the (p, g)-leading form of g. Using the notation from (c) we have

r

r
i(f,g) =) i(fi,g) =) ord(gxxi(), ¥ 1))

i1 i1
! ' ord
= Zord (go(aitr’p, ﬁitg) + h.o.t) > Z M = ord(p.q)(9)-
i—1 i—1
O

LEMMA 10. Let f € Rwithordp q(f) = pg and let fg denoteits (p, 9)-
leading form. Letr = gcd(p, q) anda, b > 0 suchthat qb — pa =r. Finally set

_ fo(ubvrB, uav%)

€ CJu].

Pq
ulPyr
Then the number of different zeros of g isa lower bound for the number of branches of

f.

Proof. See [1] Remark on p. 480. O
The following investigations are crucial for the proof of Proposition 3.

LEMMA 11. Let f € R be convenient semi-quasihomogeneous with leading
form fo and ord ) (f) = pq, let | = (x*y# | ap+ g > pq), andleth € R. Then

dime R/((h) + 1%5(f)) < dimeg R/((h) +1).

In particular, if L p q)(h) = yB with B < p, then

B-1

dime R/(th) +1%5(f)) < Bg—1- Y [ ].
i=1
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Proof. As

195(F) = (35, 30y +1,

it suffices to show that
15(f) Z (h) + 1,

which is the same as showing that not both g—; and g—; belong to (h) + I.
Suppose the contrary, that is, there are hy, hy € Rsuch that

g—is -h(modl) and %Ehy~h(modl).

We note that

lead(p.q) (55) = 52 and  lead(pg) (g—;)—af(’

= 3y

and none of the monomials involved is contained in |. Therefore

leadp,q) (x) - lead(p.qy () = 52 and  leadp g (hy) - leadp q) () = 52,

which in particular implies that %—‘;? and % have a common factor. This, however, is
then a multiple factor of the quasihomogeneous polynomial fg, in contradiction to f
being semi-quasihomogeneous.

ap+Bq = pq

Figure 9: A Basis of R/(h) + I.

For the “in particular” part, we note that by Proposition 4

dime R/((h) + 1) = dime R/L <, ((h) + 1) < dimg R/((y®) + 1),
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and the monomials x*y? with ap + Bq < pg and 8 < B form a C-basis of the latter
vector space (see also Figure 9). Hence,

B-1 B-1
dimgR/(hy +1) < Y [a—F]=Ba- Y %]
i=0 i—1
O
LEMMA 12. Let g.h € R such that Lpq(9) = x2yB and Lpq (h) =
yC, and consider the ideals J = (x*yB, y©, x*y? | ap+ g > pq)and J' =
(9.h,x*y? | ap + Bg > pq). Then
dimg R/J’ < dim¢ R/ J,
andif Ap+ Bg < pgand B < C < p, then
A-1 B-1 p-1
. i i . c
dimgR/J=Ap+Bq—AB— Y | 5] - |%] —Zmln{A, [q— = }
i=1 i—1 i—C

Moreover, if B = 0, thendimg R/J < A C.
Proof. By Proposition 4
dim¢ R/J" < dim¢ R/L,, (J) < dim¢ R/J.

Let | = (x*yf | ap+ g > pq). Then the monomials x*y# with («, B) € A =
{(a, B) e Nx NN \ ap+ 89 < pq} form a basis of R/l. Moreover, the monomials
x*yB with (a, B) € A1 U Ay are a basis of J/1, where

Ar={(@B)eA|a>Aandp > B}

and
Az ={(a.f) € A\ A1 | B =C}.
(See also Figure 10.) This gives rise to the above values for dim¢ R/ J. O

LEMMA 13. Let g > p be such that % < ﬁ for someinteger d > 2, and let
0<A=<d

1. If L(p,q)(g) = XAu then L<ds(g) = XA'
2. mPH C (xA yP~L x*yP | ap + Bq > pq).

3. If I isanideal suchthat g, h, x*y? € | for ap+89 > pq andwhereL ., , (9) =
xAand L., (h) =yP! thend(l) < p+1.
Moreover, if L<pg (@ is minimal among the leading monomials of elementsin
I w.r t. <(p,q), thenmult(l) = A
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ap+Bq = pq

Figure 10: A Basis of R/J.

Proof. It suffices to consider the case A = d, since this implies the other cases. Note
that by assumptiond < p.

1. Since x9 is less than any monomial of degree at least d with respect to < gs, we
have to show that in g no monomial of degree less than d can occur with a non-
zero coefficient. x9 being the leading monomial of g with respect to < (p.q), it

suffices to show that « + 8 < d implies ap + q < dp, or alternatively, since
q

p < d-1
d
Ol+,3‘m§d-

For o + B < d the left hand side of this inequality will be maximal for o« = 0
and 8 = d — 1, and thus the inequality is satisfied.

2. We only have to show that x”yP+1=7 e (x4, yP=1 x*y# | ap + Bq > pa)
fory = 3,...,d — 1, since the remaining generators of m P*1 definitely are.
However, by assumption % < ddTl < ﬁ andthusy - p+(p+1—y)-q> pq.

3. By the assumption on | we deduce form (a) and (b) that d (L<ds(l )) <p+1l
However, by Remark 2 d(1) = d (L -4 (1)), which proves the first assertion.
Suppose now that mult(1) < A,i.e.thereisan f € | suchthat mult(f) < A—1.
The considerations for (a) show that then L < € f) < x”in contradiction to the
assumption.

O
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M. Kunte

QUASI-HOMOGENEOUS LINEAR SYSTEMS ON P2 WITH
BASE POINTS OF MULTIPLICITY 6

Abstract. In this paper we prove the Harbourne-Hirschowitz conjexfor quasi-homogen-
eous linear systems of multiplicity 6 dre. For the proof we use the degeneration of the
plane by Ciliberto and Miranda and results by Laface, Seili¢gaglia and Yang. As an
application we derive a classification of the special systefimultiplicity 6.

1. Introduction

A classical problem in algebraic geometry is the dimendignaroblem for plane
curves, which can be formulated as follows. Given finitelynpngeneral points of the
projective plane with assigned multiplicities and a nundhetetermine the dimension
of the linear system of curves of degieebaving at the given points at least the assigned
multiplicities. More precisely, the problem is to class#ly systems which fail to have
the expected dimension (see [1] for some remarks on theristohis problem and its
geometric meaning). Harbourne and Hirschowitz conjedhaiethese special systems
are precisely thé—1)-special systems. In this paper, we give a complete list ef th
(—1)-special systems in the case in which the assigned multipigc6 at all but one of
the given points. Our main result is the proof of the Harbeuiirschowitz conjecture
in this case.

We proceed along the following lines. In Section 2 we introelthe necessary nota-
tion and give a precise statement of the Harbourne-Hirsth@eonjecture. In Section
3 we present a list of the—1)-special linear systems in our case. Its completeness is
proved in Section 4. In Section 5 we review the degeneratidimeoplane by Ciliberto
and Miranda. This method is the key tool in our proof of themraisult which is given
in the final two sections.

2. The Harbourne-Hirschowitz conjecture

We work over the complex numbers and choosel general point®g, p1, ..., Pnin
P2, the projective plane over that field.

NOTATION 1. We write = £(d, mg, My, ..., my) C P(I'(P?, Op2(d))) for the
linear system of all curves of degrden P2 having multiplicity at leastn; at p; for all
i. We denote by (L) its projective dimension.

Let P’ be the blow-up of?? at pg, p1, ..., pn. By H we denote the pull-back of a
line in P2 and byE; the exceptional divisor ovep;. The dimension of is the same
as the dimension dD| on? with D = dH — mgEg — miE; — ... — mpEp. Using

43
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cohomology or?, we have
(L) = h%(Op/(D)) — 1.
Therefore we have by Riemann-Roch

D.(D — Kp
UL = (f“”) + h1(Op/(D)) — h2(Op/(D)) + x(Op) — 1

(Kpr denotes the canonical divisor @). Since the arithmetic genus &f is zero,
Serre duality implies

D.(D — Kp
0(C) = % +hY(Op (D).

DEFINITION 1. We define the virtual dimensie£) of £ as follows:

D.(D — Kp/)

v(L) = >

We define the expected dimension to be
e(L) = max{—1,v(L)}.

Asy(L) = 9@ED _ s m@mED one sees that the expected dimension is the one
we obtain if aII condmons |mposed on the base points arepahdent.

We defineC to be special or non-regular if
(L) > e(L),
otherwise we callC non-special or regular.

We recall some definitions from [2]:

DEFINITION 2 ((—1)-SPECIAL SYSTEMY. Let A in P2 be an irreducible curve
such that its strict transformd in P’ is rational and smooth. Thed is a (-1)-curve if
the self-intersection number

A=

By £.A we denote the intersection numberDon P’
The linear systent is called (-1)-special if

e there existdy, ..., At (—=1)-curves withL.A; = —nj such thatn > 1foralli,
e thereisan j withn > 2and

o the residual systemtM = £ — 3"'_, nj A hasv(M) > 0.

The main conjecture can be formulated as follows:
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CONJECTURE 1 (HARBOURNE-HIRSCHOWITZ). A linear systemf{ = L(d
Mo, My, ..., Mp) is special if and only if it i —1)-special.

It is easy to see that@-1)-special systent is special because

L(L—Kp) (M+nA).(M+nA—Kp)

vl = 2 2

SinceA.Kp = —1 by the rationality of4, this implies

2 2
—N n —N n
Ny T

v(L) = v(M) +

Therefore the opposite direction of the Harbourne-Hirsdgtmconjecture is the non-
trivial one. It states that every special systéias fixed multiplé—1)-curves. Proving
the conjecture leads to an answer of the dimensionalitylenob

REMARK 1. We give a list of results on the conjecture. In fact we ukefahem
in several ways for the proof of our main theorem.

We write £ = £(d, mgo, mgl, R mP’) if £ has precisely; base points of multi-
plicity m; fori = 0, ..., r. With this notation the conjecture holds if

° bo++br 59[5],

L = L(d, m") (call it homogeneous of multiplicity)randm < 12 [3],

e L = L(d, mpg, m") (call it quasi-homogeneous of multiplicity) @ndm < 3 [2],

L = L£(d, mp, 4") [9] and [7],

L = L£(d, mp, 5") [8] or

o all multiplicities are bounded by 6, i.en; <6 fori =0,1,...,n[10].

3. Main results

Our main result is a proof of the Harbourne-Hirschowitz eatijire in the quasi-homo-
geneous case of multiplicity 6:

THEOREM1 (MAIN THEOREM). A systenmC(d, mp, 6") is special if and only if it
is (—1)-special.

We give the proof within an extra section. For the proof wechtres following
classification:

THEOREM 2 (CLASSIFICATION OF (—1)-SPECIAL SYSTEMSL(d, mp, 6")). The
following is a complete list of all—1)-special system&(d, mg, 6").
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d —mg system v(L) L(L)

0 £(d,d,eM —2In+d —6n+d d>6n>6

1 £(d,d-16" —2In+2d  -lin+2d d>4Yn> 3

2 £(10e,10e—2,6%) —12%—1 0 e>1
£(d,d—2,6" —2In+3d-1 -15n+3d—1 d> N> 18

3 L(%, 9% — 3,6%) —6e—3 0 e>1
L% +1,%—26%) —6e+1 2 e>1
£(d,d—3,6" —2In+4d -3 > —18n+4d -3 d > 183 > 2L

=ifd# % +10rnodd

4  L(8e, 8e—4,6%) —26—-6 0 e>1
L(Be+1,8—3,6%) —2e—1 2 e>1
L(Be+2,8—26%) —2e+4 5 e>1
£(d,d—4,6" —2In+5d —6 > —20n+5d — 6 d > 2008 > 20

=ifd #4n+2ornodd

5 L(7e,7Te—5,6%) —-10 0 e>1
L(Te+1,7Te—4,6%) —4 2 e>1
L(Te+2,7e—3,6%) 2 5 e>1
L(Te+3,7e—2,6%) 8 9 e>1

6  L(6e, 6e—6,6%) —-15 0 e>1
L(6e+1,6e—5,6%€) —8 2 e>1
L(6e+ 2, 6e—4,6%) —1 5 e>1
L(6e+ 3,6e—3,6%) 6 9 e>1
L(6e+ 4,6e—2,6%) 13 14 e>1

7 L(5e+2,5e—5,6%) —2e—5 —2e+5 2>e>1
L(5e+3,5e—4,6%) —2e+3 —2e+9 4>e>1
L(5e+4,5e—3,6%) —2e+11 —2e+14 7>e>1
L(5e+5,5e—2,6%) —2e+19 —2e+ 20 10>e>1

8 L(de+4,4e—4,6%) —6e+8 —6e+14 2>e>1
L(4e+5,4e—3,6%) —6e+ 17 —6e+ 20 2>e>1
L(4e+ 6,4e—2,6%) —6e+ 26 —6e+ 27 4>e>1
£(10, 2, 63) -1 2
L£(24, 16, 6°) -1 0

9 L(3e+6,3e—3,6%) —12%+24 —12e+ 27 2>e>1
L(Be+7,3e—2,6%) —12+34 —12e+35 2>e>1
£(9,0, 6% -9 0
£(10, 1, 6% 1 4
£(14, 5, 6°) -1 0
£(18,9,67) -3 0

10 L(2e+8,2e—2,6%) —20e+ 43 —20e + 44 2>e>1
£(10, 0, 63) 2 5
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d—mg system v(L) L(L)
L£(14, 4, 6°) 4 5
11 £(13,2, 6°) —4 2
L£(14, 3,6°) 8 9
12 £(12,0, 6°) -15 0
£(13,1, 6°) -2 4
£(14, 2, 6°) 11 12
13 £(13,0, 6°) -1 5
£(14, 1, 6°) 13 14
14 £(14,0, 6°) 14 15

4. The classification

In the paper [2] of Ciliberto and Miranda a lot of classificatiwork has been done
which we can apply to our problem. Ciliberto and Mirandaaddticed two notions
which we recall now to use their results.

Let £ be a linear system of plane curves with general multiple kempts as
above. ThenC is a quasi-homogeneous (-1)-clagsL = £(d, mg, m"), on P’ the
self-intersection numbet.£ = —1 and the arithmetic genus

L2+ L.Kp
B 2
Asv(L) = £? — g, + 1, these systems are never empty.

In this case, ifA is a (—1)-curve such thatd € L then byL.A = —1 and the
irreducibility of A, we havel = {A}. So we can identify—1)-curves and quasi-
homogeneoué-1)-classes and writel = L. Ciliberto and Miranda proved that such
a (—1)-curve exists up tan < 6. Hence a numerical classification of these systems
gives a classification for all quasi-homogene©u$)-curves up to multiplicityn = 6.
Such a classification is given in [2].

Now we consider the following phenomenon: L&t= £(d, mg, m") be a quasi-
homogeneous linear system adda (—1)-curve such thad = L£(8, ro, 1, ..., n)
andL.A < —2. Let Permy be the permutation group anletters and let € Perm,.

We defined, = L(8, 1o, to(1), - - -» ko). Then, asA is a(—1)-curve, it follows
that A, is again a8 —1)-curve. AsL is quasi-homogeneous we have agaid, < —2.
Therefore we can construct a composition(efl)-curves, which split off the system
L. We define the seA c Permy to be maximal such that alil, with o € A are
pairwise different. Then we define a new plane cudygr = ), . Ao (See [8]).

We call alinear systemd’ = £(d, mg, m, ..., m,) as above guasi-homogeneous
(-1)-configurationf Aot is a generic element if’. We note thatZ’ is by construction
quasi-homogeneous {f= | A| then there exists a’ such thatl’ = £(ks, ko, u'™)).

gc +1=0.

LEMMA 1 (SPLITTING-OFF LEMMA). Let £ = £(d, mg, m"). Then every—1)-
curve A with £.4 < —2is of one of the following types (We have listed the assatiate
guasi-homogeneous compounél)-configurations, too.):
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A= L3S, po, 1)
A= LG, po,nz =1 15Y Aot = LIS, Npo, (Npz — DM
A= LG, po, p2+1 15 Aot = LIS, N, (N2 + D))

Proof. First one proves that strict transforms of differetit # A, cannot meet pos-
itively on P". This is the case as otherwise one sees, by the Riemann-Rectem
on, that the sum of these moves in a linear system of positivedsion, which is
a contradiction to being a fixed part @f This implies that all the different, are
linearly independentin P{®’). Lettheus, ..., uy occur in sets of sizk; < ... < k.
As rank Pi¢lP’) = n + 2 we see by combinatorial reasons that for@é'@ different
(—1)-curvesA, only the possibilities

s=1 ki=n or
s=2 k=1 k=n-1

can occur. That means we have at most three different muaitips 1.0, 11 andus.

Moreover we have the equations. A = —1 andA.A, = 0 on”. That gives
A.A— A.A, = —1which is equivalent touy — 12)? = 1 (see [2]). O

For the purpose of classifying the systefitgl, mp, 6") we need a complete list of
all (—1)-curves which might split off such systems two times. Thes#)-curves can
not have higher multiplicities than 3 at the poimts . .., pn. We obtain the following
result:

LEMMA 2 (CLASSIFICATION OF (—1)-CURVES). All (—1)-curvesA and quasi-
homogeneous—1)-configurationsAt up to multiplicity 3 in the points p, ..., pn
which might split off a quasi-homogeneous system £(d, mg, 6") are elements of
the systems in the following list (see [8]):

not compound compound
£(2,0,1°
Lee—1,1%) e>1
£(1,1,1Y Ln,n 1M n>2
£(1,0,1? £(3,0, 23
£(6,3,27)
£(12, 8, 3%
In particular, all the(—1)-curves are quasi-homogeneous.

Proof. We refer to [2, Example 5.1] for the proof of a list of all qudsimogene- ous
(—1)-classes up to multiplicity 3. In [2, Example 5.15] is givec@mplete list of all
guasi-homogeneous-1)-configurations up to multiplicity 3. Using this two lists@n
Lemma 1 gives this result. O

Now we give the proof of the classification theorem of(alll)-special systems of
the form£(d, mg, 6").

Proof of Theorem 2In lemma 2 we have seen the possible cases(4dk)-curves
which might split off £(d, mp, 6"). Now we have to consider all these cases. To be a



Quasi-homogeneous linear systems 49

little bit faster we proceed along the following algoritheeé [8]):
We go through all possible combinations of thésé)-curves step by step.
First step: If we find g&—1)-curve or a(—1)-configuration4 such that

LA=—u<-=2,

then we split off the fixed part and defied = £ — u - A.

Second step: LetM’ be the residual system o¥1 obtained by splitting off all
possible(—1)-curves. By the definition of—1)-special systems we have to verify that
v(M’) > 0. We notice that the systemid are quasi-homogeneous of multiplicky4
by Lemma 2. Therefore we can use the results of [2] and [9].

We give an impression of this procedure. The complete praofie found in the
extended version of this paper (cf. [6]):

R c:M+u.A,v(M)anndM.A=o\

1. A= £(2,0,1% and £ = £(d, mg, 6°)
This givesM = £(d —2n, mo, (6 — 1)°) andM..A = 0 givesd = 3£

If £ =2=—d =14 and we get

mo = 0 andv(M) = 15 with M = £(10, 0, 4°) which is non-special
by [9]

mo = 1 andv(M) = 14 with M = £(10, 1, 4%) ”

mp = 2 andv(M) = 12 with M = £(10, 2, 4%) ”

mo = 3 andv(M) = 9 with M = £(10, 3, 4°) ”

mo = 4 andv(M) = 5 with M = £(10, 4, 4%) "

mo = 5 andv(M) = 0 with M = £(10,5, 4%) ”

u = 3is not possible because #8ff.A = 0.

If  =4=—d =13 and we conclude

mo = 0 andv(M) = 5 with M = £(7, 0, 2%) which is non-special
by [2]

mo = 1 andv(M) = 4 with M = £(7,1,2% "

mo = 2 andv(M) = 2 with M = £(7,2,2°) "

mp = 3 andv(M) = -1

u = 5is not possible because 8f.A = 0.

Fromyu = 6= d = 12 andmg = 0, v(M) = 0 for M = L(0, 0).
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2. A=L(e,e—1,1%% e > 1and L = £(d, mg, 6%

Then followsM = £(d — i -€, Mo — - €4 1, (6— )% andM.A =0
gives—e-mp+e-d—12e4+mp+u=0=mpg>d—12.v(M) >0
givesd > mp + u — 2.
If ©=2,3,4,5, one needs to go through all the casestigras above.
For u = 6 we have thatl — 4 > mp > d — 12. Letmp = d — x. From
MA=0=d = (12— x)e+ (X —6). We notice thatm = L((6 — X)e+
(Xx—6), (6—x)e, 0), which is regular. Taking into account thgtM) < —1
forall x < 5andmg < —1 for all x > 7 we get the only case:
mp =d—6andM.A=0=d = 6eand M = L(0, 0) is regular with
v(M) =0.

3. A= L(e e 1% and £ = L£(d, mg, 6%
This leads toM = £(d — pue,mg — pe, (6 — n)®. M. A = 0 gives
mp = d-+ n— 6.
If w=2thenwegetmyg=d—-4,£=/,L(d,d—-46°%andM = L —
2e,d — 4 — 2e,4%). Fromv(M) = —20e+5d — 6 = v(M) > O if
d > &2% FurtherM is irregular by [9] and of higher dimension if
(@) e=2f andd = 8f
(b) e=2f andd =8f +1
(c) e=2f andd = 8f + 2.

Foru =3, u =4, u = 5andu = 6 we make similar examinations.

The following two cases are easier to compute because wenefugther
parameters in the—1)-curves.

4. A= L(6,3,2"yand £ = £(d, mg,6"), u =2,3
5. A=L(3,0,2%and L = £(d, mg, 6%, u=23
6. A=,£(128,3)and £ = £(d, mg,6%), u =2

e | L=M+2-A1+2- Ay, V(M) > 0, M non-special andM.A =0

1. A= LS, po, 1" and A;.4, =0
This leads tad; = L(e, e — 1, 1%8) and A» = L(2e, 2e, 128). Further we
havel = £(d, mg, 6%) and M = L(d — 6e, mg — 6e + 2, 2%¢). From
M. A; = 0andM. A2 = 0 we getmg = d — 4 andd = 8e+ 2. Therefore
we haveM = L£(2e + 2, 2e, 2%°), which is regular by [2] and (M) = 5.
2. With similar considerations we treat the following case:
A1 = L(81, oy, 1) and Az = L(82, no,, 27)

For the rest we only mention the missing cases, which areealléd analogously.
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. ‘E=M+2-A1+3-A2,V(M)anndM.A:O‘

[ A= L@, 10,17 and Ay A, = 0]

1. A1 = L(e,e— 1,128 and A, = L(2e 2e 129
2. A1 = L(2e2e 1%6) and Ay, = L(e, e — 1, 128

o ‘£=M+2«A1+4-A2,V(M)anndM.A:O‘

‘.A = L(8, wo, 1M and A;. 45 = 0‘

1. A = L(e, e—1,1%% and A, = L(2e 2e 128
2. A1 = L(2e2e 126 and Ay, = L(e, e — 1, 128

o [L=M+2-A1+2 Ay+2 A3, V(M) > 0and M. A = 0]

L(e,e — 1,1%) and L(e, e, 1°) are the only quasi-homogeneoisl)-confi-
gurations withm; = ... = my = 1 which have intersection multiplicity O.
Therefore we are immediately in the previous case.

O

5. The degeneration method

In this section we give a rough overview of the degeneratfidh@plane as introduced
by Ciliberto and Miranda in [2]. We refer to this paper forther details. As in every
degeneration method the aim is to specialize the base pfiatsystemZ(d, mg, m")

in such a way that on the one hand the dimension is easier tpwerbut on the other
hand it does not change.

At first we consider the geometric situation. L&tbe a complex disc around the
origin. We defineV = P2 x A. Letpy : V — P2andp, : V — A be the
projections. Now we blow up a link in Vo = pgl(O) (f : X — V) and obtain the
following situation withrr; = f o pj:

X Xo=PUg F F
| N,
EVANY & P?
}A P2
P2 A

Now X; = n;l(t) =~ P2forallt #0. Xo = ngl(O) is a union of two surfaces,
the strict transform o¥y = P2 (calledP) and the exceptional divis@ = f~1(L). F



52 M. Kunte

is isomorphic to the blow-up d#2 in one pointp (here vias). The surfaces are glued
together along the lin®&, which can be identified with in > and with the exceptional
divisor E = o ~1(p) in F.

As in [2] we defineOx(d) = JTIOPz(d) andOx(d, k) = Ox(d) ® 0y Ox (kP).
We sety (d, k) = Ox(d, k)|x,. Let H be the pull-back of a general line i viao.
Then we havé)x (d, k)| x, = Op2(d) fort # 0. Furthermore (d, k) |p = Op2(d — k)
andy (d,k)|p = Op(dH — (d — K)E).

We fix n — b 4+ 1 general pointpo, p1, ..., Ph—b ON P and b general points
Pn—b+1,---, Pn ONTF. We defineLy to be the linear sub-system gf(d, k) defined
by all divisors of x (d, k) having multiplicity at leasing at pg and at leastn at the
points py, . . ., Pn (Write Lo = £(d, mo, m"~?, mP)). We say that’g is obtained from
L = L(d, mg, m") by an(k,b)-degenerationLy can be considered as a flat limit on
Xo of L. By semi-continuity we obtain

Lo = £(Lo) = £(L).

In particular, if¢g = e(£) thenL is non-special.

Now Lg restricts orlP to a systemCp = £(d — k, mg, m"~P). Furthermore we
restrictLo onF to £ = £(d, d — k, mP) (the identification we obtain by blowing
down L to P? via ). Now we define as in [2]Rp to be the linear system oR
obtained by restrictingp to R. We have the following exact sequence

0—>£A[p>+—L>£[p>L>R[p>—>0.

The kernel systenzﬁp consists of all divisors having as component. So we can
identify £p = £(d — k — 1, mg, m"~b),

We analogously defin® and obtainly = £(d,d — k + 1, mP) (parametrising
the divisors inlr which haveE as a component).

Let us recall some further abbreviations from [2]:
DEFINITION 3.

vp = v(Lp), vp = v(Lf),

op = v(Lp), ir = v(Lp),

lp = U(Lp), by = L(LF),

lp = t(Lp), br = €(Lp),

rp = £p — {p — 1, the dimension oRp,

rp = £y — £y — 1, the dimension oRy.

In [2] it is shown that the associated vector spaceRtoand Ry are transversal
subspaces df (R, Or (d — k)). This leads to the following corollary:
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COROLLARY 1 (KEY-LEMMA ON {p). We have two cases:

1. Ifrp4+rp <d—k—1,thentg = ép + by + 1.

2. frp+rp>d—k—1,thentyp =¢p+¢p —d+k.

A proof can be found in [2]

6. Proof of the Main Theorem

Before giving the proof let us state two lemmas which are kkamies of the Key-
Lemma 1. The proof of these is given for an analogous casq.in [8

LEMMA 3 (CASEv(L) < —1). Let £ = L(d, mg, 6") with v(£) < —1. If there
are integers kk < d) and b(b < n) such that ak, b)-degeneration can be found with
the following properties of the restrictions 6§

e L andLp are both non-special, and
o the kernel system&y and Lp are empty withip < v(£),
then. is empty.

LEMMA 4 (casev(L) > —1). Let £ = £(d, mg, 6™ with v(£) > —1. If there
are integers kk < d) and b(b < n) such that ak, b)-degeneration can be found with

e Ly andLp are both non-speciap > —1, vp > —1, and
e the kernel system&y and £p have the property(£) — 1 > ip + {f,

then, is non-special.

The following three lemmas state parts of the result of thénM&eorem 1. We
prove them independently later on.

LEMMA 5 (THREE BASE POINTS. A linear systemZ(d, mp, m") with at most
three base points (& 2) is special if and only if it ig—1)-special.

LEMMA 6 (LARGE MULTIPLICITIES mg IN pg). Letd > 25. If mg > d — 9 then
L(d, mg, 6") is special if and only if it i¥—1)-special.

LEMMA 7 (Low DEGREES. Ifd < 140thenZ(d, mgp, 6") is special if and only if
it is (—1)-special.

Proof of the Main Theorem 1Let £ = £(d, mp, 6"). By the lemma for large multi-
plicities (6) we can assume thét> mg + 10 > 10.
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Furthermore by the lemma for low degrees (7) the statementésford < 140.
We can assumeé > 141. We continue by induction ahwhere 7 can be considered as
the base of the induction.

As all suchL are not(—1)-special we have to show that is non-special. The
method is to get the systefy on the special fiber by a degeneration&f With
Lemmas 3 and 4 we can prove the regularity’daf the restrictions ofZg to P and toF
have certain properties. These properties can be achiswéé anain conjecture holds
for the systems of? by induction and for the ones dhby 6.

We perform now &5, b)-degeneration o and get the following systems on the
special fiber:

P: Lp=L(d—5mg6" P F: Lp=L(dd-56
Lp = £(d — 6, mg, 6"P) Lr = L£(d,d— 4,6

Step 1 (case(L) < —1):

We want to apply Lemma 3 for the cas€e’) < —1.

First of all we need to havép empty. By the lemma for large multiplicities in
mp (6) we have that’y is non-special if it is non—1)-special. Therefore by our
classification theorem 2 it is sufficient to choase< 4b, i.e.,b > %. Also we get
rp < —1, which means this system is empty.

Next let us find a sufficient condition to gép < v(£). A computation gives
vp —v(L) = —6d + 21b + 9, hence it is sufficient to have6d + 21b + 9 < 0, that is
b < &9,

Now we want to find sufficient conditions to ha¥g: non-special. By 6 this is
already the case if we find conditions 6 not to be(—1)-special. By Theorem 2 it
is sufficient to forced > X + 3, thatisb < 2(d — 3). As 3(d — 3) < -9, this new
condition onb includes alsap < v(£).

In the next step we are searching for a sufficient conditiogetiolp non-special.
By induction ond Lp = £(d — 5, mg, 6"0) is special if and only if it ig—1)-special.
By our list in Theorem 2 we notice th&lp is non{—1)-special if we choose — b odd
as we have assumed tltht- mp > 10 andd > 141.

In the last step we look for a sufficient condition brio get£p empty. Here we
have to be more careful. Wheh— mp > 11 we get for the same reasons as in the
case ofCp that [:]p is non-special ifn — b is odd. Whend — mp = 10 then from
Theorem 2 we know thatp = —20(n — b) + 5(d — 6) — 6 if n — b is odd. That
means we want this expression to be negative. F(fpm —1<=b< 4(7 d)+n
we get a sufficient condition ob. As by assumption(£) < —1, we can conclude
thatv(£) = 11d — 2In — 45 < —1. Thereforen > %‘. That means we can
formulate the above condition dm without n (using a lower bound om) and get

17—dy+ 1044 = 29 2

Let us now reformulate all sufficient conditions (separdtedhe casesl — mg =

10 andd — mp > 10) in a compact form: 1§ — mp > 10 we find ab such that we can
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apply Lemma 3 if
2 6 1
-d—-—- 2 1
7d 7 4d >2<=d=>8
If d — mp = 10 we find also @& to apply 3 if
29 23

"84 8a

d—%d>2<:>d399.

Step 2 (case(L) > —1):

We want to use Lemma 4 for the cas€) > —1. Still all notations are with
respect to the abou®, b)-degeneration.

In a first step we want to find a sufficient condition brio getLp non-special.
Exactly as in step 1 we get by induction tht is non-special if we choodesuch that
n — b is odd, because we assughe- mg > 10 andd > 141.

Next we want to find sufficient conditions dnto get the systenfy non-special
andvrp > —1. By the lemma for large multiplicities (6) img we have again as above
that Ly is non-special if and only if it is noi—1)-special. We conclude that we get
Ly non-special if we havel > b + 3, thatis ifb < 2d — &, by Theorem 2. As
vp = 6d — 21b — 10 we see thaty > —1 which is equivalent td < 2d — 3.
Therefore the condition for gettingr non-special gives already that > —1.

From Theorem 2 we note again tHat> % confirms thatlr is non-special and
op < —1.

Let us now considefp: As abovelp is by induction non-special if—b is odd and
d—mp > 11. Inthe casd —mg > 11 we force alsép < v(L), thatisb < %}9. Inthe

caged —mp = 10 we conclude - exactly as above - that# b is oddﬁp is non-special
orfp = —20(n—b)+5(d —6) —6. Therefore we force-20(n—b)+5(d—-6)—6 < —1,
that meand < ;11(7 —d) +n. As we are in the case(£) > —1 we have the equation

11d—21n—45> —1 which means < 114-44 |tis enough to check the independence

of all conditions on the base points ihfor the highest possible numberof points.
We fix thisn and use a lower bou ‘12144 — 1 of it. That means a sufficient condition
for £p to be non-special ib < (7 — d) + 119744 — 1 = 113234,

To fulfill all these conditions we need to hadelarge enough. All together this

gives so far:
If d —mg > 11 we are able to find a sufficiehtif

2 6 1
If d — mg = 10 we are able to find a sufficiebtf
23 113 1

In both cases we have thdp and Ly are non-special andy > —1. Fromip < —1
and fromvp = v — 1 — 0 we getimmediatelyp > —1. We havey > ip. As Ly and
Lp are non-special we are able to conclude the following twesas
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If op < —1then
p+lp=—-2<v-—1,
and ifop > —1 then
bp+Llp=0p+Lp <v-—1

In both cases we are able to apply Lemma 4 and concludetisaton-special.
(I

7. Proof of the Lemmas

Before starting the proofs we should take some time to el use of Quadratic
Cremona Transformations for our purpose. We identify su¢tamsformation with
blowing up three general points and blowing down their cating lines. Such a
transformation is called to Heased on the three pointBurthermore one can see by the

blow-up and -down interpretation that a linear systém, mg, mg, mp, ms, ..., My)
is transformed by a Cremona transformation based on thésgminps, p2 to a system
L2d—mpg—mp—mp,d—mg—my,d—mg—mp,d—mg—mq, M3, ..., mp). Ifall

involved numbers are non-negative (see [2]), the dimenaehthe virtual dimension
of a system£ do not change under Cremona transformations. In faetB-curve
splitting off a system( is transformed again into & 1)-curve, which splits off the
transformed system. Therefore it is equivalent to examisgséem/L or its Cremona
transformed for our purpose. We use suitable sequencegof@ra transformationsin
the following proofs to obtain systems which are alreadyn@xad in previous papers.

Proof of the lemma of three base pointshis can be seen by direct computations
with base pointg1 : 0: 0, (0: 1 : 0 and(0 : 0 : 1). Of course, the statement
is also included in the result in [5]. O

Proof of the lemma of large multiplicitiesgin pp 6. We  consider the system
L£(d, mg,6"). For the case ofng > d — 7 [2, Proposition 6.2., Corollary 6.3.,
Proposition 6.4.] give a classification of the special syst®f this type. Comparing it
with our list in Theorem 2 gives the statement. Nowdet 25. The strategy for the
proof is to perform a sequence of Cremona transformatiorsder to get systems,
which can be examined easier. Furthermore we apply the éegtion method again
and use again Cremona transformations to prove reguldriépme of the obtained
systems.

casedd —mp =8
Let £ = £(d, d — 8,6"). We note that if we perforrk Cremona transformations,
based orpp and successively on two other base points of multiplicityé obtain that
it is now equivalent to consider the Cremona transformeteaygfor the strategy see
[8]):
L~ £(d— 4k, d — 8— 4k, 6" 2%

We setd — 8 = 4t + € with € € {0, 1, 2, 3}. Andn = 2q + n with n € {0, 1}.
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If t < q we performk = t transformations or(d, d — 8, 6") based onpy and
successively two other base points of multiplicity 6 andagit

L~ LB+e, e 6"2 22

The system on the right hand side is of bounded multiplititst means all multiplici-
ties are< 6. Such systems are special if and only if they @ré)-special by [10].

If t > g we performk = g transformations o (d, d — 8, 6") again based oy
and successively two other base points of multiplicity 6 abthin

L~ L£(d—4q,d—8—4q, 67, 2%).

If » = 0 we are in the case of quasi-homogeneous linear systemdigbliity 2, here
the main conjecture is true by [2].

If » = 1 we have to examine systems of the type= £(5,8 — 8, 6, 22%) with
8 = d — 4q. Now let us perform &2, b)-degeneration and get the following systems:

Lp=L0S—2,8—8,62%4b) rr=r(5,8—2 2D
Lp=L(5—3,8—8,62%4 fr=7r(s5—12Y

If v(£) < —1 we want to apply lemma 3.

By our classification Theorem 2 there is 1ie-1)-special system of the type
L(d,d—8,6" if d > 25. That means we have to show that the sysfeimempty. To
use 3 we have again to consider all the systems obtained lmetieneration as in the
proof of the main theorem.

In afirst step let us considdly. As Lp is a guasi-homogeneous system of multi-
plicity m = 2 we see in [2], that this system is never special. Thee 26 — 3b leads
to a sufficient condition to gei]F empty. This condition i§ > 257“

In a next step we want to find a sufficient condition to getnon-special. This is
true by [2] if b is odd. So let us forchk to be odd as a sufficient condition for this case.

Now we considerlp. We claim: Lp is non-special.

To show the claim we apply at first a Cremona transformaticefan the points
of multiplicity § — 8, 6 and on one point of multiplicity 2. This leads to the fallag
system:

Lp ~ L(5 — 4,5 — 10, 4,2%97b-1)

Above we forced to be odd, therefore we assumg 2 b — 1 > 2 (otherwise skip

this step) is even. Now we apply successiv@?zb;l Cremona transformations, based
in po and two points of multiplicity 2. Therefore we see that weééive following
equivalence:

Lp~LOB—44+20—b—18—10+2q—b—1,4%°b),

Fromé = d — 4q > 12+ € we get by [9, Theorem 2.1, Theorem 5.2] that this system
is never special.
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Finally we have to considetp. Again we claim that’p is never special.

We have by the above assumption thqt-2b is odd. At first we split off the line
through the points of multiplicity — 8 and 6. As the virtual dimension doesn’t change
we get

Lp~L(©E—456-9,52%7D)

Another Cremona transformation based p1 and one point of multiplicity 2 leads
to the equivalence

Lp~ LS —6,8—11, 3,2%7b-1y

Now as in the case ofp we apply anothe?q’# Cremona transformations based in
po and successively in two points of multiplicity 2. We end uphnthe equivalence:

2g—b-1

Lp~ L6 —6+ S —11+ ,324-by

2g—b-1

2
Now we are able to conclude with [2] - as we are in the case ofasiuomogeneous
system of multiplicity 3 - that this system is never special.

To apply 3 we have to find a sufficient condition fwto getop < —1, therefore it
is sufficient to havép — v(£) < 0, which is equivalent tb < §.

All together we find a sufficierty if § — Z‘ST“ > 2 <= § > 8. As we have seen
above we have already> 12+ €. This means we can apply Lemma 3 and conclude
that£(d, d — 8, 6") is empty in the case(L) < —1.

Now we have to consider the caseC) > —1. Here we want to apply the Lemma
4,

As inthe case(L£) < —1 we can always find B such that all the systems obtained
by the above&2, b)-degeneration are non-special. Let us choose sbdika above and
then consider the systenfs, Lp, Ly and[,F Fromvp = v(L) —op — 1,0p < —1
andv(L) > —1 we concludep > v(£) > —1. A direct computation givegp > —1.

As the inequalitybp < v(£) is also fulfilled we gefp < v(£). Therefore we can
apply Lemma 4 and conclude thétd, d — 8, 6") is non-special.

cased —mp =9

Let£ = £(d,d — 9, 6"). We note as above that if we perfoknCremona transfor-
mations, based opp and successively on two other base points of multiplicityé,
obtain that:

L~ L£(d— 3k d—9— 3k, 6" % 3%

We setd — 9 = 3t + € with € € {0, 1, 2}. Andn = 2q + n with n € {0, 1}.
If t < g we performk = t transformations o(d, d — 9, 6") based ormg and
successively on two other base points of multiplicity 6 abthn

L~LO+e e 6" 32,
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Then the system on the right hand side is of bounded mulitiplihat means all
multiplicities are< 6. As mentioned above such systemssoecialif and only if they
are(-1)-speciaby [10].

If t > g we performk = g transformations o (d, d — 9, 6") and obtain

L~ L£(d—3q,d—9—3q,6",3%).

If n = 0 we are in the case of quasi-homogeneous linear systemsliblinity 3,
here the main conjecture is true by [2].

If n = 1 we have to examine systems of the typ@&, s — 9, 6, 329) with § =
d — 3g. If § < 15 we are in the case of systems of bounded multiplicity wiieee
main conjecture holds by [10]. So we can assdme 15. Also we can assunte> 1
(otherwise the statement is clear). Now let us perfoii®, &)-degeneration and get the
following systems:

Lp=LG6—3,8—96397b) £p=7r5,8-33

Lp=L0—4,8—9630D) frn—7r($,8—2 3

It turns out that we can apply lemmas 3 and 4 as abo¥esif15. Especially we
see again by applying Cremona transformations fhagand p are both non-special
(for details see [6]). On the other handsas 15 we find & such thatCr is empty and
L is non-special.

O

Proof of the lemma of low degrees The main tool for this proof is a computer pro-
gram which uses5, b)- and (6, b)-degenerations of the plane in order to prove that
certain non¢—1)-special systems are non-special. This algorithm is giwehdface
and Ugagliain [8]. We implemented this algorithm3mgular(see [4]). Furthermore
to treat the cases where the degeneration-method fails plemnented a method used
by Yang in [10]. This method specializes the base points amesand moves them to
infinity. Then it is easier to check if the given conditionstbie base points are inde-
pendent. If this is still the case it proves regularity of aegi system.

Below we list only the cases in which the program fails. Akslk but 10 cases are
solved by ad-hoc methods (mainly Cremona transformatidrs) remaining 10 cases
we computed directly wittSingularin characteristic 32003. One can see that this
implies then regularity in characteristic 0, too.
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d—mp system dim.  method
8 L =L(8,0,6% -1 3-point lemma
8 L=1L(916% -1 splitting off lines
14 L = £(14,0, 6%) -1 Cremona, splitting off lines
13 L=1L(1416%5 -1 asL(14, 0, 6% is empty
12 L£=L£14265 -1 asL(14, 0, 65) is empty
11 L=10L(143,6%5 -1 asL(14, 0, 6% is empty
10 L£=L144,65 -1 asL(14, 0, 65) is empty
8 L=1L(146,6° -1 asL(14, 0, 6% is empty
15 L£=/,(1506") -1 Cremona
15 L£=1L(150,6% > -1 as(15 3,6°) isregular
14 L£=1,L151,6% > -1 asL(15 3,6% isregular
13 L£=1,L(152,6% > -1 as(15 3,6°) isregular
12 L£=1,(153,6% > -1 Cremonaand[2]
11 L =L(154,6% -1 Cremona, splitting off lines
10 £=/,£(155,60 -1 asL(15, 4, 65) is empty
9 L=1rL(156,6% -1 asL(15, 4, 65 is empty
9 L£=1,(156,6° > -1 asL(15,0,6% isregular
8 L=L(157,6°) > -1 Cremonaand][2]
16  L£=/,£(1606% -1 asL(16, 3, 67) is empty
16 L£=1L(16006) > -1 as(16,2 6 isregular
15 L=1rL(1616) >—-1 as(16, 2 6 isregular
14  £=/,(1626) > -1 Cremonaand[2]
13 L=/L(16,3,6) -1 Cremona, splitting off lines
12 L=1L(1646) -1 asL(16, 3, 67) is empty
11 L=1rL(1656) -1 asL(16, 3, 67) is empty
10 L=1,L(1666) -1 asL(16, 3, 67) is empty
10 £=/,(16,6,65 > -1 asL(16 2 6")isregular
9 L=1/L(1676% -1 Cremona, splitting off lines
8 L=1/,(16,8,60 —1 asL(16, 7, 65) is empty
17  £=L£17,0,68) > -1 asL(17 1,68 isregular
16 L£=1,L(17,1,6% > -1 Cremona
15 L= L(17,2, 6%) -1 Cremona, splitting off lines
11 L=1rL(176,6) >—-1 asL(17 1,6%) isregular
10 L=LA1776) -1 Cremona, splitting off lines
9 L=1r(1728,6) -1 asL(17,7,6%) is empty
8 L =/,(18106") -1 Cremona, splitting off lines
19 £=,£(190,619 -1 [3]
18 L£=1,L(191619 -1 asL(19, 0, 619 is empty
17 L=/,(192619 -1 as£(19, 0, 619 is empty
15 L£=1r£1946% >—-1 asL(195,6° isregular
14  £=,£195,6% > -1 regularby[10]
13  £=,£(196,6% -1 as£(19, 0, 619 is empty
12 L=1,L(1976) -1 asL(19, 0, 619 is empty

M. Kunte
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d—mp system dim.  method
9 L£=/,(19106") > -1 Cremonaand [3]
8 L£=/,(19116") -1 Cremona, splitting off lines
12 L = L£(20, 8, 6% > —1 direct computatich
11 £ =L(20,9,6% -1 Cremona and [8]
8 L£=1L,(20,12,6) > —1 Cremonaand [3]
11 L£=/,(21,106% > -1 Cremonaand [10]
10 L=/L(2111,6% -1 Cremona and [10]
9 L=0,(21,126% > -1 Cremonaand[3]
8 L = L£(21,13, 6% -1 Cremona, split. off lines, [3]
22 L=1L(220,6% > -1 asf(22 1,63 isregular
21 L£=L£(221,6% >-1 [10]
20 L=L(2226% -1 [10]
19 L£=£2236% -1 asL(22, 2, 613) is empty
16 L=1L(226,62) > -1 asf(22 1,63 isregular
15 L=1L(22762 -1 direct computatiofi
13 L=/L(229061 -1 direct computatiof
11 L=/L2211610 —1 Cremona and [10]
10 L=1L(2212610 -1 asL£(22, 11, 610 is empty
10 L£=1,(22126° > -1 Cremonaand [9]
9 L= L(22,13,69 -1 Cremona, splitting off lines
8 L=/,(22146% -1 asL(22, 13, 6% is empty
12 L£=1,(23116Y) > —1 directcomputatiofi
10 L£=1£(231369 -1 Cremona and [9]
9 L£=1,(2314,6% > -1 Cremonaand [3]
8 L = £(23, 15,69 -1 Cremona and splitting off lines
10 L =1L(24,14,619% > _-1 Cremonaand[3]
9 L=L(24156% -1 Cremona and [10]
8 L =L(24,16,6'0) —1 asL(24, 15, 61°) is empty
13 L£L=L(25126'%) -1 direct computatiori
10 L =L(25 156 —1 Cremona and [10]
12 L£=1L(26146'%) -1 direct computatiori
10 L£=1,(2919 6% > _—1 directcomputatiof
13 L£=,(31186') -1 direct computatiofi
10 £=1£(@31216"% > -1 Cremonaand[9]
10 L£=1,(381286'% -1 Cremona and [9]
13 L = L£(40,27,6%3) —1 direct computatiofi
10 £ =/L(40,30,6'%) -1 direct computatiofi
10 £ =L(46,36,6%) -1 Cremona and [9]

*with [4] in char= 32003
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FREE RESOLUTIONS OF FAT POINTS ON A CONIC IN P?

Abstract. This paper is concerned with free resolutions of fat point@%, respectively in
some blown up surface @?2. A short overview is given about methods developed mainly
by Harbourne, working with linear systems of divisors on@ai up surface. Finally, these
methods are used to compute free resolutions in concretes tiar two cases: for the case
that all points lie on a smooth conic and the highest muttiglioccurs four times, and for
the case that all but one point lie on a line, and the one paisthultiplicity one.

1. Introduction

We want to compute free resolutions of fat point ideal®3nLet py, ..., pn be points
in P2. Associate to every poinp; a multiplicity m;. By a fat point ideal, we denote
an ideall of codimension 2 inRR := K[x, y, z], the coordinate ring oP?, wherel
contains all curves passing through the given points wighgiven multiplicities, i.e.

| = mplN...Nmp", wheremp, denotes the vanishing ideal f. (Later on, we
will also allow infinitely near points.) Denote by the Hilbert function of an ideall.
Certainly, the Hilbert function is related to the free regmn of I. We will see that
the knowledge of the Hilbert function and some other prapemf | will indeed be
sufficient to describe the free resolution. If we blow Bpat then points, we get a
rational surfaceX whose divisor class group is generatedty Eq, ..., E,, where
Eo denotes the pullback of a line iP? and E; denotes the exceptional divisor of the
point pi fori = 1,...,n. These generators fulfill the relatioi§ = 1, E? = —1 for

i > 0andEj.Ej =0fori # j. Then

hy (d) = h%(X, Ox(dEg — miE1 — ... — mnEp)

(see 3.2). Also, we will see that the other propertiek thfat are needed in order to give
the free resolution can be understood in terms of lineaesysbf divisors on the blown
up surfaceX. So most of the work that needs to be done is about linearmgsta
rational surfaces. Most people working on fat point ideadsrather interested in points
in general position. However, for points in general posititne method of blowing up
and working with linear systems of divisors does not in gahgive a solution to the
problem. But if we put the points in a special position, thehmd allows to compute
free resolutions. Harbourne showed in [5] that a free rasmiican be calculated if the
points lie on a conic. In this paper, we want to give a shortweg about Harbourne’s
method. We will use the theory to calculate a free resolwigalicitly for two different
cases: For the case that- 1 points lie on a line, and the-th point has multiplicity
1, and for the case that all points lie on a smooth conic, aachiphest multiplicity
occurs four times. The results are presented in the follgWiheorems 1 and 2. We
will give a detailed proof of Theorem 2, referring to [6] fdret proof of Theorem 1,
which works analogously.
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64 H. Markwig

THEOREM1. Let | = I (X, m) be a fat point ideal. Letps, ..., pn) be a repre-
sentative such that m> ... > m,. Assume m = 1. Let p lie on a line L c P2
and let p lie on the strict transform of L il , ...Blp, P?foralli =2,...,n—1.

(For an explanation of this notation, see chapter 2.) Thenfthe resolution | is: if
mg > mp andum, = 1:

00— R[—(m1 + D™ M1 g R[—(m1 + 2] & P RI—(& + )] —

R[—m]™~™ @ R[—(my + D] & @™ Ri—a] — | —=0;

if my > mpandum, > 1:

0— R[—(my + D™ M~ ¢ R[—(my + 2)] ® P RI— (@i + D] ——

R[—-m]™~™ @ R[—(m; + D] ® P4 Rl—a] —=1 —=0;

ifmy =mpandum, = 1:

00— R[—(M + 2> ® D™ RI—(a +1)] —

RI-(mi + DP® P Rl—-a] —= 1 —=0;
ifmy =mpandum, > 1:

0—= R[—-(M+2)]® @™ R—@ + 1] —

RI—-(m + D’ ® P Rl—a] —= 1 —0;

where a denotes the special degrees of | -amy + um, + . .. + uj. (For a definition
of special degree and;, see page 75 resp. definition 2.)

THEOREM2. Let | = I (K, v) be a fat point ideal. Asume that the highest multi-
plicity, m, i.e. the highest entry in the vectgroccurs four times in. Choose a repre-
sentative(p, q,r, S, p1, ..., pn) IN K such that the highest multiplicity m is associated

to p, g, r and s and such that for the other associated mutiipdis, m > ... > m,
holds. Assume that p, g, r, s and,p.., pn lie on an irreducible conic, respectively
on the strict transform of the conic. (For more explanatiosse 2 and 5.) Then the
free resolution of the ideal I:
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1. If c:= m; — my is even, then the free resolution is

R[—(2m+ 2)]m-m-1
®
R[—(2m+ a)]®
®
0— R[—(2m+c/2 + 2)] —
®
( R[—(@2m+ [ 4+ )] )

c/ 2+1

my—1
Di ®

R[—(2m 4 2

1+ 2"
R[—2m]m-mi+1
D
L RI-Cm+a]®* — 1 -0
D
B2 R[—(2m + 21z ]k

c/2

2. If c:=m1 — myis odd, then the free resolution is:

R[—(2m + 2)]m-m~1

®
R @m )
®
0— R[—(2m+ (c+ 1)/2+ D)3 —
®
( R[—(2m + %1 + D] )
m—1 @
i=0
R[—(2m+ 221 4 2)]"
R[—2m]m-mi+1
®
SR+ )
N o) — | =0
R[—(2m+ (c + 1)/2)]?
®

Bt RI—(2m+ 23]k

where
Kl i) = (1,1,0) ifam,—i iseven
DI =02,0,2)  if am, is odd

and agn,—i =C+1i+ 14 pum, + ...+ um,—i. (For a definition of @and ui, see page
75 resp. definition 2 or page 76.)
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2. Infinitely near points

As already said in the introduction, we wish to allow infihjteear points, too. That
is, we choosep; € P2, p; € Blp, P? (where B, P? denotes the blow up df? at
the pointp;) and so on. Letmy, ..., my) be the corresponding multiplicities. If the
points were all ifP2, we could enumerate them in such a way that> ... > m,. As
we allow infinitely near points, reordering does not make s@yse, since the points
live in different surfaces. But later on, we need the multifes to be ordered. If, for
example,p; € P2 and pz € Blp, P?\ Ey, it does not really make a difference if we
consider the tupléps, p2) or (p2, p1). If mz > my, we would then choose the second
possibility. So we try to group tuples of points to equivaelasses and we try to find
a representative in each equivalence class where the @omtsrdered in such a way
thatmy > ... > my. Letm; : Blp, ...Blp, P2 — Bly,_, ...Blp, P? denote the map of
blowing up the poinp;. Then two tuplegps, ..., pn) and(py, ..., py) will be called
equivalent if there exists an isomorphisa Bl ... Blp, P2 — Bl ... BI b, P2 such
that the following diagram commutes:

Blp, - .. Blp, P2 —"— Bl ... Bl P2

7Tn h
2 2
Blpn_l...Blpl]PJ BlpﬁlelpiP
TTn—-1 nr/1—l
T 1
2 2
An equivalence class of a tupies, ..., pn) is called aconstellation As before, let

X = Bly, ...Blp, P?, then the pullback of a lin&, together with the total transforms
of the pointsp; - which we denote as before with - give a free generating system of
Pic(X). Also, E2 = 1 andE? = —1. Denote byE; the strict transform irX of the

exceptional divisor in BJ, ... Bl, P2 of a pointp;.

DerFINITION 1. 1. Let g # pi be points in a constellation. We say thatip
proximateto p, denoted by p33KC pj, if p; is infineteley near to ip

2. AclusteronP? is a pair (IC, m) consisting of a constellatiolf = [(p, ...,
pn)] and an integer vector m= (mq, ..., my). We inductively introduce the
total multiplicitiesm; == mj + >, 53¢ p; M- The cluster is called nontrivial if
K # ¢ and if there is an i withm; > 0.

3. A cluster (I, m) satisfies the proximity relations at; pf and only if m >
ZpJEHICpi mj.
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4. Let(XC, m) be a non empty cluster d#f satisfying the proximity relations. Then
the ideal corresponding toC, m), | (XC, m) C K[Xop, X1, X2], is defined by

(K, m) := {f € K[Xo, X1, X2] | multy, Cj > mj}

where C= {f = 0} denotes the curve defined by f anddeénotes the i-th total
transform of C(mi_10...0m1)*(C).

Now we can replace our notion of fat point ideals from theddtrction:| is called
a fat point ideal, if it is the ideal corresponding to a non gmguster satisfying the
proximity relations. If we would allow clusters which do nsdtisfy the proximity
relations, it may happen, that we get the same correspondi&ad for two clusters
even though the multiplicities are not equal. For examplegi take the constellation
K = [(p1. p2)], wherep; € P? andp; € Eg, thenl (K, (1,0)) = | (K, (1, —1)). If
we restrict to clusters satisfying the proximity relatiptiee multiplicities are uniquely
determined byl (XC, m). This is an easy consequence of [2], Theorem 3.3. This theo-
rem states that every cluster satisfying the proximitytretes and where all points are
infinitely near to a single point if?? can be realized as the cluster that appears if we
resolve a singularity of a curve. That is, for such a cluster,can find a representa-
tive (p1, ..., pn) in the constellation such that the corresponding multitis fulfill
my > ... > my. If we have a cluster where not all the points are infinintedamto
a single point, we can still find such a representative withttalp of [5], Lemma 2.6:
this lemma allows to find an isomorphisn : Blp, ...Blp, P? < Blp, ...Bly P?,

and a unique permutatiosp of {1,...,n} such thatcb*(é]) = E(,[b(i), such that
Z = mypy + ... + Mppy is equivalent toZ’ = My, )P + ... + Myym) Py and
Mo (1) = - - - = Mgy my. We will need this fact in the proof of Theorem 2.

EXAMPLE 1. 1. Letp; € P2 pp € Blp, P2\ Ey, p3 € Bly, Bl p2 \(E1 U
Ez) and soon. LefC = [(p1,..., pn)]andm = (mg, ..., mp). That(K, m)
satisfies the proximity relations means nothing else thar O for alli. Then
I (I, m) = m;;;l n...N mr,?n” wheremp, denotes the vanishing ideal 6fi_1 o
..om)(Pi)-

2. Letpr = (0: 0: 1 e P2 InBly, P2 let pp be the point inE;, correspond-
ing to the line{x = 0} in P2. Let ps be the intersection point d/E\l and E»
in Blp, Blp, P2. Then([(p1, p2, P3)], (2, 1, 1)) is a cluster satisfying the prox-
imity relations and the corresponding fat point ideal is= (x%z, xy?, y3) C
K[X, Y, z]. This is the cluster that appears if we blow up the singtyasf the
cusp{x?z — y3 = 0.

REMARK 1. An equivalent definition for the proximity relations isetfollowing:
A cluster (K = [(p1, ..., pn)], m) satisfies the proximity relations if for all strict
transformsEy of exceptional divisors on the blown up surfae

(—mE1—...— mnEn).EE > 0 for all k.

This formulation is equivalent to the above,Bs= Ex — 2 p;33Kkp Ei-
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See [2] for more explanations about clusters.

3. Changing the problem

We want to transform the problem of finding the free resolutid a fat point ideal
step by step into a different problem. Let= | (X, m) be a fat point ideal, that is,
(KC, m) is a non empty cluster satisfying the proximity relationfioGse a representa-
tive (pg, ..., pn) in £ such thaimg > ... > m,. As before, letX = Blp, ...Blp, P2.
As codiml = 2 we can use the Auslander-Buchsbaum-Formulato computeribth
of the free resolution of. The free resolution of has length 1, i.e. it has the following
form:

0— M1 =P R[-d]¥ > Mo =P R—d]" > | - 0.

d>0 d>0

3.1. vg = dimg cokerug andsg = vqg —h; (d)+3h;(d—1)—3h;(d—2)+h;(d—-3)

vqg is the number of generators in degrei@ a minimal generation system bf Denote
by g themultiplication map

pd : ld—1® Ry — lg.

Thenvy = dimk cokerug, as the image ofig contains all those forms of degree
in | that are a multiple of some form of lower degreelinThe equation for they,

Sd = vg —hy(d)+3h;(d—1) —3h;(d—2) + h| (d — 3), can be seen if we tensor the
free resolution withK and consider the Koszul complex kf.

3.2. dimcokerug = dimk cokerux, r, g, for a special linear systemF on the blown
up surface X and h; (d) = h%(X, Ox(F))

As already mentioned in the introductidm,(d) = h%(X, Ox(dEg — miE1 — ... —
mMnh En)). This follows from the fact that = 7, (Ox(—m1E1—...—mpEyn) (Wherer :
X — P2 is the map of all blow ups) which can be seen considering lcoatdinates.
Let Fq denote the linear systefy = dEg—m1E; —...—myEn on X. Thenh, (d) =
hO(X, Ox(Fq)). Also, the multiplication mapq : lg—1 ® R1 —> Ig corresponds to
amap

X Fa.Eo - HO(X, Ox(Fy_1)) ® H%(X, Ox(Eo)) — HO(X, Ox(Fq)).

3.3. h%(X, Ox(F)) = h%X, Ox(H)) if F = H + N where F is fixed and H is
nef and dimg cokerux F g, = dimg cokerux H g, + hO(X, Ox(F + Eg)) —
h%(X, Ox(H + Eo))

If we have a decomposition df such thatF = H + N whereN is fixed in F and
H is nef, thenh®(X, Ox(F)) = h%(X, Ox(H)). Furthermore, by the identification
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HO(X, Ox(H)) = HO(X, Ox(F)) the image of
HO(X, Ox(H)) ® HO(X, Ox(Eg)) — H%(X, Ox(H + Eg)) —

— HO%X, Ox(F + Ep))

is equal to the image Qix r g,, and hence we get the relation:
dimk cokerux r g, = dimk cokerux n,g,+

+hO(X, Ox(F + Eg)) — h%(X, Ox(H + Ep)).

So finally, if we can find

1. adecomposition in nef pakt and fixed pariN for a given linear system oK,
2. h9%(X, Ox(H)), and
3. dimk cokerux H,g, for a nef linear systent,

we can give the free resolution of the idéalHowever, it is not possible to solve these
problems in general. In the present paper we investigata thehe situation where
the points lie on a conic. The solution will be presented anftillowing section. For a
more detailed account on the facts mentioned in this sect@Em[6], Chapters 1 and 2.

4. Points on a conic

Let| = I (K, m) be a fat pointideal, and |6’ be a conic irP2. Let(py, ..., pn) € K
such thatm; > ... > my and assume that for dll p; lies on the strict transform of
Q' inBlp,_, ...Bly, P2. Denote byQ the stric transform ofY’ in X. Then the linear
system ofQ is 2Ep — E; — ... — En and so the latter is non empty. Furthermore, the
linear system oEg + Q = —Kx is non empty. These two non empty linear systems
are important to get solutions for our three problems.

4.1. The decomposition

The first problem is to find a decomposition of a linear systetn nef part and fixed
part. Assume thaF # ¢. The idea is, if we have a finite number of irreducible
curves with negative self-intersection &) we can just intersedt with those curves
and subtract those which have negative intersection WwithThe remaining system
is nef. In the case that the points lie on a conic, the numbe&uofes of negative
self-intersection is finite. More precisely, the only cus\wa# negative self-intersection
are components dE; for somei > 0, components of) or strict transforms of lines
through the points. The idea to prove this is to assume thathe € of negative self-
intersection would fulfillC.Eqg > 2. Then—C.Kx = C.(Q + Eg) > C.Eg > 2 asC
cannot be a component &, and we get a contradiction to negative self-intersection b
the adjunction formula, apa(C) > 0. For a detailed proof, see [5], Lemma lll.i.1.(a).
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4.2. hO(X, Ox(H)) for a nef linear systemH

The second problem is to compU€(X, Ox(H)) for a nef linear systenH on X.

[4], Lemma 11.2(c), tells us that?(X, Ox(H)) = 0 for a nef linear systeri on any
surfaceX with —Kx # ¢, and [5], Lemma llL.1.1 (b), tells us tha' (X, Ox(H)) = 0

for a nef linear systenid on X, where the blown up points lie on a conic. The same
lemma tells us thaitl has no fixed components, that is if we have a decomposition of a
linear systent in partN which is fixed inF and a parH which is nef, therN is the
fixed part ofF andH has no fixed part. So by Riemann-Roch we get

hO(X, Ox(H)) = (H2 — Kx.H)/2+ 1.

4.3. dimg cokerux H, g, for a nef linear systemH

The third problem is to compute digcokerux 1 g, for a nef linear systenk on X.
Harbourne gives a solution for this problem, too, but as ceina ([5], Lemma 11.5)
which he uses in his proof seems not to hold in the generaéited there, we will give
a correct version of his proof here. We need a lemma in advance

LEMMA 1. Let N be areduced divisor on X such thilf = ¢ and (X, Ox(N+
Kx)) = 0. Assume N has at most two components. Let F and G be divisaxs on
meeting every component of N nonnegatively. If N has onlycongonent, then the
multiplication mapun.r.c : HA(N, On(F)) ® HO(N, On(G)) — HO(N, On(F +
G)) fulfills cokerun g.c = 0. If N has two components, then we get the same result if
we have GC, > C1.Cy, G.C1 > C.C1 and F.Cy > C,.Cq, where G and G are the
two components of N.

Proof. As0= HO(X, Ox(N+Kx)) = H2(X, Ox(—N)) by assumption, we see from
the cohomology sequence of the structure sequenééiof X thath!(N, On) = 0.
Then by [1], Theorem 1.7, it follows that the componentshbfare rational. As-
sume first thatN = P! has only one component. A8 and G meetN non neg-
atively, we get effective divisors ol and the magun.r.c : HOPL, Op1(F)) ®
HOPL, Op1(G)) — HO(PL, Opi(F + G)) maps a tensor product of two polynomials
of degreeF.N respectivelyG.N in two variables to their product. This map is surjec-
tive, asH O(P1, Op1(F + G)) is generated by the monomials in degfe&l + G.N and
we can give a preimage for every such monomial easilyu &g ¢ is surjective and
dimk cokerun r.c = 0. Now assume thall has two components; andCy. By the
same argument as above, we see cpkglr c = 0 and cokefic, F-c,c = 0 since
by assumptioriF — C2).C;1 > 0. Consider the sequence

0— Oc,(—C2) - On = Oc, — 0.

From this we can get the following diagram, after tensortmg$equence witkr, re-
spectively the corresponding long cohomology sequende MA(N, Oy (G)) (in the
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diagram, we uséi°(N, G) as a shortcut foH (N, Oy (G)) and analogous shortcuts):

HO(Cy, F — Cy) HO(N, F) HO(Cy, F)
0— ® — ® — ® -0
HO(N, G) HO(N, G) HO(N, G)
! \ \:

0> HOUCLF+G—-C) — HIN,F+G) — HYUCLF+G) —0

where the second vertical mapyis F.c-

The rows are exact, becaus§Cy, F — Cp) = h'(Cy, F + G — C) = 0 (by Serre
duality, and sinceC; is rational and agF — C2).C1 > 0 by assumption) and since
HO(N, G) is free. From this diagram we get with the Snake Lemma an eeagtence

coker(H%(Cy, F — C2) ® HY(N, G) — H%Cy, F + G — Cp)) —> cokerun kg

—> coker(H%(Cp, F) ® HO(N, G) — HO(Cy, (F + G))) — 0.

As h1(Cy, Oc,(G — Cp)) = 0 (again by Serre duality, and sin€x is rational and
(G — C2).C; > 0) we can see from the sequence above th&tN, On(G)) —
HO(C2, Oc,(G)) is surjective and so

coker(H%(Cz, Oc,(F)) ® HYN, ON(G)) — H%Ca, Oc,(F + G))) =

= cokerpuc,F,c = 0.

Reversing the role o€; and C; in the sequence we also getO(N, ON(G)) —
HO(Cy1, Oc,(G)) is surjective (a$h(Cz, Oc,(G — C1)) = 0 as(G — C;).C; > 0)
and hence

coker(HO(Cy, Oc, (F — C2)) ® HON, ON(G)) — HOCy, Oc, (F + G — Cy)))
= cokeruc,, F-c, 6 = 0.

But then of course cokery F.c = 0. [l

LEMMA 2. Let X = Blp, ... Blp,P? such that p, ..., p, lie on a conic. Let H
be a nef linear system on X. Theéimk cokerux H,g, = 0.

Proof. We know that we can writél = agEg — a1E1 — ... — anEn. H nef implies

a; > O foralli. The proof will be an induction oag. Assumeag = 0. Theng; = 0

for all i as otherwiseH = ¢ which is not possible by [5], Lemma 3.1.1.(b). Assume
ap = 1. Then only oney; can be non zero, as otherwist would not be nef. So
without restrictionH = Eg — E;. Consider the sequence

0— Ox = Ox(H) = Ox(H) — 0.

Taking the long cohomology sequence and tensoring it WitliX, Ox (Eop)), we can
again see with the Snake Lemma that cokgin g, = cokerun H g, But the latter
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is zero by Lemma 1, abl has only one irreducible componeit, and Eg intersect
this component non negatively andi%(X, Ox(H + Kx)) = 0. So assumegy >

2. Then we can subtract the linear system of the c@igvhich we will by abuse
of notation also callQ) from H, and we still get a nef linear system, which can be
tested intersectingl — Q with the possible curves of negative self-intersectioe (5¢
Lemmallll.i.1.(c)). So the induction assumption tells ustttiimk cokerux H—q g, =

0. With Ramanujan-vanishing (see [7], Theorem 1) we can Isaeht(X, Ox(H —
Q)) = 0 andh!(X, Ox(Eg — Q)) = 0. The first gives us an exact sequence

0— HO%X, Ox(H — Q)) = H2%X, Ox(H)) = H%Q, Oq(H)) - 0

which we can tensor withl °(X, Eg) and apply Snake Lemma to get an exact cokernel
sequence

cokerux H—Q,E, — COKerux H g, —
coker(H%(Q, Oq(H)) ® HO(X, Ox(Eo)) - H%Q, Oq(H + Eo))).

The latter tells us thaH%(X, Ox(Eg)) — HO9(Q, Oq(Ep)) is surjective, and
so the last cokernel in the sequence is just cpker g, We want to see that
dimg cokerug H, g, is also zero, as then cokek H g, = O with the induction as-
sumption. To see this, apply Lemma 1 with = Q, F = H andG = Eg. As
Q =2Ep—E1—...—En, hO%X, Ox(Q+Kx)) = 0. There are two cases: eith@has
only one component, dp is a union of two lineC; andC,. These lines can intersect
at most with multiplicity 1, sdH.C1 > C1.C2 = 1 and 1= Eq.Cz = Eq.C1 = C1.Co.

In any case, the assumptions of Lemma 1 are fulfilled and wededtrig H.g, = 0
and hence with the cokernel sequence from above, gokef g, = 0. O

5. The proof of theorem 2

With these results, we are now able to compute a free reealtdr points that lie on a
conic. The Theorems 1 and 2 give a free resolution expli6ithytwo cases: if all but
one of the points lie on a line and the point which is not on the has multiplicity 1,

and if all points lie on a smooth conic and the highest muttityl occurs four times.

The proofs for both theorems are quite similar, using thalteérom above. Here, we
just want to give a proof for Theorem 2.

GENERAL REQUIREMENT 1. Letl = I (K, v) be a fat point ideal, that ig/C, v)
is a nonempty cluster satisfying the proximity relationssAme that the highest multi-
plicity, m, i.e. the highest entry in the vectoroccurs four times in. Choose a repre-
sentative(p, q,r, S, p1, ..., Pn) in K such that the highest multiplicity is associated
to p, q, r ands and such that for the other associated multiplicitrag,> ... > my
holds. Assume thap, q,r, sandps, ..., pn lie on a conic, respectively on the strict
transform of the conic. LeX = Blp, ...Blp, BlsBl; Blg Bl, P? and letQ denote the
strict transform of the conic iiX.
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The restriction that the multiplicityn occurs four times is necessary, as otherwise
the computations would be too complicated. We want to cateuthe free resolution
of the ideall. First we have to compute the smallest degilesuch thath, (d) >
0 - the corresponding linear systems are then non empty anceweompute their
decomposition as described in 4.1. As the linear systeml ebaics passing through
the four pointsp, g, r ands has dimension one, we can certainly find a ca@icc X
different fromQ that goes through the four poings g, r ands. If these four points are
all of level zero (i.e. they are not infinitely near to any atbeint), 7 (Q’) is a conic
through the four points if?2. Thenx(Q’) has multiplicity one in each of the four
points. If some of the four points are infinitely nea,Q’) goes through their images
in P, and the sum of the multiplicities in the image points is ily aase bigger than
or equal to four. Assume théag (d) > 0. Then with Bézout's Theorem (see [3], page
53) we know that

2d = deg(m (Fg)) - deg(7(Q")) = 4m

sod > 2m. Butasm- Q € loy we can see thdt) (2m) > 0 and so the smallest degree
for whichh; (d) > 0is 2m. So

Fom=2mEy— mE, —mEg —mE —mE —miE1 — ... —mpEp

is in a non empty linear system and we have to find curves in ¥eel fpart of this
linear system in order to calculat®@(X, Ox (Fom)). From 4.1 we know that the only
irreducible curves that we can find in the fixed part, are camepts ofE; for some
ie{p,qgrsl....,n}, Eo—E —Ejwherei # jandi, e {p,q,r,s1...,n}or
the conicQ itself, which is irreducible. Let us tr@ first.

FomQ=4m-m-m-m-m-m;—...—mp <0
so Q is fixed, and after subtracting it, we get

Fom—Q=0@2m-2)Ep— (M-DEp - (M-1DEqg— (M-DE — (M- 1DEs
—(MmM—-1E;1—...— (my — DE,.

Intersecting this new linear system again w@hwe get

n

4m—4—4(m—1)—2(mi -1
which is negative ifm; > 2. If this is the case, we can again subtrgctand we
can see that going on like this, the first 4 points will “cafi¢be positive part in the
sum coming from(Fo — 1Q).Ep - 2, and the sum of the remainimgpoints counts
negatively. So we can subtra@taltogethem, times. But again;Fom—mp-Q).Q < 0,
and we can subtrac® one more time, ending up with a linear systéf). such that
Fjn-En = —1. But then we can subtra&, and have again a linear system with only
negative multiplicities for thés;, and because then the sum of the multiplicities of the
n — 1 remaining points counts purely negatively again, we caabave subtracQ
once more and so on. Finally, we end up with the linear system

Hom = (2m—2mp)Ep — (M—my)Ep — (M —m1)Eq — (M—my) Er — (Mm—my)Es.
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Now trying all irreducible curves of negative self-intecden, and seeing that they
intersectHoy non negatively, we find thaton is nef. Remark 1 tells us that we
do not have to check the components of e But then we know by 4.2 that
h1(X, Ox(Ham)) = 0 and

hO(X, Ox (Hom)) = (@m—2m1+1)2m—2m;+2) —4m—mp(m—my+1))/2 =

=m-mg+ L
Next we have to ask ourselves up to which degtdbe curvem; - Q is fixed in Fy.
Callrm =1#{j € {1, ....n} | mj = m}. If ry, = 1, then alreadyFomy1 — (M1 —
2)-Q.Q=4m+2—-4m; +8—4m+4m; — 8 — 2 = 0, soQ is not for sure fixed
the (mg — 1)—st time in Fom1, as this intersection is not less than zero, and so only
(m1 — 2) - Qs in the fixed part ofF2m1.

NOTATION 2. We use the following notation

Fo—t-Q=(d—-t)Ep—maxm—t,00Ey, —... —maxim—t, 0)Es
—maxmy —t,00E1 — ... —maximy — t)En.

The change of the fixed part described above happens bebt&ufseit points with
multiplicity m always “cancel” the “th—part” of Fomya.Eg - so if we enlarge the
degree by one, we get two more in tekg—part of the intersectiofrom;a.Q, and two
less, each time we subtra@; but we get only one less in they, ..., Ep—part when
we subtracQ for the last times, because then oy is left. So for the first degrees,
up to the degree wheli, appears with a multiplicity bigger than zero in the fixed part
of Fy, there is a difference in the change of the fixed parts: foryestegreed Fy has
Q two times less in its fixed part thefy_1. Callc := m; —my. Aslongasa < [¢/2],
the fixed part ofFpm4a is (M — 2a) - Q, as

(Fomya—(my —2a—-1)Q).Q
=((@2m+a—-2(m —2a—-1))Eg—(M—-—my+2a+ 1DEp
—..—(M-m+2a+1Es— (2a+ 1)E1).Q
=4m+2a—-4m +8a+4—-4m+4m; —-8a—-4—-2a-1=-1<0

and

(Fomya—(m1 — 22)Q).Q
=(2m+a—2(my —2a))Eg — (M —my + 2a)Ep
—...—(Mm—-—mp +2a)Es — (2a)E1).Q
=4m+ 2a — 4m;1 4+ 8a — 4m +4m; — 8a — 2a = 0.
The next step now depends on whetlkes even or odd, because in the first case,

(my — ©)Q is fixed in Fomyc/2, and in the other casém; — ¢ + 1)Q is fixed in
Fam+c—1)/2, and we have to decide about what is fixed in the following degmwith
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this knowledge. So we make a distinction on whethisreven or odd. Let us start with
the case that is even. As we have already seen, we get two tilQdsss in the fixed
part for every degree fromn2up to 2n 4 c/2. So for 0< a < c¢/2, the fixed part of
Fom+a is (M1 — 2a) Q and we can compute

hi 2m+ a) =h%(X, Ox (Famta)) = h?(X, Ox(Famsa — (M1 — 28)Q))
=h(X, Ox((2m+a — 2(my — 2a))Eg — (M — my + 2a)Ep
—...—(m—my +2a)Es — 2aEy))
1
=§((2m +5a—2m1 +1)(2m+ 5a—2m1 + 2)
—4(m—my +2a)(m—mg + 2a+ 1) — 2a(2a+ 1)).

Now for the degrees followingr + c¢/2, it depends on how often the multiplicity,
appears, up to which degrém; —c)Q is in the fixed part. From the degree whé&)és
less thamm; times in the fixed part, we have more than only &héeft in the nef part of
the linear systenfom1a, and so in the intersection sufym 4. Q, we gettwo less in the
Eo— part when we subtrad® and two or more less in thgy, ..., Ep—part, so it can
no longer happen that the fixed components differ Qyfér each degree. This means
we can go on in the following way: we know that for the degredi®fving 2m + ¢/2,
mQ is in the fixed part, and we have to ask ourselves which is tigeegefor which
that is no longer true, i.e. for which degrem 2- a only (mz — 1) Q is in the fixed part.
The inequality that tells u® is fixed themsy-th time is(Fomya — (M2 — 1)Q).Q < 0,
so the degree for which this is no longer true, is the degree/ffiich

0= (Fomta — (M —-1)Q).Q
=(@m+a-2my+2)Eg— (M —-mzx + 1 Ep
—..—(M—-—me+1DEs— (c+1E; — Ez—...—EMszrl).Q
=dm+2a—-4dmy+4—-4m+4mpy—4—-c—1—pumy=2a—C—1—pum,

) s2a=c+1+pum

whereum, is defined with the help of th¥oung diagranmof (my, ..., mp), this is a
diagram consisting af — 1 rows of boxes, the bottom row consistingmj boxes, the
second ofmgz boxes, and so on, and the top one consistingypboxes. Theonjugate
Young diagramis the diagrany, . .., um,) Wherey; is the number of boxes in the

th column of the Young diagram @y, . .., m,). But the equation above might not be
solvable ag+1+ um, might be odd. Then we have to ask ourselves, for which value of
a the intersection oFom1a — (M2 — 1) Q with Q is no longer negative.&is of course
always even, and +1+um, is odd, then Fomya—(M2—1)Q).Q = 2a—(C+1+pm,)

is odd. So it can never be zero if we enlagby steps of one, but it will be-1 and
then 1 and the next step - and this is the step to stop. To suffprpa has no longer

m,Q in its fixed component i& = [M} So we know for all

C+1+Mm2

c/2<a<]| >

|, that
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hi (2m +a) = h%(X, Ox(Famta)) = h%(X, Ox(Fomia — m2Q))

and ah (X, Ox(Fomia — M2Q)) = 0 since this linear system is nef, the latter can be
calculated easily with Riemann-Roch.

DEFINITION 2. We will denote a degree d such that it hasi- Q as fixed compo-
nent whereas donly has(i — 1) - Q as fixed componentspecial degreef the ideal
.

We now have to ask, up to which degr@e, — 1) Q is in the fixed part, that is, we
have to find special degrees. Let us enumerate not the splegigdes (as they depend
on whethec+ 1+ um, or a similar sum is even or odd), but these sums that tell us how
big 2a (as in the equation 1) may be - cal, = ¢ + 1+ um,, the first special degree
is then 2n+ [am,/2]. We findam,—i if we ask us for which degree?+a, (mz —1)Q
is no longer in the fixed part, i.e. for which degé®mia — (M2 —i — 1)Q).Q is no
longer negative.

(Fomta—(m2 —1 —1)Q).Q
=(2m+a—-2(m—i —-1))Ep—(M—-mz2+i +DEp
—..—M-m+i+DEs—(c+i+DE1—-(+DE2
— .=+ 1)Eum2+1 —i Eum2+2
— o= EMm2—1+1 - = Eumz—i—1+2 - .= Eum27i+1)'Q
and scam,—j =C+i + 1+ pum, + ...+ um,—i. So we know that for each
I'am27i+l amzfi—l
2 2
hi (2m + a) = h°(X, Ox(Famya)) = h%(X, Ox(Famta — (M2 — ) Q))

wheream,+1 = ¢ for completeness. With these results, we are able to contpate
Hilbert function for each degree in the case thateven. The case thais odd is done
analogously, the result is:

I=a<]

1. for0<a< S
hi 2m+a) = h%(X, Ox(Famta)) = h%(X, Ox (Famta — (M — 22)Q));
2. fort <a< [%1
hi 2m+ a) = h%(X, Ox(Famta — M2Q));
3. for[2%] < a <[22

hi 2m + a) = h%(X, Ox (Fampa — (M2 —i — 1)Q)).
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Now we have to compute the, the graded Betti numbers of the first module of the
free resolution.

LEmMMA 3. Under the given assumptiong; = O for all degrees d which are not
special and not equal to mi 1.

Proof. From 3.3 and since dimcoketx 1,g, = O for the nef partH of the linear
systemFq_1 by 4.3, we know that

vg = dim cokenux ry_; g, = h°(X, Ox(Fa—_1 + Eo)) — h%(X, Ox(H + Eg)).

But we computé®(X, Ox (Fq_1+ Eo)) = h%(X, Ox (Fq)) as above: we find the fixed
part of Fy and computd® of the remaining nef part. Ad is not a special degree, we
know bothFy_; and Fq have the same fixed part Q. But then

va = h%(X, Ox (Fg)) — h%(X, Ox((Fg-1—i - Q) + Eo))
=h%(X, Ox(Fg —i - Q)) — h%(X, Ox(Fg —i - Q)) = 0.

O

So we only have to consider the cases where the fixed pares.difthis is for
example the case for the degrees less thy@&ywhetherc is even or not, we know that
for a < c/2 respectivelya < (c — 1)/2, Fomya has(my — 2a)Q as fixed part. So for
a < c/2respectivelya < (c— 1)/2,

vamta = h%(X, Ox(Famta)) — h%(X, Ox (Hamia—1+ Eo))
whereHomta—1 is the nef part oFomia—1

=h®(Fomta — (M — 22)Q)) — h°(Famya—1 — (M1 — 2(a — 1))Q + Eo)
=h%((2m + 5a — 2m;)Eg — (M — my + 2a)Ep—
—...—(M—-—my +2a)Es — 2aEy)
—h%(@2m+ 5a — 2my — 4)Eg — (m — my 4 2a — 2)Ep,
—...—(M—-m1+2a—2)Es— (2a— 2)E;) =3

where we writeh®(Fy) as a shortcut foh%(X, Ox(Fq)). In the case that is odd,
we know that also the fixed parts Bfm4(c—1)/2 and Fomyc+1) /2 differ, so we have to
computevzmyc+1),2- An analogous computation as above showsihat c+1)/,2 = 2.
At last, we have to computg for the special degrees:

LEMMA 4. For all special degrees &= 2m + [amg"}, vg = 1if am,—j is even,
andvg = 2 if am,—i is odd.

Proof. Letd = 2m + [amg’i '| ThenFy has the fixed partm; —i — 1) - Q whereas
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Fq—1 has the fixed partm; — i) - Q. So

h%(Fa)—h®(Hg-1 + Eo)
=h%(Fg — (M2 —i = 1)- Q) = h®(Fg_1— (M2 — i) - Q) + Eo)
=h%((2m 4 [am,-i /2] —2my +2i + 2)Eg — (M —ma +i + 1)Ep — . ..
—-Mm-my+i+DEs—(c+i+DE1—(+DEx—...
—( + DEypyt1— . — Eppy 41)
—h%(2m + [am,-i/2] — 2mp + 21)Eg — (M —mp +i)Ep — ...
—(M-my+i)Es—(C+i1)E1—iEz— ...

—i Eﬂm2+1 e Ell-mz—i—l-i-l)
1 . .
=§((2m + [am,—i /2] —2mp 4+ 2i +3)2m+ [am,—i /2] — 2mz + 2i 4-4)

—4m—-—my+i+DH(M-mx+i+2)—(C+i+Dc+i+2)
—pmp (i + D) +2) — (Umy—1 — mp)i (i +1)—
T T (Mmzfi - Mmzfifl) -1 2)
1
—5 @M+ [8m,—i /2] = 2Mz + 21 + 1)(2M + [am,~i /2] — 2Mp + 21 +2)
—4m-mp+i)ym—-—my+i+1)—(@C+i)Cc+i+D —pum-i-G(+1
— o= (Mmp—i—-1 — Ump—i-1) - 1-2)

=2-[am,—i/2]+1—Cc—i—1—( +Dum, —i-d{ijm =my -1}
— o= giimi=my —1i}
=2 [amy—i /2] +1—C—i =1~ pm, — ... — fmy—i

=2 |—am2—i /2-| + 1- a{’ng—i

and the latter is 1 ifm,—i is even and 2 im,—i is odd. O

For the first degree for which, (d) is nonzero, we havesy, = h;(2m) = m —
m1 + 1. The calculation of they, the Betti numbers of the second module in the
free resolution, turns out to be much more complicated. &atitbe calculated easily,
sy = 0 as long as the linear systerfg, Fq—1, Fq—2 and Fg_3 have the same fixed
part andvg = 0. The cases for whichy # O are easy to check. But the cases where
the fixed parts of the linear systems vary are much more nwmsefecause for the
degrees less thary2 respectively(c + 1)/2, if ¢ is odd, the fixed part changes from
degree to degree by and for bigged, the fixed part changes at the special degrees.
Here, we just want to give one example for a calculation ofghefor a complete
investigation, see [6]. So lat be a special degreel, = 2m + [amg"} for some
i. Thenvy depends on whetheg,,—; is even or odd, but we will just insett in the
calculation and insert the correct value for the two cagdes. IzékssumeH2er |'am%—i -| =

d'Eo—mEp—...—m Es—m}E1—...—m,Ep, thend’ = 2m+[ 22| —2m,+2i 42
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and 4’ +m] + ...+ mp=4m—4my +4i + 44 am, .
1 n
st =vd — S((d + (A +2) —am/(m' + 1) = 3 mi(m{ +1)
i=0

3 / / / / s / /
+ E((ol —2)d - 1) —4m — Hm — ;(mi —-1m)

3 / / / / : / /
— (@ =3)d -2 —4m — hm —le(mi — Hm)

1 n
+5(d =4 =3 —4m - Hm' — > i — Hm)
i=1

1
=vq + 5(—3d/ —9od' +15d' —7d' —2+4+6— 18+ 12+ 4m'’
n n n n
+ > m 4 34m + ) m) —3dm + Y m) +4m' + ) " m)
i1 i—1 i—1 i1

n
:vd—Zd/—l+4m/+Zm{

i=1
—vg —4m—2[am;_i]+4m2—4i A 14 Am—dmp+ 4 + A+ am,i
v — 212 14 ag, =0,

in any of the two cases, becausead,—; is even, then Z[am{i | =am,—i andvg =1,

and if am,—i is odd, then 2 [%1 = am,—i + 1 andvg = 2. Combining all the
results, we finally get Theorem 2.
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QUERIES ON FAMILIES OF FAT POINTS

Abstract. Here we raise some questions on the postulation of non-geneions of fat
points inP", e.g. for a fixed integez > 0,t > O the dimension of all sucZ’s with
hP", Zz () > zi =0,1.

Let X be an integrah-dimensional projective variety. Fix positive integees

K
. n+m —1
andmi, 1 < i < k, and setz = z(n: my, ..., My) = E ( i > Let

n

i=1
A(X; mq, ..., my) be the set of all zero-dimensional subschemeX aif the form
UK mi P, wherePx, ..., P arek distinct points ofXeg. Let B(X; my, ..., my) be
the closure ofA(X; mg, ..., my) in the Hilbert scheme Hifly X) of all lengthz zero-

dimensional subschemes &f. Since Hill¥(X) is a projective scheme, the variety
B(X; my, ..., my) is complete.

QUESTION1. FixL € Pic(X) and sety := hi(X,Zz ® L), i = 0, 1, whereZ is
the general element &(X; mq, ..., my).

(a) Find upper and lower bounds for the dimension of integuddvarietiesT of
A(CX; M, ..., my) such thath'(X,Zw ® L) > «; for everyW € T; more
generally, fix an integea > 0 and find bounds for diT) such thah' (X, Zw ®
L) > «o; + aforeveryW € T. More generally, do the same simultaneously for
finitely many line bundles..

(b) Find closed subvarietie¥ (if possible with large dimension) oB(X; my,
..., My) which intersectA(X; my, ..., my) and such tha' (X, Za ® L) = ¢
foreveryA € T (or suchthah' (X,Za ® L) < «j + aforeveryA c T).

(c) Asin part (a) or (b) do the same taking a vector buritliastead ofL.

Part (b) means to find families of finite unions of fat pointststhat all their limits
have good postulation or such that we may control the pdgialaf all their limits.
For part (c) it is essential to consider only “important ” aice ” examples, e.g. suf-
ficiently general stable vector bundles. Whén= P" part (c) for the bundleSp, (t)
is important for the minimal free resolution of finite unioofsfat points inP" and of
their limits.

We are working on these questions, but our preliminary tesid not kill the topic.
ForthecasX = P",m; =--- = mg = 1 andL = Opa(t), see [1].

*The author was partially supported by MIUR and GNSAGA of INdAltaly).
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WHITE SURFACES AND THEIR TRISECANT LINES

Abstract. This note deals with the numberof trisecant lines passing through a generic
point of a White surfac&. Eithern = 6 orn = ool andSis a Segre polygonal surface.

Let X be a surface i with isolated singularities. Consider the projectigrirom
a generic liné in P°, and denote by the image of the singular locus &f The image
of X by 7| is a surfaceS in P3, such thatX \ B has a 1-dimensional locus of double
points and a finite number of triple points. Sirde chosen generically, the fiber of
over a triple pointp of S\ B consists of 3 distinct pointp1, p2, ps.

What is their possible postulation, that is to say what iglih@ension of their linear
span?

Modern interest for questions of this sort stems out of thekwaf Pink- ham
and Lazarsfeld ([10],[9])which proves the CastelnuovorMaord regularity conjec-
ture for smooth surfaces. One could expects that for a geobdice ofl this span
< p1, P2, p3 > has dimension 3. This can be proved to be equivalent to sayttba
dimension of the trisecant lines locus ®is at most 3-dimensional. The existence of
surfacesX with a 4-dimensional trisecant line locus therefore prewxdidunter-example
to this naive belief. We will say that such a surface possesxeess of trisecant lines.
The only smooth example known is the Ferrara surface [5}, ithéo say a special
Enriques surface of degree 10Ii. Moreover Conte and Verra [3] have shown that
this characterizes speciality for Enriques surfaces enéihP° by their Fano em-
bedding. Historically the first example of surface with amesss of trisecant lines
known is a singular surface of degree 10 constructed by Sedt824. LetC be a
plane conic andl, ..., ls be six tangent lines t€ general enough so they meet two
by two in 15 pointsP. The linear system of quintics passing by those pointis
regular and define a surfa& of degree 10 iP°, that we'll call Segre polygonal sur-
face. This surface belongs to the family of White surfacég]([6] and [7]), that is to
say surfaces oP® image ofP? by the rational mayg associated to the linear system
of quintics passing by a group of 15 distinct points not lying on any quartic curve.
White surfaces are surfaces of degree 10 with possiblytebk-fold singularities all
image of lines joingning 5 base points. Remark also thatgmigl surfaces, i.e. White
surfaces for whichP is the group of points two by two cut out by six lines, are pro-
jective degenerations of Enriques surface®af Dobler has shown in his thesis that
Segre’s polygonal surface is a degeneration of speciabiesi surfaces and that it is
the only polygonal surface with an excess of trisecant lineis therefore natural to
ask if there exists other White surfaces with an excesss#dent lines. To tackle this
problem one should notice that a trisecant line passing bgneric pointp(q) of S
corresponds to a pair of poini3 for which the linear system of quintics passing by
P + IT is 1-irregular. Using ideas of Gambier [6], especially hiplesit construction
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of pairs of points associated to a generic point one can sheviotlowing [1]
THEOREM1. Let S be a White surface P and¢(q) a generic point on it.

1. There pass at least one trisecant line to Spiog).

2. The surface S has an excess of trisecant lines exactlysiaSSegre polygonal
surface.

3. If S is not a Segre polygonal surface, there pass exaatlirisecant lines to S
by ¢ ()

Let us point out that1) was shown by Dobler in casg is smooth and?2) was
already proved in 1882 by H.Krey [8] for a generic White sugfaAs a corollary of
(1) one can show that the generic point of the principal compbogthe the Hilbert
scheme of 18 points if#? irregular in degree 5 corresponds to 18 points not lying on
any curve of degree 4. This improves in this very particudeseca result of M.A. Coppo
[4].

Acknowledgementl wish to express my gratitude to the organizors of the wooksin
polynomial interpolation and projective embeddings (fioril5-20th september 2003),
for giving me the opportunity to give a talk on this subjecdhisistudy had be suggested
to me by Henry Pinkham; | warmly thank him for fruitful geonmietdiscussion and his
kind support during my studies at Columbia University andguogtoc years in Europe.
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E. Carlini

BEYOND WARING’S PROBLEM FOR FORMS: THE BINARY
DECOMPOSITION

Abstract. The study of the decomposition of a form of degree n + 1 variables as the
sum of forms involving < n variables is introduced. What is known for the sums of powers
caser = lis illustrated and new results are presented in the biresgrc= 2.

1. Introduction

Throughout this not& will denote the polynomial rin@’[Xo, . . ., Xn]. Given f € &,
a homogeneous form of degrdethe well known Waring’s problem for forms deals
with the study of expressions like: = 119+ ... +1s%, wherely, ..., ls € S are linear

forms. Noticing that;¢ is nothing more than a form in the univariate polynomial ring
C[l;], itis immediate to consider the following generalizatigivenr < nandf € &,
study the decompositions df of the form

(1) f=fi+.. +fs

where fi € C[yi1,...,Vir]ld C & and theyjj’s are linear forms, for = 1,...,s.

In intuitive terms, we can consider thig’s as forms inn + 1 variables “essentially”
involving r variables and (1) as a decompositionfoés the sum of forms involving a
smaller number of variables. For= 1, the fj’s are just pure powers and (1) is a sums
of powers decomposition of. Forr = 2, the f;’s are callechinary formsand (1) is
called abinary decompositionf f. Notice that, e.gxg + (X1 + - - -+ xn)% is a binary
form, while Zi”:O xid is not a binary form fon > 1.

Inther = 1 case, the sums of powers case, the decomposition (1) caarbe p
formed for anyd whenn = 1 (see [2]) and for any whend = 2 (this is just the
diagonalization of a symmetric matrix) or = 3 (see [3]). But there are not known
algorithms forn > 1 andd > 3. In the more general case 0f> 2 we can only
try to exploit what we know in the sums of powers case, e.gicimgf that the sum of
two pure powers is a binary form, but there are not dedicatedgulures to compute
(2). These remarks motivate our interest in a quantitativéysof (1) and in particular
in the investigation of the number of summargdsWith this in mind we introduce
Smin(n, d) = min{s : exists (1) for a generi¢ in &}, where the genericity assump-
tion is made to have a behavior tamed enough to be studiedhie generality. We
can get an approximation &hin by a parameters count: take genefalfy, ..., fs,
i.e. with variable coefficients, and require the number ofpzeters in the left-hand
side of (1) to be less or equal than the number of parametafginight-hand side.
This procedure gives an inequality and solving it weggp(n, d), i.e. the number of
summands we expect in a decomposition of type (1) of a gefmmc of degreed in
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n+ 1 variables. We remark thaiyxp can be determined explicitly. Comparing this esti-
mate with the number of summands appearing in the decongosita generic form

of degreed in n+4 1 variables, it is easy to realize trsatin(n, d) > Sexp(n, d). Thisin-
equality motivates our basic questiqi@1) for which couplesn, d) does the equality
Smin(N, d) = Sexp(n, d) hold? QuestionQ1)addresses the problem of determining the
minimal number of summands needed for the decompositiongeineric form. But,

of course, there argpecialforms which can be decomposed using fewer summands.
To study these forms we introduce the lo&ign, d) € P of forms of degreel in

n + 1 variables which can be decomposed as in (1) ussignmands. Hence it is nat-
ural to consider another questiof®2) what is the dimension a&is(n, d)? Actually,

a parameters count gives an expected value forxjm, d). In this sense, question
(Q2) is a generalization of questid@1).

In this note we will recall some known facts about the sumsovigrs case, = 1,
and we will illustrate what it is known in the binary case= 2 (for more details and
proofs see [4]).

REMARK 1. To be rigorous, (1) represents a family of decompositiare for
each value of . Hence we should mentianin the definitions, e.g., Gmin andsexp.
As different values of will never appear in the same argument, we decide to keep the
notation as simple as possible avoiding to menti@xplicitly.

2. The sums of powers decomposition

Some particular instances of the sums of powers decompositere classically stud-
ied by Clebsch, Darboux, London, Sylvester, Terracini aheis (see [4] and the refer-
ences there). Particular attention was devoted to thetigegi®n ofdefectivecouples:

a couple(n, d) is said to be defective §min(n, d) # Sexp(n, d), i.e. if the generic
form of degreed in n + 1 variables can not be written as the sum of the expected
number of powers of linear forms. A straightforward compiota shows thain, 2)

is defective for alln and it can be shown that other defective couples exist, namel
(n,d) = (2,4, (3,4, (4,4), (4, 3) (see [5]). All these defective couples were known
since the beginning of the last century, but it was quitedliffito prove that no other
defective couples exist. Finally, this was done by Alexaratel Hirschowitz in 1995
(see [1]):

THEOREM 1. A generic form of degree d in A 1 variables is the sum
of Sxp(n,d) = [Wll(”gd)] sums of powers of linear forms, unlegs, d) =
(2,4),(3,49), 4,4, 4,3)and(n, 2) for all n.

This Theorem completely answer to quest{@1). Actually, the result by Alexan-
der and Hirschowitz also gives a complete answer to que&f@) showing that the
expected behavior is the right one with few exceptions. Mweeisely, they determine
dim Xs(n, d) which turns out to be the expected one unless few exceptions.
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3. The binary decomposition

We are not aware of classical attempts to study the binargrdposition of forms and
we will briefly illustrate the main results contained in [#amely we will show what
it is known forn = 2, 3. As before, a couplén, d) will be said to be defective if
Smin(N, d) # Sexp(n, d), i.e. if the generic form of degreskin n + 1 variables can not
be written as the sum of the expected number of binary formghe three variable
casen = 2, itis possible to determine a formula f&fin and using it we can show:

THEOREM 2. For the binary decomposition of forms in three variables=£n2),
the only notdefective couples are obtained fo=el2, 3, 4, 5, 6 and8.

We stress the sharp contrast with the sums of powers case e are only
few defective couples. The previous Theorem settles qpregfd1) for the binary
decomposition of forms in three variables. Concerning tjoe4Q2) we can only
show that¥»(2, d) has dimension 1 less than expecteddos 3. The four variables
case,n = 3, seems to be more complex and there are not known defectiyaes
(actually it is conjectured that defective couples do nast@x In this case, the only
results concern questig@1):

THEOREM 3. For the binary decomposition of forms in four variables £n 3),
there are not defective couples for<d5.

4. Final remarks

For the purpose of this note, it is convenient to collect sameresting facts in the
following remarks.

The sums of power decomposition of forms in two variabtes(1,n = 1) is quite
easy and questioi@1) was already answered by Sylvester. The binary decompuositio
of forms in three variables (= 2,n = 2) can be successfully studied and a complete
answer to questio(Q1) is given in Theorem 2, while the problem is still open when
n > 2. These facts suggests that the bigger thengap the more difficult the problem.
Moreover, it is reasonable to think that the study of decositioms of type (1) for
r = n could be successfully attempted.

Although quite algebraic in their presentation, the decositipns of type (1) have
a deep geometric nature. In the case- 1, questiongQ1) and(Q2) can be natu-
rally expressed in terms of the higher secant varietieseldronesé/, ¢ = vq(P"),
wherevy is thed-uple embedding. For example, to answer quest@®) one has
to determine dim S€¢Vy q), i.e. the dimension of the variety efsecant”s~1 to the
Veronese. To give the same kind of geometric interpretdtiche case = 2, one
needs to introduce the variety of binary forig 4 which parameterizes the binary
forms of degred in n + 1 variables.

The variety of binary form&n 4 can be easily constructed from the Veron¥sa:
consider a rational normal curve of degiteC C Vi g4, and take its linear spaiC);
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making C to vary and taking the union of the linear spa¢€s one obtainsXy g.
Theorems 2 and 3 are obtained by studying®®¢gq) in terms of the Veronese, using
a sort of Terracini's Lemma. It would be interesting to getiee this procedure: given
a varietyY construct a new variety by taking “distinguished” subvarieties 8f and
the union of their linear spans (this is an attempt to geimrdhe notion of higher
secant variety where the “distinguished” subvarietiesjasefinite sets of points). Is
there any analogous of Terracini’'s Lemma relating the géona Seé(Z) to the
geometry of Y?
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RECENT RESULTS ON LINEAR SYSTEMS ON GENERIC K3
SURFACES

Abstract. In this note we relate about the problem of evaluate the déoerof linear systems
through fat points defined on geneH3 surfaces.

1. Introduction and statement of the problem

In what follows we assume that the ground field is algebrbicédsed of characteristic
0. With Swe always denote a smooth projectiyeneric K3 surface, i.e. Pi¢S) = (H)
and letn = H?2 Consider points in general position 08, to each one of them
associate a natural numbmy called themultiplicity of the point. We will denote by
L = £"(d, my, ..., my) the linear systenyd H| through ther points with the given
multiplicities. Define thevirtual dimensionof the system as(£) = d?n/2 + 1 —
> mi(m; 4+ 1)/2 and itsexpected dimensidoy e = max{v, —1}. Observe thae <
dim(£) and that the inequality may be strict if the conditions imgbby the points
are dependent. In this case we say that the systespesial By S we will denote the
blow-up of Salong ther points, given two curve#, B on S, the intersectiorAB will

be defined as the intersection of their strict transformSoithe problem of classifying
special systems has been largely studied for linear systertise plane [2, 6, 11] and
more generally for systems on rational surfaces [7, 8]. Tlémonjecture on the
structure of such systems has been formulated in [8]. Imibiis we report about some
recent results in the case of gendi8 surfaces. In [3] the authors proved that on the
projective plane this conjecture is equivalent to an older given by Segre in [11].
The advantage of Segre conjecture is that it can be forntliatdhe same way on any
surface. Starting from this idea we proved in [4] the equinak of Conjecture 1 with
Conjecture 2 on a generi€3 surface. An attempt to prove Conjecture 2 has been done
in [5] by using a degeneration technique inspired by [1]. iteén result, by using this
technique, is Theorem 1 which relates the speciality of stingar systems through
points of the same multiplicity with the speciality of sysig through just one point.

*The second author would like to thank the European Researdhleining Network EAGER for
the support provided at Ghent University. He also acknogésdthe support of the MIUR of the Italian
Government in the framework of the National Research Prdfgeometry in Algebraic Varieties” (Cofin
2002).

TThe first author is a Postdoctoral Fellow of the Fund for SifienResearch-Flanders (Belgium)
(F.W.O.-Vlaanderen).
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2. The equivalence of the two conjectures

As stated in the introduction we consider here an extensmany surface, of Segre
conjecture about special linear systems.

CoNJECTUREL. If £ is non-empty and reduced linear system on a surftieen
it is non-special.

By Bertini second theorem, this conjecture tell us thaf ifs special, then there
exists an irreducible curv@ such that £ C Bs(£). This means that, if Conjecture 1
is true, then in order to give a classification of specialeys on a surface we should
be able to classify the type of the cur@ In the case of generik3 surfaces we
proved the equivalence of the preceding conjecture wittidh@wing (see [4]).

CONJECTURE2. Let£ andSbe as above, then
(i) £ is special if and only i = £4(d, 2d) or £ = £2(d, d?) with d > 2;

(ii) if £ is non-empty then its general divisor has exactly the imgasaltiplicities
in the pointsp;;

(iii) if £ is non-special and has a fixed irreducible compoktiten

a) L=/L2(m+1, m+1,m) =mC+ £3(1, 1) with C = £2(1, 1%) or
b) £ = 2C with C e {£4(1, 1%), £8(1, 2, 1), £1°(1, 3)} or
c) L=C.

(iv) if £ has no fixed components then either its general elementeducible or
L=L%22).

The proof of this result proceeds by analyzing the base loéube system..
Assume that there exist distinct irreducible cur@egindDj such thatC = Y i Cj +
> Dij + M, whereu; > 2 andM has no fixed components. Given two irreducible
curvesA, B C Bs(L), by Conjecture 1 we have thatA) = v(B) = v(A+ B) =0,
butv(A+ B) = v(A) + v(B) + AB — 1, s0AB = 1. This givesCiC; = CiDj =
DiD; =1 andCi2 < 1. In (see [4]) we prove that given two irreducible curves
andB on Sthen eitherAB # 1 or A = £2(1, 12) and B is an irreducible element of
£2(1,1).

3. A degeneration of K3 surfaces

In this section we consider an attempt to prove conjectungsing a degeneration of
K3 surfaces to a union of planes and the blow-up #&f&along points. LeiA be an
open disk and leX be the blow-up ofS x A alongb general points ofs x {0}. The
threefold X is equipped with two projectionp;, p2 on A and S respectively and the
general fiberX; of p; is isomorphic toS, while Xg is a reducible surface given by the
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union ofb planes with a surfacg. The last surface is the blow-up &along theb
points. Each one of the planesP; cuts a curveR, on S which is a line inP; and a
(—1)-curve inS. Now given a line bundlé. on Sit is possible to construct infinitely
many line bundles (depending on the integpOx (L, k) := p5(L) ® Ox(kS) on X
such that each one restrictedXe givesL. Defining X' (L, k) as the restriction tXg
we have that

X (L, k)upi = Op2(k)

(LK = b*(L)®Os(— Y kE),
whereb : S — Sis the blow-up map. This construction allows us to degererat
a system orS to a union of systems on thg’'s and S in the following way. Let
Z :=miq1 + - -- + mygr be a subscheme &with points in general position. Chosen
ai, ..., ap positive integers such thag + --- 4+ ap < r, let Z{ be the specialization
of & points of Z to points ofP; (with the same multiplicities). LeZg be the residual
subscheme, made of- ) | a general points of. GivenZ’ := Z) + ... + Z| + Zg,
one has thatt' (£, k) ® Zz/, is a degeneration of ® Zz. In this way, the starting
system/ throughr degenerate to the systefiy on Xo made by the' on theP; and
by the Ls on'S. Observe that the last system corresponds to a systeSitbrough
less tharr points. In this way, by using the fact that the homogeneoasa systems
Lo(d, m*), L£2(d, m?) are never special, it is possible to use the preceding deagiore
in an inductive way. So, for example consider the sys&rd, m*"), takeb = 4h-1
and put four general points on each of the In this way the speciality of the start-
ing system is related to that df'(d, m4h_1) and so on. More generally we have the
following (see [5]).

THEOREM 1. If £"(d, m) is non-special for all non-negative integeics, m) then
£n(d’, m#'%) is non-special for all non-negative integet, m, h, k).

Unfortunately it is an open problem to evaluate if a systeraubh just one point
is special or not. The only known exampledé(d, 2d) as stated in Conjecture 2.
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C. Folegatti

ON SMOOTH SURFACES IN P* CONTAINING A PLANE
CURVE AND AN APPLICATION

Abstract. We consider smooth surfaceslift and we prove that, under cerain hyphotheses,
this surfaces actually contain a plane curve. Then we pioaethe degree of such surfaces
is bounded. This yields a result on codimension two smoolitanical subvarieties in
P, n > 5 giving further evidence to Hartshorne conjecture in caision two.

This is a short summary of the contents of two papers, seendl[4.
We work over an algebraically closed field of characteristio.
The main results are:

THEOREM1. Let X ¢ P* be an hypersurface of degree s with a (s-2)-uple plane,
then the degree of smooth surfaces & with q(S) = 0is bounded.

THEOREM2. Let Sc PP* be a smooth surface with(§) = 0and lying on a quartic
hypersurfacez, such that Sing®) has dimension two, theng deg(S) < 40.

As an application to codim. two subvarietiesih we have:

THEOREM 3. Let X ¢ P", n > 5, be a smooth codimension two subcanoni-
calsubvariety, lying on a hypersurface of degree s having alinear subspace K of
codimension two and multiplicitygs — 2).Then X is a complete intersection.

The proofs of the above results can be found in [1] and restaareful inspection
of the geometric set up.

The assumptions of theorems 1 and 2 may be explained by mexide

LEMMA 1. If S c © ¢ P*is a smooth surface; a degree s hypersurface with a
(s-2)-uple plane, then S contains a plane curve %Zls(2)) 0.

From now on we suppos®(Zs(2)) = 0 and thusS contains a plane curve.
As for theorem 3, recall that, by Lefschetz’s theorenXit- P", n > 4, is a codimen-
sion two subvariety contained in a hypersurfacef X is not a complete intersection,
thendim(X N SingX)) > n — 4. We then consider a very particular situation: we
assume the singular locus &f is as large as possible (codim. two) but the simplest
possible (a linear subspace).

REMARK 1. (i) Theorem 2 is of some interest for the classificationarf general
type surfaces ifP?, since it is known that such surfaces lie on hypersurfacdsvef
degree.
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The idea of studying surfaces containing a plane curve igaltlee fact that all known
rational surfaces contain a plane curve (this has beenwdssby Catanese and Hulek).
One could wonder if this can be generalized to non general $ypfaces. The answer
in negative, indeed there are sections of the Horrocks-Mudnbundle that do not
contain any plane curve.

(i) Theorem 3 gives further evidence to Hartshorne conjecin codim. two.

(iii) 1t is easy to show that the assumptiqiS) = 0 implies that all hyperplane sections
of Sare linearly normal irP3. It follows that all hyperplane sections &f have to be
linearly normal too.

In the case of quartic hypersurfaces wdim(Sing(X)) = 2, this implies thaBing(X)

is a plane or a union of planes. This explains the differeretevben the hypotheses
of theorems 1 and 2. Moreover this also explains why we didstent considering
hypersurfaces with a linear subspace of codim. two and pligity (s — 1). Indeed
the P® section of such hypersurfaces is not linearly normal.

Let us fix some notations. L&be a smooth surface i, let P be a plane curve
contained inS, p = deg(P), andIl be the plane containing. We supposé is the
1-dim. part ofSN IT.

We denote by the linear system cut out o8, residually toP, by the hyperplanes
containingIl, it turns out thatt = |H — P|. Let B be the base locus ¢f We call
Yy € 8 the element cut by andCq = SN H =Yy UP.

LEMMA 2. The curve P is reduced and the base lo&i®f § is empty or O-
dimensional and contained ii. The general ¥ € § is smooth out ofT and doesn’t
have any component ifi.

Proof. ClearlyB c I1. Let P; be an irreducible component &, P; c B. Then for
all H containingIl, Cq = H N Sis singular alongP;. It follows thatTyS c H,V
x € Prandv H D II (Sis smooth). We getyS = I1, VX € P, but this contradicts
Zak’s theorem (see [4]) which states that the Gauss map is.fiilhe same argument
shows thaP is reduced. We conclude by Bertini’s theorem. O

REMARK 2. Since$ is a pencil andlim(B) < 0, it follows thatdegB) = (H —
P)2=d-2p+ P2
It turns out also thaB is the residual scheme &n IT with respect toP.

For the proof of 3 we also need the following results.

LEMMA 3. Let X c P® be a smooth subcanonical 3-fold of degree d, thendfd
25, X is a complete intersection.

LEMMA 4. With usual notations, if S© P* is subcanonical withvs = Os(a),
P c S aplane curve:
() deg(P) <a+3;
(ii) If R = @, then S is a complete intersection.
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MULTIPOINT SESHADRI CONSTANTS ON P2

Abstract. Working overC and formalizing and sharpening approaches introducedZh [1
[9] and [8], we give a method for verifying when a divisor onlavbup of P2 at general points
is nef. The method is useful both theoretically and whengloomputer computations. The
main application is to obtaining lower bounds on multipdggshadri constants @?. In
combination with methods developed in [4], significantlypioved explicit lower bounds
are obtained.

Given a positive integat, the Seshadri constant for poirgs, . .., pn of P2 is the
real number deq(C
: egC)
N . =inf{ ———
8( ) p17 3 pn) n { Zln:]-multpl C }7

where the infimum is taken with respect to all curégsthrough at least one of the
points. We also take(n) to be defined as s@g(ps, ..., pn)}, where the supremum is
taken with respect to all choicesmflistinct pointsp; of P? (see [6], [2] and [11]). Itis
well known and not difficult to prove thatn) < 1/./n, with equality ifn is a square.
Also, by results of Nagata [6E(n) is known forn < 10, and, whem > 10 is not a
square, Nagata [7] conjectured tlan) = 1/./n. Although this conjecture has not yet
been verified for any > 10 not a square, the general belief is that it is correct, édenc
the attention paid here and elsewhere to obtaining lowent@®tore(n), focusing in
the casen > 10.

Here, refining an approach of [9] and [10] (see also Tutajiiaka’s contribution to
the present volume) which in turn refine and extend the matised in [12], we give a
method that provides a basis for obtaining arbitrarily aateiestimates af(n), which
we apply to obtain lower bounds fe¢n) which for almost alh improve on the bounds
cited above. Let us denote kym, ps, ..., pn) (respectivelypo(m, p1, ..., pn)) the
least degree of a curve (respectively, irreducible cunassmg with multiplicity at
leastm (respectively, exactlyn) through each poinp;. If the points are in general
position inP2, we write simplya(ml™) andag(m(™). Our method involves two steps.
The first step shows how to convert estimates of values tf bounds ore(n). The
second step, based on our work in [4], concerns actually myatkie estimates of the
values ofu.

To provide a basis for making comparisons of different lolweunds ore(n), it
is convenient to write them in the fore(n) > (1//N)(v/1—1/f(n)), wheref is a
function ofn. Note that the largef (n) is, the better is the bound.

THEOREM1. Let n> 10be an integer, angk > 1 a real number.

1. 1f amy > m n—% for every integerl < m < u, thene(n) >

1 1
vn 1= &
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2. lfag(m™) > m, /n— % for every integefl < m < u, and ifu < 6(n— 1), then

e(n) > % 1—%.

The basic tool for the proof of Theorem 1 (to be found in [5])the study of
abnormalcurves, i.e., irreducible counterexamples to Nagata'sembure. From the
properties of the intersection product on general blowd&2ave obtain restrictions
on abnormal curves; using these, for everx 1/./n we can produce an explicit
finite list of tuples(d, my, ..., mp) such that ife(n) < t then for some degres and
multiplicities m; on the list there exists an abnormal cu@él, my, ..., m,) whose
degree and multiplicities are one of the entries of the éisg thuss(n) = d/(my +
-+« + mp). So to conclude that(n) > t it is enough to show that each tuple on
the list doesnot correspond to an irreducible plane curve. For any spenifiour
best lower bound or(n) is obtained by direct application of this method. For each
nonsquare 16< n < 58, Table 1 gives the best value we know fain) (truncated to
two decimals), along with a possible abnormal cuB(é, m{") which we are unable
to rule out but which would have to be ruled out in order to fyea larger value for
f(n).

This direct approach is algorithmic; by analyzing the aligpon, based on our work
in [4], we are also able to give weaker but explicit lower bdsim terms oh.

COROLLARY 1. Let n > 16 be a nonsquare integer, let ¢ |/n] and consider
A =n—d? > 0. Let us define

nin—1) if A =2,
nin—3y/n—4)/2 if A > 2iseven,
f(n) = n(n —3/n—2) if AisoddandA < 4¢n+1,
n? if Aisoddand2d —1 > A > 4¥n+1,
niny/n—5n+5/n-1)/2 if A=2d-1;
thens(n) > % 1— %

Perhaps the best previous general boundnfer 10 is given in [10], for which
f(n) = 12n 4+ 1. As Corollary 1 shows, for our boundgn) is at least quadratic
in n, so forn large enough (indeed, for > 59), our bounds involve larger values of
f (n). For special values af, [1] also gives bounds better than those of [10], and these
bounds are also quadraticin However, except when — 1 is a square, our bounds
are better, fon large enough. Bounds are also given in [3], which are almiostys
better than any bound for which(n) is linear inn. Although these bounds are not
simple enough to make comparisons easy, computations éaifgpvalues ofh show
in almost all cases that the bounds we obtain here are betarthose of [3]. The
results shown in Table 1 for— 1 a square and far = 19, 22 are given by [1] and are
as good or better than what we obtain; the resulnfes 41 comes from [3]; all other
results shown in Table 1 are better than what was known pusiyio



Estimates of Seshadri constants 101

n f C(d,m[n]) n f C(d,m[n]) n f C(d,m[n])
10 886.62 (C(256,81) 27 997.96 C(161,31) 43 1741.5 C€(236,36)
11 402.28 (€(106,32) 28 1304.25 (C(201,38) 44 1985.5 C€(252,38)
12 300.52 C(83,24) 29 639.45 C(113,21) 45 3782.25 C(275,41)
13 325 €(90,25) 30 1230.76 (€(219,40) 46 3140.26 C(217,32)
14 740.6 C(86,23) 31 1093.26 C(128,23) 47 7109.17 C(994,145)
15 566.78 C(89,23) 32 940.52 C(147,26) 48 1521.39 C(187,27)
17 1089 C(136,33) 33 1093.55 (€(178,31) 50 9801 C€(700,99)
18 466.94 (C(89,21) 34 1731.93 (€(239,41) 51 3313.98 (C(407,57)
19 28900 C€(5928,1360) 35 974.47 C(136,23) 52 6257.33 (C(274,38)
20 660.64 (C(143,32) 37 5329 C(444,73) 53 3499.89 (C(313,43)
21 1187.1 Cc(142,31) 38 1898.97 ((265,43) 54 5713.2 C(338,46)
22 38809 C(7392,1576) 39 1779.7 C€(231,37) 55 2370.64 C(304,41)
23 576 C(115,24) 40 1601.66 C(196,31) 56 3193.01 C(419,56)
24 1009.2 C(142,29) 41 1025 C(160,25) 57 2608.42 (C(234,31)
26 2601 C(260,51) 42 1306.94 (C(149,23) 58 9802 C(396,52)

Table 1: Current best known values bfn) for nonsquares 1& n < 58
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T. Keilen*

EQUISINGULAR FAMILIES OF CURVES

Abstract. In this note we refer to results on conditions which ensuat ¢quisingular fam-
ilies of curves on smooth projective surfaces are non—emgspectively T-smooth, respec-
tively irreducible.

In the early 20th century Severi asked in his book [14] thestjae when the
family V" (r - A1) of irreducible plane curves of degrdehavingr simple nodes as
only singularities is smooth of the expected dimension. &k that a plane curve of
degred is given by a homogeneous polynomial of degdda three variables, which
is determined up to scalar multiple, and since a node impasesondition we expect
that the family has dimension

_d-d+3y
= -

Severi proves that, whenever possible, the family has teeetbeproperty — more pre-
cisely, this is the case whenever

[ < (d—l)'(d—Z),
- 2
where the difference of these two numbers is just the genttseaturve. In the same

book Severi claims that the family is also irreducible, bistgroof contains a gap and
it took a long time before the proof finally was completed i [7

The question of Severi has led to generalisations in sed@gations, considering
nodal families of curves on other surfaces (cf. e. g. [16,,4]Bor families with in
the projective plane with more complicated singularitiefs €. g. [1, 2, 6]). Already
for cuspidal curves in the plane or for nodal curves on seddo . we have no
longer such a complete picture that the family is smooth gleeted dimension and
irreducible whenever it is non-empty as for nodal plane esref. e. g. [17, 15, 4, 3]).
The idea, therefore, can only be to find numerical criterigciviensure that the family
is

edimV.I" (r - Ap)

1. non-empty,
2. smooth of the expected dimension, respectively

3. irreducible.

In our research we have investigated families of curves witiitrary singulari-
ties on several classes of smooth projective surfacesidimg generic surfaces i&°,

*The author was partially supported by the German IsraelnBation for Research and Development,
by the Hermann Minkowski — Minerva Center for Geometry atA@l University and by EAGER.
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generic K3-surfaces, geometrically ruled surfaces ane@geproducts of curves. Al-
lowing arbitrary singularities we can hardly expect to gatditions which are sharp
as e. g. in [4] in the case of nodal curves on surfacé® n Instead it is our aim to
find conditions which are “asymptotically” of the right typl@ order to explain this we
need to make the setting a bit more precise. For an elaboséitetibn of the notation

used we refer to [8].

Let X be a smooth projective surfade some ample divisor ok, andSy, ..., S
topological respectively analytical singularity typese \denote by

VT (S, ..., S

the subfamily of the linear systefdL| of irreducible curves with preciselysingular
points of typeSs, ..., S, e. g.ifS1 = ... = & = Ajis the class of an ordinary
node we are considering the subfamilyrefiodal curves indL|. It is our aim to find
sufficient numerical conditions of the form

r
> f(invS)) < g(d)

i=1

where inv is some invariant of the singularity type ahdndg polynomial functions.
That the condition is “asymptotically” of the right type nmesthat we cannot possibly
achieve a condition involving the same invariant but whiaeedegree off is larger
respectively the degree gfsmaller, e. g. since there is a necessary condition invglvin
the same invariant and where the polynomial functions haeesame degrees. As
already indicated by the case of nodal plane curves theucibiity seems to be the
hardest question.

In order to keep the exposition short | will just outline tlesults for K3-surfaces
with Picard number one and for analytical singularity types

In[12] we give an answer to the question of the existence nfasmwith prescribed
singularities ind L| combining arh!-vanishing result with the Viro gluing method and
get the condition

r
Zu(&)si.(d—l)z'Lz,
— 18

whereu denotes the Milnor number o . Due to the genus formula this condition is
asymptotically of the right type.

In [11] we show thats/(;” (81, ..., Sr) is smooth of the expected dimension if

r
Y S < d?- L2,
i=1

wherey£? is a new invariant introduced in [13]. The proof comes dowranch?-
vanishing result which is proved using the technique of Boglov instability. More-
over, we show in [10] that for ordinary multiple points thenddtion is asymptotically
of the right type.
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In [9] we produce a sufficient condition for the irreducityilof V(;” (S1,....S),
again using Bogomolov instability in order to provide a “gen” hl-vanishing. The
condition looks like

]
> 54L%»?472L2 , o,

Si)+2 —— 2 = .d® L2
;(T( ) +2)" < (11L2 + 12)2

This is, as far as we know, the best known result in this divactBut so far it is not
clear whether it has the right asymptotics.
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A CONJECTURE ON SPECIAL LINEAR
SYSTEMS OF P38

Abstract. In this note we deal with linear systemsB? through fat points. We consider
the behavior of these systems under a cubo-cubic Cremamsfdrenation that allows us to
produce a class of special systems which we conjecture toebertly ones.

1. Introduction and statement of the problem

In what follows we assume that the ground field is algebrbicdbsed of charac-
teristic 0. Consider points in general position of", to each one of them asso-
ciate a natural numban; called themultiplicity of the point. We will denote by
L = Lp(d,mq, ..., my) the linear system of hypersurfaces of degdetarough the

r points with the given multiplicities. Define thértual dimensionof the system as
v(L) = (d;“”) — > (™*"1) — 1 and itsexpected dimensidiy e = maxv, —1}. Ob-
serve thae < dim(£) and that the inequality may be strict if the conditions imgubby
the points are dependent. In this case we say that the sysspadial The problem of
classifying special systems has been completely solvedtkindsen; = ... =m; =2
(see [1]) and it has been largely studied for linear systemttie plane (see [3, 4, 10]).
The main conjecture on the structure of special planar systeas been formulated
in [6, 7]. In this note we report about some recent resulthedase of?3. In [8]
we gave a counterexample to a conjecture (see [2]) aboutrtietsre of special linear
systems oP’3. Starting from this idea in [9] we analyzed the behavior oékr systems
under a cubo-cubic Cremona transformatioi®df This allowed us to construct a class
of special linear systems which we conjecture to be all treside ones.

Throughout this note we will denote By the blow up ofP3 along ther fixed points
and byE; = PP? the exceptional divisors.

From the Riemann-Roch formula on a smooth threefold, weinkteat v(£) =
(L(L — Kx)(2L — Kx) + c2(X)£)/12. If the linear system can be written as
L = F + M, whereF is a fixed divisor ofL and M is the residual system, then
the above formula implies:

FM(L — Kx)

1) V(L) = v(M) +v(F) + >

All the results described in this note can be found in [9].
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2. Cubic Cremona transformations and linear systems

It is possible to consider the behavior of linear systemseurzdbirational transfor-
mation of P2. In particular we need to consider a transformation whiaidseinear
systems through points into systems through points. Cenglié systents(3, 2); by
putting the four double points in the fundamental ones, 8s®eiated rational map is
Cr:(xo:Xi:Xe:Xs) — (Xgt:x; 1%yt 1 x31). This birational map induces the
following action on a linear systeif):

(2) Cr(L) = Lad+kmp+k,...,mg+k ms,...,m),

wherek = 2d — Zi4=1 m;. By using this transformation, it is easy to see that if
2d < my + my + mg, then the plane through the first three points is a fixed corapbn
of the system. Observe that dim@) = dim £ but in general the virtual dimensions
of the two systems may be different as stated in the following

PrRoPOSITIONL. LetL be alinear system such thad > m; + mj 4+ my for any
choice of{i, j, k} C {1, 2, 3, 4} then

1+ tj 1 — tjj
(3) v<Cr<£)>—v<£)=Z( z‘)— > ( 3 ’>,
tij§72

tij22
where tj = m;j +mj —d.

In particular this implies that(Cr (£)) > v(L) if the degree of C(L) is smaller
than the one off. This means that as far asl 2< m; + m2 + mz + ms we can
perform a Cremona transformation decreasing the degrethandultiplicities of the
system. If at some step we get a system such tthat 2n; + my + mgz, then we remove
the plane from the base locus. After a finite number of stepgetea system with
2d > m1 + mp + m3 + m4, which we say to be istandard form

3. Conjecture

To each linear syster we associate the 1-cycl(L) := Ztij -1 tijlij, wheretjj =

m; + mj — d andl;; is the line througlp; and pj. Observe that by definitiok ‘L®
Irc)) = HO9(L), since each lingj € T'(£) is contained in B$L) with multiplicity at
leasttj; .

PropPOSITION2. The relation between the Euler characteristic of the twasies
is given by:

tii +1
XLSTrey) = x (L) + Y ( Iy )

3
tjj =2
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This implies that for eacl = ) jjlij with 2 < «jj < tjj we have

dimL —v(£) =" <“” ; 1) — (L ® Tr).

It is possible to prove that if is just a multiple line them?(£ ® Zr) = 0 and the
system is special.

The preceding discussion gives us a class of special systestendard form. We
can construct another such class in the following way.Qet £3(2, 1%) be a quadric
through nine points and suppose tiat — Q)(£ — K) < 0. By formula 1 we have
thatv(£) < v(£ — Q) which implies thatl is special. By assuming the Harbourne-
Hirschowitz conjecture to be true for planar systems withpants, it is possible to
prove that ifQ(£ — Q)(£ — K) < 0thenQ is a fixed component of.

CONJECTUREZ2. Alinear systenc in standard form is special if and only if one
of the following holds:

(i) there exists a quadri@ such thatQ(£ — Q)(£ — K) < 0;

(ii) atleast one of the coefficients 6f(L) is bigger then 1.

Assuming that this conjecture and the Harbourne-Hirsctmo\ffor systems
through 10 points) are true we can remove all the quadricsepf @) from the base
locus of L. Then the residual systedt is still in standard form and

t. +1
dims = v 5
v+ > ( 3 )
ti’j >2
assuming that?(£’' ® Zr () = 0.
We conclude this note with two propositions abbotmogeneoulinear systems,
i.e. the systemg for whichmy = ... =m, =m.

PrRoOPOSITION3. The systent is empty ford< 2m — 1andr > 8.

By assuming Conjecture 2 and Harbourne-Hirschowiz conjedor linear sys-
tems onP? with 10 points, we can also prove the following:

ProPOSITION4. If d > 2m the systent is special if and only if r= 9 and

2m<d < [-1+ 3v/2m? + 2m].

Therefore if the systemd has more than 9 fixed points (or exactly 8 points) then
it is not special. If it has 9 fixed points, it is special if andlpif d satisfies the
inequalities of the preceding propositionr I 7 andd > 2m, the system can not be
special. Finally, ifr < 7 andd < 2m — 1, by applying a finite number of Cremona
transformations we reduce to a system in standard form.
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H. Tutaj-Gasinska

A BOUND FOR SESHADRI CONSTANT ON P?

Abstract. This is a summary of the talk given in Workshop on Polynomigpfoximation
and Projective Embeddings, Torino, September 17-18, 200% talk was based on the
article, published electronically on 28 July 2003 in MathadNr.257.

1. Theorems

Let C be a curve inP? passing through general poins, ..., P, with multiplicities
my, ..., M. The conjecture stated by Nagata in [4] says thatfer 9 it holds: d :=
deC > % > i_ymi. The conjecture is still open except for the case whes a
square, cf. [4], [3].

The above question may be restated using Seshadri conétént§2]). The
multiple point Seshadri constant of the line bundig:(1), is defined as follows.
For Py, ..., P, pairwise distinct points o2 we defines(Op2(1); P1, ..., Pr) =
infc [g%} , whereC is a curve throughPy, ..., Pr with multg C =m;,i =1...r.

= | i

NG for general points

So, Nagata's conjecture says thdOp2(1), Py, ..., P) =
P1, ..., Pr. We prove:

THEOREM1. For Py, ..., P, r > 9, general points oi?, we have
e(Op2(1), Pp, ..., Pr) >

r+is

The theorem given below gives an ampleness criterion, @riitithe proof of
Theorem 1.

THEOREM 2. Letw : X — P? be a blowing up oP? inr > 9 general points,
P1, ..., Pr, with exceptional divisors E ..., E,. Let H := n*Op2(1). Consider a line
bundle on X of the form L= dH — k >_{_, Ej, where d and k are natural numbers

with d > 3k + 1. Assume that < ﬁ—s — 1i2 Then L is ample on X.

2. About proofs

Let us say a few words about the proof of Theorem 2. This probiised upon three
results. First of them is the result of Ciliberto and Mirandg:

REsSULT 1. Consider a linear system &3 of curves of degre@ passing through
r > 9 general points with multiplicity exactlyn. Then, form < 12 such a system has
the expected dimension.
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The second result is by Xu, [6]:

RESULT 2. Let Py, ..., Pr_1, P be general points if?2 and letC be a reduced
and irreducible curve of degrgepassing througl® s with multiplicities mulip, C =
mi, fori = 1,...,r —1 and throughP with multiplicity m > 2. Thenp?— Y"1 m2—
mj >m2—m+ 1.

The next result was proved by Szemberg, [5].

RESULT 3. Let Py, ..., P be general points of??, let a curveC be reduced,
: : : : degC 1 ;
irreducible and submaximal (i.e. such thg&m < \/;.) ThenC is almost
homogeneous (i.e. all but at most one multiplicitie®as equal).

Having these three results, the idea of the proof is simpgeLA> 0 we have to
prove that for every reduced and irreducible cug/& holdsLC > 0. To obtain this,
assume tha = pH — >1_; mEj, withmy > ... > m > 0. The first step of our
proofis to check, using Result 1, that omwith m; > 12,LC > 0 holds. Next, if foilC
we havep/r > Y"i_; m;, then of cours& C > 0. Thus, assume that/r < > [_; m,
(soC is a submaximal curve f@Pp2(1)). We have to check that for every such cuGie
LC > 0; from Result 3 it follows that it is enough to considealmost homogeneous.
From Result 1 it follows that we can exclu@ehomogeneous. This way we are left
with: C = pH — Y/t miEj —m;E; orC = pH — Y/, m Ej — m E;. Analyzing
carefully the cases we prove the theorem.

Now we present the proof of Theorem 1: {&tbe a curve of degrep passing
through P, ..., P, with multiplicities mg, ..., m; (and at least oney; is greater than
zero). From the definition of Seshadri constants it follohat we have to prove that

ffp—m- > % To show this, takd_ as in Theorem 2, with given andk and with
i=1" r+55

Nl

minimal possibledy = [k r+ %2—‘ . Then,LC = dkp — k> [_;mi > 0, asL is

ample. Sop > d_kk >I_, m;. Taking the limit withk — oo we get—r>— >

S
=M = /r+1i2

REMARK 1. The presented bound is already meaningly improved byebent
results of Harbourne and Roég, cf. arXiv.org: math/0309064
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LINEAR SYSTEMS OF PLANE CURVES WITH BASE POINTS
OF BOUNDED MULTIPLICITY

1. Introduction

Let L = Cd(m‘f, e m'és) denote the linear system of degmre@lane curves withk;
base points of multiplicityn; fori = 1, ..., s, all in general position. The virtual and
expected dimensions df are respectively defined to be:

d+2 m; +1
(1) u(z:):=< ) )—Zki<'2 )—1
(2) e(L) := max{v(L), —1}.

The Harbourne-Hirschowitz conjecture gives geometricmireto when multiple base
points in general position fail to impose independent lireditions on the space of
degreed plane curves; i.e., when the dimension®fs greater than expected. The
main result of [4] is a verification of this conjecture if theultiplicities of the base
points are bounded by 7.

THEOREM 1. If mj < 7fori = 1,...,s, thendimZ > e(£) if and only if its
base locus of contains a multiple copy of &1)-curve.

Theorem 1 follows from the lemma below, which reduces thepthe theorem to
a finite, but very large, number of cases. Most of these casebandled using a
computer, the rest with ad hoc methods.

LEMMA 1. For any positive integer M, there exists& D(M) with the following
property: if the Harbourne-Hirschowitz conjecture is trimr all [,d(m'f, cee, m'és)
withm; < Mfori =1,...,sandd< D(M), thenitis trueforall[:d(m'f, ceey m'§3)
withm; < M fori =1,...,s and all values of d.

The table below shows the first few valuesfM).

M |2]3]4]|5]|6]7]8]9]10]...] N
DM) |9[13|17[ 21|25 29|34 |42[51]...| O(N?

Table 12.1: Valuesob(M) forM =2, ..., 10
The proof Lemma 1 is similar to the proof of Theorem 4.1 in {8hich uses a degener-
ation of P2 into a reducible surface consisting of two rational compuseThis yields
a recursive formula for the dimension 6f For details, see [4].
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Figure 1: The two-step process of specializing the fat pont

2. Aligned ideals

The main algorithm used by the computer program arises figeuializing the base
points of £ onto a fixed lineL € P2, and then along the line onto a fixed paint L.
After we specialize all of the base points©fin this manner, we are left with a linear
system of plane curves with a rather exotic singularityjaand our first goal is to
describe the nature of these exotic singularities.

Choose coordinates if? such that

3) L = Z(Y),
(4) q=2(, 2).

In local coordinates{ : y : 1], the lineL is thex-axis andyj is the point at infinity. Let
a denote a strictly decreasing sequence of positive integers

(5) a1 >ap > --->ap > 0.

Let J4(«) denote thal-th graded part of the ideal generated by the mononviaks ,
fori =1,...,h. Anyideal of this form will be called aaligned ideal

Aligned ideals are monomial ideals by definition, but notrabnomial ideals
are aligned—for example,X2, Y2) is not an aligned ideal. We can visualizeby
creating a(d + 1) x (d + 1) triangle of boxes which represent the monomial basis
for degreed polynomials, withYd representing the box in the top corn&f and X4
respectively representing the bottom left and bottom riginber boxes, and the rest of
the monomials distributed among the boxes in the usual nmafie polynomials in
Jd(a) are generated by the monomials corresponding to all butghémosty; boxes
in thei-th row from the bottom. If we shade in the boxes correspaptbrmonomials
which do not lie inJgy (), we see the “shape” of appearing in the bottom right corner
of boxes. For example, in Figure 2, the aligned idedB, 2) consists of cubics with a
cusp point at) and is generated by the monomi¥t§ Y2Z, Y Z2, XY?, andZ3.

These box diagrams are particularly convenient for degdiow an aligned ideal will
change as we impose an additionafold point and then specialize the-fold point
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v3

Y2z | xy2

Y 22

73

Figure 2: The aligned idedlk(3, 2)

ontoL andq. The box diagram for the new aligned ideal has upﬁ))more shaded
boxes than to the original one. The algorithm below exacfermines which boxes
become shaded in this process.

1. Fillin the lowestm+ 1 — j unshaded boxes in theth column from the left, for
j = 1,...,m, with dots. If there are not enough unshaded boxes in a cqlumn
we use as many dots as we need and discard the rest.

2. Slide each row of dots as far to the right as possible witménwhite boxes.

3. Shade in the dotted boxes.

The two horizontal rows of the Figure 3 below demonstrate #igorithm per-
formed form = 3 and two different aligned ideals. In the first rdn(2, 1) becomes
J4(5, 3,1). In the second rowj4(3, 2, 1) becomesi4(5, 4, 2) while discarding a dot
in the first step.

o

e e i

Figure 3: A couple of examples

°
9

By upper-semicontinuity, the dimension 6fis bounded above by the dimension
of the aligned ideal which arises from specializing all & thultiple points ontd. and
g; this is exactly one less than the number of white boxes fedt ave repeat the box
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diagram algorithm with all the multiplicities. Clearly,iifis possible to iterate the box
diagram with all of them; (with multiplicity ki) without losing any dots, then every
multiple point imposes them maximum possible number ofdireonditions, and sg

is non-special.

3. The proof of the Theorem 1

To prove the Harbourne-Hirschowitz conjecture fdr < 7, we programmed a com-

puter to enumerate all linear systeﬁﬁs(m‘f, e més) of degree 29 or less, with points

of multiplicity 7 or less. There 12220, 076 of these, almost all of which were shown
to satisfy the Harbourne-Hirschowitz conjecture by the 8imgram algorithm:

125,220,076 total systems
124,850,912 are empty via the box diagram algorithm
366,691 are empty by Bezout's theorem (see [4])
- 2,013 contain multiple (-1)-curves in the base locus
- 418 are empty via a degeneratiBh(see [4])
42  systems remain

The remaining 42 linear systems are found in Table 2 of [4]a#yé number of these
are either homogeneous or satigfyx m; + my 4+ mz for mz, mp, andms representing
the three highest multiplicities of the points in the basauk) thus, the speciality of
the linear system is equivalent to the speciality of one wilodegree via a quadratic
Cremona transformation. The rest of the systems are handtezby case in [4] using
elementary techniques.
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